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Preface

This book deals with homotopy theory, which is one of the main branches of
algebraic topology. The ideas and methods of homotopy theory have pervaded
many parts of topology as well as many parts of mathematics. A general ap-
proach in these areas has been to reduce a geometric, analytic, or topological
problem to a homotopy problem, and to then attempt to solve the homotopy
problem, usually by algebraic methods. Thus, in addition to being interest-
ing and important in its own right, homotopy theory has been successfully
applied to geometry, analysis, and other parts of topology. There are several
treatments of homotopy theory in general categories. However we confine
ourselves to a study of classical homotopy theory, that is, homotopy theory
of topological spaces and continuous functions. There are a number of books
devoted to classical homotopy theory as well as extensive expositions of it in
books on algebraic topology. This book differs from those in that the unify-
ing theme by which the subject is developed is the Eckmann-Hilton duality
theory.

The Eckmann-Hilton theory has been around for about fifty years but
there appears to be no book-length exposition of it, apart from the early
lecture notes of Hilton [40]. There are advantages, both expository and ped-
agogical, to presenting homotopy theory in this way. Dual concepts occur in
pairs, such as H-space and co-H-space, fibration and cofibration, loop space
and suspension, and so on, and so do many theorems. We often give complete
details in describing one of these and only sketch its dual. This is done when
the latter can essentially be derived by dualization. In this way we shorten
the exposition by reducing the amount of repetitious material. This also al-
lows the reader to test his or her understanding of the subject by supplying
the missing details.

There is another advantage to studying Eckmann-Hilton duality theory.
Frequently the dual of a result is known or trivial. But from time to time
the dual result is neither of these and is in fact an interesting problem. This
could give the reader material to work on.

vii



viii Preface

A feature of this book is that it is designed primarily for students to learn
the subject. The proofs in the text contain a great deal of detail. We also
try to supplement the discussion of several of the concepts by explaining
them intuitively. We provide many pictures and include a large number of
exercises of varying degrees of difficulty at the end of each chapter. The
exercises that have been used in the text are marked with a dagger (1) and
the more difficult exercises are marked with an asterisk (). It is generally
regarded as important to do the exercises in order to learn the material. It
has been said many times that mathematics is not a spectator sport.

This book has been written so that it can be used as a text for a university
course in algebraic topology. We assume that the reader has been exposed to
the basic ideas of the fundamental group, homology theory, and cohomology
theory, material that is often covered in a first algebraic topology course.
We state explicitly the results from these areas that we use and summarize
the essential facts in the appendices. The text could also be used by math-
ematicians who wish to learn some homotopy theory. However, the book is
not intended to introduce readers to current research in topology. There are
many texts and survey articles that do this. Instead it is hoped that this book
will provide a solid foundation for those who wish to work in topology or to
learn more advanced homotopy theory.

We now summarize the text chapter by chapter. The first chapter contains
a discussion of the notion of homotopy and its variations and related notions.
We consider homotopy relative to a subset, homotopy of pairs, retracts, sec-
tions, homotopy equivalence, contractibility, and so on. Most of these should
be familiar to the reader, but we present them for the sake of completeness.
If X and Y are based spaces, we define the homotopy set [X,Y] to be the
set of homotopy classes of based maps X — Y. Next CW complexes are in-
troduced and some of their elementary properties established. These spaces
play a major role in the rest of the book. Finally, there is a short section
indicating some of the reasons for studying homotopy theory.

The next chapter deals with grouplike spaces and cogroups. The former
is a group object in the category of based spaces and homotopy classes of
maps. The latter is the categorical dual of a group object in this category.
We consider loop spaces and suspensions, important examples of grouplike
spaces and cogroups, respectively. This leads to a discussion of basic prop-
erties of the homotopy groups [S™,Y], where S™ is the n-sphere. We then
define and construct spaces with a single nonvanishing homology group, called
Moore spaces, and spaces with a single nonvanishing homotopy group, called
FEilenberg-Mac Lane spaces. These give rise to homotopy groups with coeffi-
cients and to cohomology groups with coefficients. This gives a homotopical
interpretation of cohomology groups. The chapter ends with a discussion of
Eckmann—Hilton duality.

In Chapter 3 we discuss two dual classes of maps, fiber maps and cofiber
maps. Fiber maps are defined by the covering homotopy property which is a
well-known feature of covering spaces and fiber bundles. Cofiber maps appear
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often in topology because the inclusion map of a subcomplex of a CW complex
into the complex is a cofiber map. A fiber map F — B determines a three
term fiber sequence F' — E — B, where F' € F is the fiber over the base point
of B. A cofiber map i : A — X determines a cofiber sequence A - X — @,
where @ = X/i(A) is the cofiber. We then study fiber bundles. We give
examples of fiber bundles and these provide many examples of fiber sequences.
We conclude the chapter by showing that any map can be factored as the
composition of a homotopy equivalence and a fiber map or as the composition
of a cofiber map and a homotopy equivalence.

The next chapter deals with exact sequences of homotopy sets. The main
sequences are a long exact sequence associated to a fiber sequence and one
associated to a cofiber sequence. By specializing these sequences we obtain the
exact homotopy sequence of a fibration and the exact cohomology sequence
of a cofibration. We next study the action of a grouplike space on a space
and the coaction of a cogroup on a space. These give additional information
on the exact sequences of homotopy sets. We then consider homotopy groups
and define the relative homotopy groups of a pair of spaces. We discuss the
exact homotopy sequence of a pair and the relative Hurewicz homomorphism.
We conclude the chapter by introducing certain excision maps which are used
in Chapter 6.

Chapter 5 is devoted to some applications of the exact sequences of the
preceding chapter. We begin with two universal coefficient theorems. The first
relates the cohomology groups with coefficients of a space to the integral co-
homology groups of the space and the second relates the homotopy groups of
a space with coefficients to the homotopy groups. Then we show how the op-
eration of homotopy sets in Chapter 4 can be specialized to yield an operation
of the fundamental group 71 (Y") on the homotopy set [X,Y]. This operation
is used to compare the based homotopy set [X,Y] with the unbased homo-
topy classes of maps X — Y. Finally we calculate some homotopy groups of
several spaces including spheres, Moore spaces, and topological groups.

Chapter 6 contains the statement and proof of many of the important
theorems of classical homotopy theory such as (1) the Serre theorem on the
exact cohomology sequence of a fibration, (2) the Blakers—-Massey theorem
on the exact homotopy sequence of a cofibration, (3) the Hurewicz theorems
which relates homology and homotopy groups, and (4) Whitehead’s theorem
regarding the induced homology homomorphism and the induced homotopy
homomorphism. In the first part of the chapter we define homotopy pushouts
and homotopy pullbacks and derive some of their properties. A major result
that is used to prove both the Serre and Blakers-Massey theorems is that a
certain homotopy-commutative square is a homotopy pushout square.

In Chapter 7 we discuss two basic and dual techniques for approximating
a space by a sequence of simpler spaces. The obstruction theory developed in
Chapter 9 is based on these approximations. The first technique, called the
homotopy decomposition, assigns a sequence of spaces X (™ to a space X such
that the ith homotopy group of X{™ is zero for i > n and is isomorphic to
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the ith homotopy group of X for ¢ < n. From the point of view of homotopy
groups, the spaces X (") approach X as n increases. The second technique,
called the homology decomposition, is similar with homology groups in place
of homotopy groups. We consider several properties and applications of these
decompositions. In the last section of the chapter we generalize these decom-
positions from spaces to maps.

In Chapter 8 we derive some general results for the homotopy set [X,Y].
We give hypotheses in terms of cohomology and homotopy groups that imply
that the set is countably infinite or finite. We consider some properties of the
group [X,Y] when X is a cogroup or Y is a grouplike space. We show that
if Y is a grouplike space, then [X, Y] is a nilpotent group whose nilpotency
class is bounded above by the Lusternik—Schnirelmann category of X.

In the final chapter we consider two basic problems for mappings. In the
first, called the extension problem, we seek to extend a map defined on a
subspace to the whole space. In the second, called the lifting problem, we
seek to lift a map into the base of a fibration to a map into the total space.
These are two special cases of the extension-lifting problem. We develop an
obstruction theory for this problem which gives a step-by-step procedure for
obtaining the desired map. We present two approaches to the theory. For
the first, we take a homotopy decomposition of the fiber map and assume
that the desired map exists at the nth step. This determines an element in a
cohomology group, whose vanishing is a necessary and sufficient condition for
the map to exist at the (n+1)st step. In the final section we discuss a method
for obtaining obstruction elements by taking homology decompositions. These
elements are in homotopy groups with coefficients.

After Chapter 9 there are six appendices. These are of two types. One
type consists of results whose proofs in the text would be a digression of the
topics being treated. The proofs of these results appear in the appendix. The
other type provides a summary and reference for those basic results about
point-set topology, the fundamental group, homology theory, and category
theory that are used in the text. Definitions are given, the results are stated,
and in some cases the proof is either given or sketched.

In conclusion, I would like to acknowledge the many helpful suggestions
of the following people: Robert Brown, Vladimir Chernov, Dae-Woong Lee,
Gregory Lupton, John Oprea, Nicholas Scoville, Jeffrey Strom, and Dana
Williams. I would like to express my appreciation to the following people at
Springer: Katie Leach for editorial assistance, Rajiv Monsurate for advice on
Tex, and Brian Treadway for drawing the figures. Finally, I am particularly
indebted to Peter Hilton for having introduced me to this material and tu-
tored me in it while I was a graduate student. To all these people, many
thanks.
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Chapter 1
Basic Homotopy

1.1 Introduction

In topology we study topological spaces and continuous functions from one
topological space to another. In algebraic topology these objects are studied
by assigning algebraic invariants to them. We assign groups, rings, vector
spaces, or other algebraic objects to topological spaces and we assign ho-
momorphisms of these objects to continuous functions. A basic equivalence
relation called homotopy on the set of continuous functions from one topo-
logical space into another naturally arises in the study of these invariants. By
investigating this relation we obtain interesting, deep, and sometimes surpris-
ing information about topological spaces and continuous functions and their
algebraic representations. In addition, the relation of homotopy leads to new
algebraic invariants for topological spaces and continuous functions.

We begin this chapter by recalling the notion of homotopy and its proper-
ties. We discuss derivative concepts such as homotopy retract, homotopy lift,
homotopy equivalence and contractibility. We describe the homotopy cate-
gory whose objects are spaces and whose morphisms are homotopy classes of
continuous functions. In Section 1.5 we introduce CW complexes and derive
many of their properies. These spaces are of fundamental importance in ho-
motopy theory. They are broad enough to include most of the spaces that are
of interest to topologists. But they are sufficiently restricted so that many
important results which do not hold for arbitrary spaces such as the homo-
topy extension property and Whitehead’s theorems hold for CW complexes.
Furthermore, the definition of a CW complex is recursive, and so inductive
arguments can often be used. From Chapter 2 on we assume that all spaces
under consideration have the homotopy type of CW complexes. In Section 1.6
we briefly discuss some reasons for studying homotopy theory by indicating
a few applications of homotopy theory to other areas of topology.

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 1
DOI 10.1007/978-1-4419-7329-0_1, © Springer Science+Business Media, LLC 2011



2 1 Basic Homotopy

As stated in the Preface, we assume that the reader has some familiarity
with the main ideas of homology theory and the fundamental group. These
are summarized in Appendices B and C.

1.2 Spaces, Maps, Products, and Wedges

We consider topological spaces, often denoted by roman letters X, Y, ..., and
functions f : X — Y. Unless otherwise stated, spaces are path-connected and
functions are continuous. We usually assume that a fixed point has been
chosen in each topological space X which is called the basepoint of X and
denoted by #x or just . Such topological spaces are called based spaces or,
more commonly, spaces. Subspaces of based spaces contain the basepoint.
Topological spaces without a basepoint or spaces in which the basepoint is
ignored are called unbased spaces or free spaces. We usually assume that any
continuous function f : X — Y of spaces carries the basepoint of X to
the basepoint of Y, f(xx) = #y, and we refer to such functions as based
maps or just maps. Continuous functions of unbased spaces or those of based
spaces that are not required to preserve the basepoint are called continuous
functions, free maps, or unbased maps.

The product of two spaces X and Y is just their cartesian product X x Y
with the product topology and basepoint (s, #). There are then projection
mapsp1 : X xY — X and py : X xY — Y defined by pi(x,y) = = and
pa(z,y) =y, forallz e X andy € Y. Clearly maps f: A > X andg: A > Y
determine a unique map (f,g) : A — X x Y such that pi(f,g9) = f and
p2(f,9) = g. Let id = idx : X — X be the identity map defined by id(x) = =z,
for x € X. Then the diagonal map A = Ax : X — X x X which is defined
by A(z) = (z,x), can be expressed as A = (id,id). Also, if f: X — X’ and
g:Y — Y’ are maps, then thereisamap fxg: X xY — X' xY"’ defined by
(f  9)(@.y) = (f(2), 9(y)) for all 2 € X and y € ¥ or by f x g = (/p1, gpa).

We next define the wedge of two spaces. We first introduce some notation
that is used throughout the book. If Z is a space or an unbased space with
an equivalence relation and z € Z, then (z) denotes the equivalence class
containing z, and so {(z) is an element in the set of equivalence classes. Now
we let X and Y be two spaces and define their wedge X v Y. We form the
disjoint union of X and Y which we write as X 1Y and give it the weak
topology with respect to {X, Y} (Appendix A). Thus U € X 1Y is open if and
only if Un X is open in X and U nY is open in Y. But X 1Y does not have a
natural basepoint. We therefore consider the subspace S = {xx,*y} € XY
and set the wedge X v Y equal to the quotient space X 1Y /S obtained by
identifying S to a point (Appendix A). The basepoint of X vY is (xx ) = (xy ).
There are maps 71 : X - X vY and iy : Y — X vY called injections defined
by i1(z) = {(z) and i2(y) = (y), forall x € X and y € Y. Maps f: X — B
and g : Y — B determine a unique map {f,g} : X v Y — B such that
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{f,g9}i1 = f and {f,g}ia = g. The folding map V =Vyx : X v X — X is

defined by V = {id,id}. Furthermore, maps f : X' - X and g : Y/ - Y
determine amap fvg: X' vY' — X vY defined by f v g = {i1f,i29}.

fold
P

lthen project down

V:YVvY >Y

Figure 1.1

For spaces X and Y, there is a natural map j : X vY — X x Y defined
by j{z) = (x,%) and j{y) = (*,y), for all z € X and y € Y. Then j is a
homeomorphism of X v Y onto the subspace X x {#} u {#} x Y of X x Y.
Because of this we usually regard X vY as X x {#} u {*} x Y and j as an
inclusion map.

NOTATION For the remainder of the book, we consistently use p; : X xY —
X and po : X xY — Y for the projections and 17 : X — X vY and
ia: Y = X vY for the injections. In addition, g1 = p1j: X vY — X and
G2 = p2j: X vY — Y denote the maps from the wedge and j, = jiy : X —
X xY and jo = jis : Y — X x Y denote inclusions into the product.

1.3 Homotopy I

Our main example of an unbased space is the closed unit interval
I =10,1] = {t|t areal number, 0 <t < 1}.

This space plays a special role in homotopy theory. If X is a space or unbased
space, then the unbased space X x [ is called the cylinder over X. Occasion-
ally, we would like the cylinder X x I to be a based space when X is a based
space. To do this we choose 0 € I or 1 € I as basepoint. We always note when
this is done.

Definition 1.3.1 Suppose maps f,g : X — Y are maps. We say that f is
homotopic to g, written f ~ g, if there is a continuous function F : X xI - Y
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such that
F(x,0) = f(x), F(x,1) =g(x), and F(*,t) = =,

for all x € X and t € I. We call F' a homotopy between f and g, and write
f ~gor f~p g We describe the condition F(x,t) = = by saying that = is
fized by the homotopy F', that the homotopy F' preserves the basepoint, or
that {#} is stationary during the homotopy. If X and Y are unbased spaces
and f,g: X — Y are free maps, then f and g are freely homotopic if there
is a continuous function F' : X x I — Y such that F(z,0) = f(z) and
F(z,1) = g(z). We write this as f ~gee g. We sometimes refer to such a
homotopy as a free or unbased homotopy. If Y is contained in a Euclidean
space R", then a homotopy F' is called linear if for each x € X and ¢ € I,

F(x,t) = (1 —t)f(z) + tg(x).

] T

I

—

Figure 1.2

Another way to think of a homotopy is as a collection of maps f; : X — Y in-
dexed by t € I such that fo = f and f; = g. We simply define fi(z) = F(z,t)
and note that fi(z) is jointly continuous in x and ¢. It is often very use-
ful to consider homotopies this way for stating definitions or proving results
(e.g., Lemma 1.3.6), although it is necessary to verify that any homotopy
constructed in this way is jointly continuous. We can carry this description
of homotopy further by imagining that ¢ represents time and that the ho-
motopy provides a temporal deformation of the subspace f(X) of Y into the
subspace g(X) of Y. That is, at time ¢t = 0 we have fo(X) = f(X) € Y and
at time ¢ = 1 we have f1(X) = g(X) € Y. At intermediate times ¢, 0 < t < 1,
f(X) has been moved within Y to f;(X). See Figure 1.3. Strictly speaking,
however, it is the map f that is being deformed into the map g rather than
their images. The collection of all maps f; for ¢t € I is also called a homotopy
between f and g.
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Figure 1.3

Proposition 1.3.2 For all spaces X and Y, homotopy is an equivalence re-
lation on the set of maps from X to Y. Furthermore, if f ~¢g: X —» Y
and k : A —- X andl :' Y — B are maps, then fk ~ gk : A - Y and
If ~lg: X — B. These results also hold for free maps and free homotopies.

Proof. If f: X - Y, then f ~p f, where F(z,t) = f(x), for all z € X and
tel If f ~p g, then g ~¢ f, where G(x,t) = F(x,1 —t). Thus the relation
of homotopy is reflexive and symmetric. For transitivity, suppose that f ~p g
and g ~g h. Then define a homotopy H between f and h by

— M|

F(x,2t) if0<t<
1<t <

f
HWJ*:{G@Jp_nﬁ

Because F(x,1) = g(x) = G(z,0), H is a well-defined function X xI — Y. By
the pasting lemma in Appendix A, H is continuous, and thus is the desired
homotopy. Therefore homotopy is an equivalence relation. Finally, to prove
that homotopy is compatible with composition we use the alternative view
of a homotopy and let f; be a homotopy between f and g. Then f;k is a
homotopy between fk and gk and [f; is a homotopy between [f and lg. o

When two homotopies F' and G such that F(x,1) = G(x,0) are put to-
gether to form a homotopy H as in the preceding proof, then H is said to be
a concatenation of F and G and we write H = F + G.

Definition 1.3.3 For a map [ : X — Y, we let [f] denote the equivalence
class containing f, called the homotopy class of f. The collection of all ho-
motopy classes of maps X — Y is denoted [X,Y] and called the homotopy
set (of homotopy classes from X to Y).

We make a few simple observations.

e We first note that we can compose homotopy classes. If aw = [f] € [Y, Z]
and 8 = [g] € [X,Y], then by Proposition 1.3.2 we can define aff = [fg] €
[X, Z].

o It follows that there is a category (see Appendix F) whose objects are
spaces and whose morphisms are homotopy classes of maps. This category is
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called the (based) homotopy category and is denoted HoTop,. A major goal
of homotopy theory is to study the category HoT op,.

e For any spaces X and Y, there is the constant map *xy =% : X - Y
which takes all of X to the basepoint of Y. The homotopy class of # is denoted
0€ [X,Y], and so [X,Y] is a set with a distinguished element 0.

elfk: A— X and [ : Y — B are maps, we obtain the induced functions

E* [ X, Y] > [A Y] and I, :[X,Y]— [X,B]

defined by E*[f] = [fk] and l.[f] = [ f] for [f] € [X, Y], such that £*(0) =0
and [, (0) = 0. Furthermore, if k ~ &/, then k* = k'* and if | ~ I', then [, = /..

There is an equivalent way to define homotopy. For a space Y, let Y/
be the set of all continuous functions I — Y. Then Y/ is a space with the
compact-open topology (Appendix A). An element of Y7 is called a path. We
regard Y as a based space with basepoint the constant path # which takes
all of I to the basepoint of Y.

Proposition 1.3.4 Let f,g : X — Y be maps. Then [ ~ g if and only if
there is a map G : X — Y such that G(x)(0) = f(x) and G(z)(1) = g(z),
forall z e X.

Proof. Suppose F: X x I — Y and G : X — Y are functions such that for
allze X and t e I,
F(z,t) = G(z)(1).

Then by Appendix A, F' is continuous if and only if G is continuous. The
proposition now follows. m]

Although this characterization of homotopy is equivalent to Definition
1.3.1, the latter is more frequently used. The functions F' and G in the above
proof are said to be adjoint to each other (see Appendix F). In particular, we
say that F'is the adjoint of G and that G is the adjoint of F.

Remark 1.3.5 If F: X x I — Y is a homotopy between maps f and g, we
require in Definition 1.3.1 that F'(x,t) = #, for allt € I. Then F induces a map
F': XxI—Y, where X x I = X xI/{(x,t)|t € I}. We call X x I the reduced
cylinder of X. Therefore we can regard a homotopy between f and g as a
map F’ : X x I - Y such that F'(z,0) = f(x) and F'(x,1) = g(z), where
{x,ty denotes the equivalence class of (z,t). In the equivalence between the
definition of a homotopy as a function X x I — Y and as a function X — Y/
in Proposition 1.3.4, it would be more consistent to replace X x I with X x I
as the domain of the homotopy. This is because X x [ is a based space and
X x I is not, whereas Y does have a natural basepoint. We would then have
based maps X x I — Y in one—one correspondence with based maps X — Y.
However, it is customary to regard X x I as the domain of a homotopy, and
we usually do so.

We next give a simple but useful result.
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Lemma 1.3.6

1. Let A, X, and Y be spaces. If fo ~ f1: A— X and gy ~ g1 : A - Y, then
(fo,90) = (f1,91) 1 A—> X x Y.

2. Let B, X, and Y be spaces. If fo ~ f1: X - B and g0 ~ g1 : Y — B,
then {fo, 90} ~ {f1, 91} : X vY — B.

Proof. For (1), let f; be the homotopy between fy and f; and g; the homotopy
between go and ¢;. Then (fi,g¢) : A — X x Y, which is continuous as a
function A x I — X x Y, is a homotopy between (fo,go) and (f1,g1). The
proof of (2) is similar. O

Corollary 1.3.7

1. Thereis a bijection 6 : [A, X|x[A, Y] — [A, X XY defined by 6([f], [g]) =
[(f,9)]-

2. There is a bijection p : [ X, Bl x[Y, B] = [X VY, B] defined by p([f],[9]) =
[{f, 93]

Proof. The inverse of § is defined by A\[h] = ([p1h], [p2h]), for [h] € [4, X xY].
The inverse of p is defined by 7[k] = ([ki1], [kiz]), for [k] e [X VY, B]. o

1.4 Homotopy II

We begin by defining some important notions both for maps and for homo-
topy classes.

Definition 1.4.1 Let X be a space and A a subspace (containing the base-
point of X). A map r : X — A such that r(a) = a, for all a € A, is called a
retraction of X onto A and A is then called a retract of X. This can be re-
stated as follows. If 7 : A — X is the inclusion map, then r : X — A is a map
such that ri = id 4. If, in addition, ir ~ idx, we call r a deformation retrac-
tion and A a deformation retract of X. Similarly, if f : X — Y is a map, then
a section of fisamap s:Y — X such that fs = idy. A homotopy retraction
of f, also called a left homotopy inverse of f, is a map g : Y — X such that
gf ~idx. In this case we say that X is dominated by Y. A homotopy section
of f, also called a right homotopy inverse of f, is a map h : ¥ — X such
that fh ~ idy. Clearly g is a homotopy retraction of f if and only if f is a
homotopy section of g. Also, we consider maps f: X > Y andp: E > Y. A
map f': X — F such that pf’ = [ is called a lift or lifting of f. If pf' ~ f,
then f’ is called a homotopy lift. If f : X — Y isa map and i : X — C'is
an inclusion map, then a map f” : C — Y such that f”i = f is called an
extension of f. If now f and i are arbitrary maps and f”i ~ f, then we call
/" a homotopy extension. In the first case we say that f factors or homotopy
factors through E and in the second case that f factors or homotopy factors
through C. The analogous notions exist for unbased spaces and free maps.
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We frequently use the following notation. E™ is the unit ball in Euclidean
n-space R™ that is defined by E" = {z € R"||z| < 1}. Then S™ ! is the
unit sphere in R™, that is, the boundary of E™, and is defined by S"~! =
{x € R"||z| = 1}, n = 1. We take = = (1,0,...,0) as the basepoint of
S"=1 and of E™. Furthermore, the upper cap (of S™) is defined by E? =
{(x1,22,...,2py1) € S™ | xpy1 = 0}. Similarly, the lower cap (of S™) is defined
by replacing the condition x,,+; = 0 with the condition x, 4+ < 0. It is easily
shown that there are homeomorphisms £ = E™ =~ E™.

Example 1.4.2 We give examples of retractions, deformation retractions,
and homotopy retractions. Clearly these examples yield examples of sections
and homotopy sections.

First suppose that A € X is a retract, and so the retraction r : X — A
is a continuous surjection. Thus if X is connected or compact, so is A. This
observation yields examples of nonretracts by taking X connected or compact
and the subspace A nonconnected or noncompact, respectively. For instance,
it applies to the (nonpath-connected) O-sphere S° = {+1} € E! = [-1,1].
This is the lowest-dimensional case of the well-known result that S”~! is not
a retract of E™ [61, Chap.8, Prop.2.3]. This latter result is usually proved
with elementary homology theory and is equivalent to the Brouwer fixed point
theorem [61, Chap. 8, Prop. 2.5].

Next we easily give examples of retracts that are not deformation retracts.
For instance, if X is a space and P = {+#} € X, then P is a retract of X.
But P is not a deformation retract if X is not contractible (see Definition
1.4.3). Another class of examples is obtained by taking the wedge X v Y of
X and Y. We consider the subspace X € X v Y and define a retraction r =
q1: X vY — X that is a projection onto X. If r is a deformation retraction,
it would follow that X v Y and X have isomorphic homology groups. But
for a large class of spaces the homology of X v Y is the direct sum of the
homologies of X and Y. This implies that Y has trivial homology groups.
Thus r is not a deformation retraction when Y has nontrivial homology.

However, many retracts are deformation retracts, and we next give a few
examples of the more common ones.

1. Consider the inclusion map i : E™ — R" and define r : R® — E™ by
x
— ifjz| =1
r(z) =1 |z
x if x| <1

Then r is a retraction. This map fixes points in E™ and pushes points x
outside of E™ along a straight line from the origin to z onto S"~!. The
homotopy F' : R™ x I — R" given by

A=tz +tz/|x] if |z|=>1
F(m’t)_{x if 2] < 1
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yields id ~p ir, and so r is a deformation retraction. The homotopy F’ fixes
E™ and moves points = outside of E™ linearly from x to r(x) along the
straight line determined by x and the origin. In this example, the basepoint
of R™ and E™ could either be the origin or the point (1,0, ...,0).

2. Similarly S"~! < E™ — {0} is a deformation retract. Let i : S"~! —
E™ — {0} be the inclusion. Define a retraction by s : E™ — {0} — S"~! by

This map pushes points x € E™—{0} to the boundary S"~! along a straight
line from x to the origin. Then the linear homotopy

Ga,t) = (1 -tz + t%

yields id ~¢ 4s. This homotopy moves linearly along the straight line
mentioned above from z to r(x). It follows from (1) that »|R™ — {0} :
R™ — {0} —» E™ — {0} is a deformation retraction. This, together with
Exercise 1.5, shows that S"~! € R™ — {0} is a deformation retract.

3. Consider (S"~! x I) u (E"™ x {0}) € E™ x I. A deformation retraction
r is obtained from the straight line projection from the point (0, ...,0,2)
that maps E™ x I onto (S"7! x I) u (E™ x {0}) as indicated in Figure
1.4. Because this retraction is frequently used, we define it explicitly as
follows.

(a/la], 2= 2= s)/Jal) i Jo] >1—%

r(z,s) =

(2z/(2 —s), 0) if [z <1-3,

where x € E™ and s € I. As in the previous cases, the deformation homo-

topy is given by the straight line between (x, s) and r(x, s). Since E™ x [ is

unbased, the deformation retraction is a free map. However, by taking 0 € T

to be the basepoint, we obtain a based deformation retraction. In addition,

there is a homeomorphism E™ =~ I", and under this homeomorphism S™~!
corresponds to 0I™, where 0I™ is the boundary of I™. Thus the deformation

retraction r yields a deformation retraction I x I — (0I"™ xI) u (I™ x{0}).

Definition 1.4.3 A map f : X — Y is called nullhomotopic if f ~ = :
X — Y, where # : X — Y is the constant map. A homotopy between any
map f and # is called a nullhomotopy. A space X is contractible if idx is
nullhomotopic and the nullhomotopy is called a contracting homotopy. More
generally, if A is a subset of X with inclusion map i : A — X, then A is
contractible in X if 7 is nullhomotopic. An unbased space X is contractible if
idx is homotopic to a constant function, that is, any function which carries
all of X to single point.
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I
N e
E™ x I
Figure 1.4

If either space X or Y is contractible, then any map f: X — Y is nullho-
motopic. This is because f can be written as idy f or fidx. If f; : X — X
is a contracting homotopy, then f; can be regarded as a deformation within
X of the entire space fo(X) = X to the basepoint f1(X) = # of X (with =
fixed during the homotopy). One often says that a contractible space “can
be shrunk to a point”. The previous remarks also hold in the unbased case.

We use the following lemma in the next example.

Lemma 1.4.4 If X is a contractible space, then for every neighborhood W
of *, there is a neighborhood U of * such that U € W and U is contractible
i W.

Proof. Let id ~p » : X — X. Then F(x,t) = « € W, and so by continuity of
F, there exist neighborhoods Uy of # and V; of ¢ such that F(U;, x V;) € W.
Clearly {Vi}ier covers I. By compactness of I, there is a finite subcover
Vigy ooy Vi, , and we set U = [ Uy,. It follows that F|U x I : U x I — W is
the desired nullhomotopy of the inclusion map. m|

We give some examples of contractible spaces.
Example 1.4.5

1. Let X be a subset of R” with any point * taken as basepoint in X. We say
that X is #-convex if for every x € X, the line segment from x to = lies in X.
If X is =-convex, then X is contractible. The contracting linear homotopy
F: X x1I — X is given by F(z,t) = (1 —t)z + ¢ % . The notion of *-
convexity is weaker than that of convexity, therefore any convex subspace
of R™ is contractible.

2. Let S™ be the unit n-sphere and choose p = —= in S™, the antipode of .
Then S™—{p} is contractible. The contracting homotopy F' : S"—{p}xI —
S™ — {p} is defined by
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(1 —=t)z +t=

FeD = (e vty

where 2z € S™ — {p} and t € I.

3. Other examples are the cones C X and the path spaces EY for any spaces
X and Y that are defined in Definition 1.4.6 and proved to be contractible
in Proposition 1.4.8.

4. An interesting example is the comb space C. This is the subspace of R?
consisting of the union of [0, 1] x {0}, {0} x [0,1] and all {1/n} x [0,1] for
n=1,2,.... We give C the induced topology as a subset of RZ. We choose
two possible basepoints for C|, namely, =9 = (0,0) and #; = (0, 1).

*1

11 1
0573

[N

Figure 1.5

We show that C' with basepoint #( is contractible, but C' with basepoint
#1 is not. Let ¢; : C — C be the constant map defined by ¢;(x) = =#;, for
i =0,1. We first show id¢ =~ ¢y (where the homotopy fixes the basepoint
#0). The homotopy is given by concatenating two homotopies. The first
homotopy projects C' vertically downward onto [0,1] x {0} by a linear
homotopy; the second projects [0, 1] x {0} horizontally to the left onto =g
by a linear homotopy. The resulting homotopy fixes *q, but moves #;. We
next show id¢ & ¢; (with basepoint #; fixed). We assume that idg ~ ¢4,
that is, C' with basepoint #; is contractible. Thus if W is a sufficiently
small neighborhood of #; (e.g., ([0,3) x (1,1]) n C), then by Lemma 1.4.4
there is a neighborhood U € W of #; and a nullhomotopy U x I — W
of the inclusion map. We choose x € U — ({0} x [0,1]) and restrict the
nullhomotopy to {z} x I. This gives a path in W from x to #;. This is
not possible because the path would lie in several different path-connected
components of W, and so id¢ F ¢;.

Definition 1.4.6 Let X be a space and X x I the cylinder over X. By
identifying X x {1} U {#} x I in X x I to a single point, we form an iden-
tification space which is denoted C'X and called the cone on X (sometimes
called the reduced cone). See Figure 1.6. There is a map i : X — CX defined
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by i(x) = {x,0), where {(x,0) denotes the equivalence class of (x,0). Also, for
any space Y, a subspace EY of Y! (with the subspace topology) is defined
by EY = {l € YI|I(1) = *} and called the path space of Y. The constant
path defined by #(t) = =y, for ¢t € I, is the basepoint of EY. There is a map
p: EY — Y defined by p(l) = [(0). Elements of EY or of Y are called paths
in Y. The initial point of a path [ is [(0) and the terminal point is I(1). We
also say that the path [ begins or starts at 1(0) and ends at [(1).

The cone and path space constructions are functorial: if f: X — Y is any
map, then there are maps Cf : CX — CY and EFf : EX — EY defined
by Cflx,ty = {f(x),t) and Ef(l) = fl (the composition of f and [), where
{r,tye CX and [ € EY. Alsoamap f:CX - Y andamap g : X —» EY
are said to be adjoint (to each other) if

[, t) = g(x)(1),

forre X and tel.

identified to
a point
~
P
¥ X #
X x1I cX
Figure 1.6

Remark 1.4.7 We note that certain pairs of paths in Y can be added
together. If [,1’ € Y are two paths such that I(1) = I'(0), then [ + I’ is the
path in Y defined by

w0 ={i5_y i

Some authors write this multiplicatively as [ -1’, [ ' or I’. Furthermore, —I
is the reverse path defined by (—1)(t) = I(1 — t), for all t € I. We return to
these path operations in Chapter 2.

Proposition 1.4.8 For every space X, the cone CX and path space EX are
contractible.
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Figure 1.7

Proof. Define F': CX x I - CX by

F(lx,ty,s) =<z, s + (1 —s)t),

for {x,t) e CX and s € I. Then F' is a well-defined continuous function that is
the desired nullhomotopy. The nullhomotopy G : EX x I — EX is similarly
defined by G(I,t)(s) = l(s + (1 — s)t) for l € EX and s,t € I. o

If 0 < s <1, then s+ (1 — s)t is the line segment from ¢ to 1. With {(z, 1) the
apex of the cone, the nullhomotopy F may be described as “pulling the cone
up to its apex”.

cX

Figure 1.8

The nullhomotopy G may be visualized as follows. The elements of EX are
paths in X ending at . We can regard the images of these paths as strands
of spaghetti sticking out of a mouth (identified with *) at time ¢ = 0. The
spaghetti is then sucked into the mouth. At time ¢ = 1, all the spaghetti has
disappeared and we are left with #. This is indicated in Figure 1.9. This de-
scription should be taken with a grain of salt because the strands of spaghetti
are of different lengths and the points on each strand are not moving with the
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same speed. For example, at time ¢t = %, each point on a strand has moved
halfway to the mouth.

Figure 1.9

In the definition of the cone CX we identified X x {1} U {=} x I to a single
point. Let us denote this cone by Cy X. If instead we identify X x {0} U {#} x T
in X x I to a point, we get the cone CyX which is homeomorphic to C1 X
We use either of these cones, but C'X always denotes C; X. Similarly we have
EyX = EX and EgX = {l € X!|1(0) = #} which are homeomorphic path
spaces.

Proposition 1.4.9 For any map f: X — Y, the following are equivalent:

1. f is nullhomotopic.

2. [ can be extended to CX, that is, there is a map f: CX — Y such that
fi=f: X->Y.

3. [ can be lifted to EY, that is, there is a map f : X — EY such that
pf=f:X->Y.

Proof. Suppose f is nullhomotopic with f ~p . Then F(X x {1} u {s}xI) =
x, and so F induces f : CX — Y such that fi = f. Thus (1) Jimplies (2).
Conversely, if fz = f, then, because C'X is contractible, f = f(idCX)z' ~
f(*cx)i = . Thus (1) and (2) are equivalent. The proof that (3) is equivalent
to (1) is similar, and hence omitted. o

Lemma 1.4.10 For all n > 1, the cone on the unit (n — 1)-sphere CS™™1 is
homeomorphic to the unit n- ball E™.

Proof. Define a continuous function K : S"~! x [ — E™ by

K(z,t) =1t +(1—1)z,
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where z € S"~! and ¢ € I. Then K ((S"™* x {1}) u ({#} xI)) = = and so K
induces a map

K:CS" ' = 8" < I1/(8" ' x {1} U {*} x I) — E",

which is a homeomorphism. ]

______________
v K
——
- = ~ *
N |
~ -

Sn—l
Sn—l x I E™

Figure 1.10

By putting Proposition 1.4.9 and Lemma 1.4.10 together we have that a map
f: 8" ! - Y is nullhomotopic if and only if f is extendable to E". For later
use we give an unbased version of this.

Corollary 1.4.11 LetY be an unbased space and f : S"~' — Y a free map.
Then f is homotopic to a constant function if and only if f is extendable to
a free map f: E™ —Y.

Proof. We only show that ifc: S""! - Yisa constant function and ¢ ~free f
with homotopy F, then there is an extension f. We represent points in E"
as tz for € S" L and 0 <t < 1 set f(tz) = F(z,t). =

Next we consider homotopy equivalences.

Definition 1.4.12 A map f : X — Y is called a homotopy equivalence if
there is a map ¢g : Y — X that is a left and right homotopy inverse of f, that
is, fg ~idy and ¢gf ~ idx. Two spaces X and Y have the same homotopy
type if there is a homotopy equivalence from one to the other. We write this
as X ~Y.

Clearly, any map that is a homeomorphism is a homotopy equivalence.
Also, a map ¢ that is a left and right homotopy inverse of f is unique up to
homotopy. For if ¢’ is another such map, then

g =g (fg9)=(Ng=g
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We often denote the map g by f~!. Then f~! : Y — X is a homotopy
equivalence whose homotopy class is uniquely determined. The composition
of homotopy equivalences is a homotopy equivalence, thus same homotopy
type is an equivalence relation among spaces. In fact, homotopy equivalences
play the role of isomorphisms in homotopy theory, and their homotopy classes
are categorical isomorphisms in the homotopy category HoTop,. We regard
two spaces of the same homotopy type as essentially the same.

Example 1.4.13

1. Let P = {#} be a one-point space. Then clearly a space X is contractible if
and only if X ~ P. In particular, all cones C X and path spaces EFY have
the same homotopy type.

2. Next we consider the image of a curve in R? called the theta curve and
denoted by ©. It is obtained from two disjoint circles by identifying points
on the upper semicircle of one circle with corresponding points on the
upper semicircle of the second circle. The theta curve is so-called because
it looks like the Greek letter theta. We now show that © ~ S! v St. This
follows from the fact that both © and S! v S! are deformation retracts
of the same elliptical region in R? with foci deleted (for details, see [73,
p.110]). Alternatively, the horizontal bar of © is homeomorphic to I and
hence contractible. By Corollary 1.5.19 below, © ~ ©/I ~ S v S1.

3. Ifi: A — X is an inclusion map and r : X — A a deformation retraction,
then ¢ and r are homotopy equivalences and A ~ X. Therefore all the
deformation retractions in Example 1.4.2 are homotopy equivalences.

4. For any space X, the set [X, X] with the operation of composition of
homotopy classes is a monoid with identity element [idx]. This means
that [X, X] has an associative binary operation with two-sided identity
[idx]. The group of units or invertible elements of this monoid consists of
all homotopy classes of homotopy equivalences of X to itself, and is called
the group of (homotopy classes of ) self-homotopy equivalences of X. This
group has been studied and calculations have been made for Moore spaces,
Eilenberg—Mac Lane spaces, projective spaces, and low-dimensional Lie
groups (see [3]).

There are variations of the notion of homotopy that are useful, and we
next discuss some of them.

The first case occurs when X and Y are spaces with subspaces A € X
and B € Y. Then (X, A) and (Y, B) are called pairs of spaces. A map of
pairs f : (X,A) — (Y, B) is just a map f : X — Y such that f(4) € B.
Two maps of pairs f,g : (X,A) — (Y, B) are homotopic, written f ~ ¢ :
(X,A) - (Y,B) or f =~ g if there is a homotopy F as in Definition 1.3.1
with the additional restriction that F'(A x I) € B. In particular, a map of
pairs f : (X,A) — (Y, B) is a homotopy equivalence (of pairs) if there is
a map of pairs g : (Y,B) — (X, A) such that fg ~ id : (Y,B) — (Y, B)
and gf ~id : (X,A) - (X, A). This discussion of pairs can be extended
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to n subspaces in an obvious way. Next suppose f,g: X — Y, A € X, and
fIA=g|lA. If f ~p g and F(a,t) = f(a) = g(a) for all a e A and t € I, then
we say that f is homotopic to g relative to A and write f ~ g rel A. We say
that A is fized during the homotopy or that the homotopy is stationary on
A. If f,g: X — Y are maps and # € X is the basepoint, then clearly there
is no difference between f ~ g and f ~ g rel{=}. A special case of homotopy
rel A occurs when i : A — X is an inclusion map, r : X — A is a retraction,
and ir ~ id rel A. Then r is called a strong deformation retraction. (Note
that some authors refer to a strong deformation retraction as a deformation
retraction.) These notions also exist for unbased spaces and free maps.

A simple extension of the argument in Proposition 1.3.2 yields the follow-
ing result.

Proposition 1.4.14 Homotopy of pairs and relative homotopy are equiv-
alence relations. Homotopy of pairs is compatible with composition of the
appropriate maps of pairs.

Next we illustrate some of these concepts.
Example 1.4.15

1. The comb space C' of Example 1.4.5 serves to illustrate several points.
Recall that there are two possible basepoints in C, #q and #; with corre-
sponding constant maps ¢y and ¢;. We have seen that idg ~ ¢y : C — C
rel {xg}. Since there is a path in C from #( to =1, it follows that ¢y ~free €1
(Exercise 1.1). Therefore id¢ ~fe €1, but by 1.4.5, id¢ & ¢q rel {#1}. This
shows that based maps which are freely homotopic are not necessarily
based homotopic. We show in Section 5.5 that they are based homotopic
when the codomain is a simply connected CW complex. This example also
shows that a contractible space cannot necessarily be contracted onto any
preassigned basepoint.

2. More generally, it is easy to show that if f,g: X — Y are two maps which
agree on A € X and are homotopic, they are not necessarily homotopic rel
A. For example, let Y be the region between two concentric circles in R?
with center at the origin and radii 1 and 3, respectively. Let f,g: I - Y
be given by the two different semicircular paths in Y from (—2,0) to (2,0)
with center the origin and radius 2. If A = {0,1}, then f|A = g|A. But
f % g rel A. This is clear intuitively, but also follows from Exercise 2.18.
But if ¢ : I — Y is the constant map defined by ¢(t) = (—2,0), then clearly
f ~c=~grel {0}.

3. Finally, we give an example of two maps of pairs f,g : (X, A) — (Y, B)
such that f ~ ¢ : X - Y and f|A ~ g|]A: A - B, but f and g are
not homotopic as maps of pairs. Let f : (E", 8" 1) — (5™, {x}) be the
quotient map that identifies S"~! to a point (see Section 4.5) and let g
be the constant map. Then f ~ ¢ : E™ — S™ since E" is contractible
and f]S7 L = g|Sm L 1§71 {s]. But f 4 g1 (B, S"1) - (S", {x})

because f and ¢ induce different homomorphisms of relative homology
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groups. That is, fy : H,(E™, S"~1) — H,,(S™, {*}) is an isomorphism [61]
and g, = 0: H,(E™, S™ 1) - H,(S™, {=}).

1.5 CW Complexes

In this section we introduce the notion of a CW complex and discuss its
homotopical properties. This is continued in Sections 2.4 and 4.5. We show
that a CW pair has the homotopy extension property. We discuss the cellular
approximation theorem which asserts that every map of CW complexes is
homotopic to one which preserves the cellular structure. For more details on
CW complexes, see the following references: [33], [57], [20], [39, pp. 519-529]
and [37, Chaps. 14, 16].

NOTE In this section we are mainly concerned with unbased spaces and func-
tions. Recall that such functions are called continuous functions, free maps,
or unbased maps and their homotopies are called free homotopies or unbased
homotopies.

We begin by defining arbitrary unions, adjunction spaces, spaces obtained
by attaching cells, and arbitrary wedges.

Definition 1.5.1

1. Let X, be a collection of unbased topological spaces, for « € A. Then the
disjoint union [[, 4 Xo is given the weak topology with respect to the
collection of subsets {X, |« € A} (Appendix A).

2. Let X and Y be unbased topological spaces, let W € X andlet ¢ : W — Y
be a free map. In the space Y wu X introduce the equivalence relation
w ~ ¢(w) for all w € W. The resulting identification space is the adjunction
space Y ug X.

3. Suppose that X is an unbased space and ¢, : S?~! — X are free maps
for a € A, where S"~1 = S~ Then the ¢, determine a free map ¢ :
[loea S2t — X. Since the space [ [,c4 521 S [[,ca EF, where B =
E™, we can form the adjunction space X ug | [ .4 Ef which is called the
space obtained from X by attaching n-cells by the functions ¢,.

4. Let X, be a space with basepoint =, for every a € A. Consider the
unbased space [ [ .4 Xo and let S = {#, | @ € A} be the subspace of all
basepoints. Then the wedge \/, .4 X is the quotient space [ [ .4 Xa/S-
Note that for each « € A, there is an injectioniq : Xo — \/ e 4 Xo defined
by in(zy) = {xa), for all z, € X,. Futhermore, maps f, : X, — Y
determine a unique map f:\/ .4 Xo — Y such that fi, = fa.

acA

Remark 1.5.2 Suppose X is a based space and ¢, : S?~! — X are maps,
for all @ € A. Then the ¢, determine a map ¢ : \/ .4 Sl — X and
Vaea St € V,ea B2 Therefore the space obtained from X by attaching

acA M a
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n-cells, X Uy ]_[aeA vyequals (X v\, eq E2)/~, where (x,2) ~ (¢'(2), *),
for z € \/ oq S0} We write this as X ug \/ E”.

acA

IR

Xog [T Eg

Figure 1.11

The following lemma shows that the homotopy type of a space formed by
attaching cells depends on the homotopy class of the attaching map. A more
general result is given by Proposition 3.2.15.

Lemma 1.5.3 If ¢,¢' : S"~! — X are free maps and ¢ ~gee ¢', then there
is a free homotopy equivalence @ : X uy E™ — X vy E™. The homotopy
mverse ' has the property that @' ~id rel X and &’'® ~ id rel X.

Proof. If F is the free homotopy between ¢ and ¢', then define ¢ by &{(z) =

{z) and
_(F(s,2t)y if0<t <
s t) = {<3,2t— Dif L <t<
where z € X, s € S" 1 te I, and E" = S 1 x I[/S" ! x {1}. See Figure
1.12. If F’ is the opposite homotopy to F, that is, F'(s,t) = F(s,1 —t), then
F' determines a continuous function ¢’ : X vy E™ — X ug E™ analogous to
the definition of @. It is left as an exercise (Exercise 1.19) to show that @' is
a homotopy inverse to . m|

Now we turn to the definition of a CW complex. We allow the empty set to
be a CW complex and define a nonempty CW complex next.

Definition 1.5.4 A nonempty CW complex X is an unbased Hausdorff space
together with a sequence of unbased subspaces called skeleta

XogXlg___angX’n-i-lg

9

whose union is X. There are two conditions for X to be a CW complex.
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Figure 1.12

1. The skeleta are inductively defined as follows: X° is a nonempty discrete
set of points. The elements of X are called 0-cells or vertices. We assume
that X! is defined for n > 1 and obtain X™ from X"~ ! by attaching
n-cells. That is, we assume that for some index set B, there exist free maps
05 : ngl — X1 where 5271 denotes the (n — 1)-sphere S"~1, for each
B € B. The ¢3 determine a free map ¢ : |55 Sgil — X"~!, Then X"
is defined as

xm=x""1u, [ Es
BeB

where Eff = E".

The second condition will be stated after the following notation. The
composition of the inclusion E; — Xty HBeB Ef and the quo-
tient map X" ! L ]_[BeB Ef — X™ gives a continuous function of pairs
Py = % : (Ey,557") — (X", X"7!). The subset $3(Ej) € X" < X is
called an n-cell or a closed n-cell and is denoted €.

2. The space X has the weak topology with respect to the set {ég} of all closed
cells. Thus U € X is open (respectively, closed) if and only if U n ep is
open (respectively, closed) in ej, for each closed cell ej.

We next introduce some standard terminology. The free maps ¢g : Sg_l -
X"~ for B € B are called attaching functions, the free maps @4 are called
characteristic functions, and ¢B|Sg_1 = ¢g3 : S’g_l — X"~ ! The image
Pp(Ey — Sg_l), denoted ej, is called an open n-cell (although it need not be
open in X) and ®g|E; — Sg_l D Ef — Sg_l — e} is a homeomorphism. By
Exercise 1.16, the closure of e} is the n-cell @5(E7) (and thus the notation
e is justified) and the topological boundary dejj of ef is 455(55*1). Then
D3 (EE,SE_I) — (e}, 0efy) is a continuous function of pairs. Moreover,
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X" — X! is a disjoint union of the ej, for # € B, and we write X" =
X"t ulUgep or X = X"t uJg e The CW complex X is called finite
if it has finitely many cells and it is called finite-dimensional if, for some N,
the N-skeleton X~ = X. The smallest such N is called the dimension of X.
We observe that condition (2) in Definition 1.5.4 always holds if there are
finitely many cells.

Remark 1.5.5 To make a nonempty CW complex into a based space, we
choose a vertex as basepoint.

The following simple lemma is very useful.
Lemma 1.5.6 Let X be a CW complex.

1. Bvery characteristic function ®j; : By — €j3 is an identification function.
2. X has the weak topology with respect to the set of skeleta {X™}.

3. If C is a compact subset of X, then C' is contained in a finite union of
open cells.

Proof. (1) This follows from the fact that X™ is a quotient space of X"~! Ly
[ E5-

(2) Suppose F' € X and F'n X" is closed in X", for every n. Then F'neéj
is closed in éj, for every n and every . Therefore F' is closed. Conversely
suppose F' € X and F' n g is closed in €5 for every n and every (. Thus
(Bs) H(F n ep) is closed in E}, for every . We argue by induction on n
that F n X" is closed in X™. Suppose F n X"~ ! is closed in X"~ !. If ¢ :
xXnoly [15 Ef — X™ is the quotient function, it follows that ¢~ (F n X™)
is closed in X"~ Uy ]_[,8 Ej. Therefore F'n X™ is closed in X™.

(3) We suppose that C' meets an infinite number of open cells of X and
choose an infinite set S = {x1,22,...} € C such that each element of S is
in a different open cell. For any subset A € S, we show that A is closed in
X. By (2), it suffices to prove by induction on n that A n X™ is closed in
Xn, for all n > 0. Assume that A n X"~! is closed in X"~! and let €? be
any n-cell with characteristic function @, : E! — €. and attaching function
$o ST — X1 Then ¢, ' (A) is closed in S7 1. Because &, (A) consists
of ¢ 1(A) union with at most one additional point, ®;1(A) is closed in E".
From this it follows, as in the proof of (2), that An X™ is closed in X™, and so
A is closed in X. Thus S is a discrete space since every subset of S is closed.
Also S is closed in X and contained in the compact space C. Therefore S is
compact. But a compact discrete space is finite. Hence we conclude that C
is contained in a finite union of open cells. o

If ™ is an open cell of a CW complex, then the closed cell " is compact.
It then follows from the previous lemma that €” is contained in a finite union
of open cells. This is called the closure—finite condition. The letters C and W
that appear in the term CW complex are to indicate that a CW complex is
closure finite and has the weak topology of Definition 1.5.4(2).

We now have the following result.
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Lemma 1.5.7 Let X be a CW complex and f : X — Y a function. Then f
is continuous < f|ég ez — Y is continuous for each closed cell ey <=
@5« Ef — Y is continuous, for each characteristic map ®j;. Moreover, f is
continuous if and only if f|X™ : X™ =Y is continuous, for each n.

Proof. The first assertion is an immediate consequence of the weak topology
condition for CW complexes and the fact that @} is a quotient function. The
last sentence follows from Lemma 1.5.6(2). =

Remark 1.5.8 If X and Y are CW complexes, we next give CW structure
to the product X x Y such that the closed (m + n)-cells of X x Y are of the
form ™ x e", where €™ is a closed m-cell of X and é" is a closed n-cell of

Y. If @ and ¥ are characteristic functions for €™ and €”, then

OxY  _ _
Emin x o Br—— " x &,

and this function carries S™*+n~1 E™ x Sn1 y §m~1 x E™ to the
topological boundary d(e™ x e") = €™ x de" u de™ x e™. It follows
that this is a characteristic function for €™ x e”. The skeleta are given by
(X xY)F = 012 XTx VI, If we give X x Y the weak topology described in
Definition 1.5.4(2), then X xY is a CW complex. We note that this topology
may differ from the product topology on X x Y. For an example, see [25]. If X
or Y is locally compact or if X and Y both have countably many cells, then
it has been proved [39, Thm. A.6] that the two topologies coincide. Whenever
we discuss the product of CW complexes X and Y we assume that X x Y
has the weak topology.

[ 11

A special case of the product occurs when X is a CW complex and Y is
the closed unit interval I. We give I the structure of a CW complex with
two vertices 0 and 1 and one closed 1-cell I. Because I is compact, the weak
topology and the product topology on X x I agree. Therefore X x I with
the product topology is a CW complex. The following lemma is useful in
determining the continuity of a homotopy.

Lemma 1.5.9 Let X be a CW complex and F : X xI — 'Y a function. Then
F is continuous <= Fle" x I : ™ x I — Y is conlinuous for every closed
cell e" < F(® x id) : E™ x I — Y is conlinuous for every characteristic
Junction ® <= F|X" x I : X" x I - Y is continuous for each n.

Proof. The first equivalence is a consequence of Lemma 1.5.7. The second is

based on the fact that ¢ and hence (@ x id) is a quotient function (Lemma

1.5.6 and Appendix A). The third follows from Lemma 1.5.7. |
We next give some well-known examples of CW complexes.

Example 1.5.10

1. A one-dimensional CW complex is a graph in which we allow the ends of
an edge to have the same vertex.
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2. A compact connected surface can be made into a CW complex with one
vertex, one 2-cell, and several 1-cells. This is described in detail in [61,
Chap. 8].

3. Every simplicial complex is a CW complex. An n-simplex is an n-cell since
every n-simplex is homeomorphic to E™.

4. A compact differentiable manifold has the homotopy type of a CW com-
plex. This appears to have first been proved by Radé [77] and is also a
basic result of Morse theory [71].

5. The n-sphere S™ can be given simple CW structure consisting of one vertex
€? and one open n-cell €”, so that S™ = e? Ue™. The characteristic function
& . E™ — S™ sends the origin in E™ to the point (—1,0,...,0) € S™
and stretches E™ over S™ so that the boundary S"~! of E™ goes to the
basepoint * = (1,0,...,0) € S™. This function is explicitly defined just
before Proposition 4.5.1 as the function h. Then S™ is a CW complex. As
based space we must choose basepoint e’ = # because it is the only vertex.

6. Let RP™ be real projective n-space. This can be defined by considering
Euclidean space minus the origin, R"*! — {0}, and introducing the equiv-
alence relation x ~ y if there exists A € R — {0} such that y = Az, where
x,y € R —{0}. Then RP" is the resulting identification space. Note that
I € RP" if and only if [ is a one-dimensional vector subspace of R**! (i.e.,
a line through the origin) minus {0}. Now S™ € R”*! — {0} and we intro-
duce the following equivalence relation on S™: x = y if and only if y = +=,
for z,y € S™. Then the inclusion S™ € R"*! —{0} induces a continuous bi-
jection @ from S™/~ to RP™. Since S"/% is compact and RP"™ is Hausdorff
(Exercise 1.23), 6 is a homeomorphism. Furthermore, by restricting 6 to the

upper cap EY} = {(21,22,...,2n+1) € 8" |2Zn41 = 0} € S”, we have that
RP"™ =~ E" /~, where x ~ y if and only if y = +z and z,y € S"~! € E".
By mapping (z1,...,2x) € E_lf__l to (z1,...,2k,0) € E-kw we see that

Ei_l c Ei and that RP*~! ~ Ei_1/~ is homeomorphic to a subspace
of RP*F ~ E§/~ . We put a CW structure on X = RP™ by defining each
skeleton X* inductively so that (1) X* = RP* and (2) X* — X*~! consists
of one open k-cell, for 0 < k < n. Since RPY is a point {#}, set X° = {x}.
Now assume that the CW structure has been defined on RP*~!. Define a
characteristic function @ : (E*, S¥=1) — (RP* RP*~1) as the composition
of the homeomorphism E* =~ E_’ﬁ with the quotient function E_’ﬁ — E_’ﬁ /~
= RP*. Then &(z) = {x,/1 — |z[2), for x € E¥, where (—) denotes the
equivalence class in E¥. Hence @|EF — SF=1: EF — §k=1 —, RPF — RPF-1
is a homeomorphism with inverse function ¥ : RP* — RP*~1 — pk — gk—1
defined by ¥{(x1,xa,...,xp11) = (z1, T2, ..., x). Furthermore, (1) of Def-
inition 1.5.4 holds for X*, so this completes the induction. RP™ has finitely
many cells, therefore the weak topology condition (2) is satisfied. Thus
RP" = X = X" is a CW complex. In addition, we can define real projec-
tive infinite-dimensional space RP* = | JRP"™. With the weak topology,
this is the CW complex whose nth skeleton is real projective n-space.
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7. Similarly, if C denotes the complex numbers and H denotes the quater-
nions, we can define complez projective n-space CP™ and quaternionic pro-
jective n-space HP™ and give them CW structure. We just do this for CP™.
An equivalence relation on C"*! — {0} is given by x =~ y if there is a
nonzero complex number A such that y = Az, for z,y € C"*! — {0}. We
set CP" = (C"* — {0})/~ . Consider S = {(21,22,...,2n41)]2i €
C, X |zi]? = 1} € C**! — {0}. We define an equivalence relation on S?"+1
by x & y if and only if there is a complex number A with |A| = 1 such
that y = Az, where z,y € §?"*1. Then CP" =~ S§?"*1/=~ . We put CW
structure on X = CP™ by defining the skeleta X* inductively such that
(1) X% = X2+l = CP* and (2) X2?¢ — X2k~1 consists of one open
2k-cell, for 0 < k < n. Since CP? is a single point {x}, set X% = {x}.
Now assume that CW structure has been defined on X2+~2 = X?2k-1
satisfying (1) of Definition 1.5.4. Define a function & : E* — CPF
by ®(z) = {x,+/1 — |z[2), for z € E?*. It can be verified that & maps
525=1 onto CP*~! and that it is a homeomorphism from E?¥ — S§%+=1 to
CPF — CP*~!. Thus & : (E?k, §?k~1) — (CP*,CP*!) is a characteristic
function, and the skeleta X2F = X2**+1 are defined. For more details, see
[87, p.67]. This completes the induction and shows that CP™ is a CW
complex. Quaternionic projective n-space HP™ is treated similarly. It has
one cell in dimensions 0,4,8,...,4n and no other cells. The 4k-skeleton
is equal to HP¥. Complex and quaternionic projective spaces of infinite
dimensions can also be defined as the union of complex and quaternionic
finite-dimensional projective spaces, respectively, with the weak topology.
We also note for consideration in Chapter 3 that for any k > 1, the attach-
ing functions for complex and quaternionic projective spaces are functions
S§2n+l 5 CP™ and S*"*+3 — HP™.

The following lemma is used often.

Lemma 1.5.11 Let X™ be the n-skeleton of a CW complex X with attaching
functions ¢g : Sgi1 — X" forall Be B, and let f : X" ' =Y be any

free map. Then f can be extended to a free map f: X" =Y = o5 free
cp - S’g_l — Y, for all § € B, where cg is a constant function.

Proof. 1f f is an extension of f and ig : Sgil — Ej and j: X! — X" are
inclusions, then N N

f¢ﬁ = fj¢ﬁ = fq-ﬁﬁ Z,B Zfree €3,
for some constant function cg, because the identity function of Ej is ho-

motopic to the constant function. Conversely, suppose f ¢3 ~gce cg for all
p € B. Then there is a free map Fg : Ejj — Y such that Fgig = f¢g by
Corollary 1.4.11. If ¢ : ]_[ﬁeB Sg’_l — X"~ is the free map determined by
the ¢g, then the Fj3 determine a free map F' : ]_[ﬁeB Ef — Y such that

F ([ lsepip) = fo. It now follows that F' and f yield a free map fiX">Yy
which is an extension of f. O
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Definition 1.5.12 Let X be an unbased space and let A be a subspace. We
say that the pair (X, A) has the homotopy extension property if for every space
Y, every continuous function fy : X — Y, and free homotopy ¢; : A — Y
such that go = fo|A, there exists a free homotopy f; : X — Y of fy such that

ft|A = Gt-

This notion also exists in the based case. For this we require all spaces,
functions, and homotopies to be based. In the terminology of Chapter 3, the
homotopy extension property for the based pair (X, A) is just the assertion
that the inclusion map i : A — X is a cofibration.

Proposition 1.5.13

1. If X x{0} U A X1 is an unbased retract of X x I and A is a closed subspace
of X, then the pair (X, A) has the homotopy extension property.

2. If the pair (X, A) has the homotopy extension property, then X x{0} UAxT
1s an unbased retract of X x I.

Proof. Let r : X xI — X x {0} u A x I be a free retraction and assume that
fo: X > Y and g, : A - Y are given such that go = fo|A. Since A is closed,
the function fy and homotopy g; determine a free map H : X x {0} u AxI —
Y (Appendix A). Then F = Hr : X x I - Y is the desired homotopy of fj.

Next let Y = X x {0} u A x I and define fy : X —» Y by fo(x) = (2,0)
and g : A = Y by g:(a) = (a,t). By hypothesis, there exists a continuous
function F': X x I — Y such that F(z,0) = (z,0) and F(a,t) = (a,t), for
all z € X, a € A and t € I. Therefore F is a free retraction of X x I onto
X x{0} v AxI. o

We next define a subcomplex of a CW complex.

Definition 1.5.14 Let X be a CW complex and A € X. Then A is a sub-
complex of X if A is a union of open cells of X such that if e® € A is an
open cell, then e” € A. Clearly A is then a CW complex. We say that the
pair (X, A) is a CW pair.

It is not hard to show that A is a closed subspace of X (Exercise 1.22)
and that the CW topology of A coincides with the induced topology of A.
The notion of a CW pair can be generalized.

Definition 1.5.15 A pair of unbased spaces (X, A) with X Hausdorff and A
a closed subspace of X is called a relative CW complex if there is a sequence
of subspaces of X, called skeleta or relative skeleta,

(X,4)°c (X, A c S (X, A)" S (X, A" c-.

whose union is X. These subspaces are inductively defined as follows.

1. (X, A)% is the union of A and a discrete set of points disjoint from A. We
allow A or the discrete set to be empty. An element of the discrete set is
called a relative vertex or relative 0-cell.
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2. We assume that (X, A)"~! has been defined for n > 1 and that there are
free maps ¢g : Sg_l — (X, A)"! for B € B, where Sg_l = S"~ 1. The ¢g
determine a free map ¢ : [[4c5 S5+ — (X, A)""'. Then (X, A)" is the
space obtained from (X, A)"~! by attaching n-cells, that is,

(X, A)" = (X, A" oy [ [ B3
BeB

As in Definition 1.5.4, we obtain characteristic functions &% : Ej —
(X, A)", relative n-cells € = P3(E5) and relative open n-cells ey =
PR(Ey — SE).

We also require that the topology of X is the weak topology with respect
to the set consisting of A and all the relative n-cells ej. If (X, A)" = X for
some n, then (X, A) is called finite-dimensional. The dimension of (X, A),
written dim(X, A), is the smallest integer n such that (X, A)" = X.

Remark 1.5.16

1. Some authors write (X, A)~! = A (although we do not). We note that for
i <n, (X,A)" = A could occur.

2. If (X, A) is a relative CW complex, and we choose a basepoint in A, then
(X, A) is a based pair of spaces and is called a based, relative CW complex.

3. If (X, A) is a CW pair, then (X,A) is a relative CW complex with
(X, A" =X"0u A

4. Let (X, A) be a relative CW complex. When A is the empty set, (X, A) is
just the CW complex X. If (X, A) is a relative CW complex, then (X', A)
is called a subrelative CW complez if (1) X' € X, (2) X' is a union of
A and relative open cells of X, and (3) if €* is a relative open cell of X
contained in X', then &* is contained in X'. Clearly (X', A) is a relative
CW complex.

5. Many of the results for ordinary CW complexes easily carry over to relative
CW complexes. For example, if (X, A) is a relative CW complex, then it
follows that a function f : X — Y is continuous if and only if f|(X, A)" is
continuous for all n. In addition, F' : X x [ — Y is continuous if and only
if F|(X,A)" xI:(X,A)" xI—Y is continuous for every n.

Proposition 1.5.17 If (X, A) is a relative CW complex, then (X, A) has
the homotopy extension property. If (X, A) is a based, relative CW complex,
then (X, A) has the based homotopy extension property.

Proof. For the first assertion, it suffices to prove that there is a free retraction
r: X xI— X x{0} uAxI by Proposition 1.5.13. We inductively define
free retractions 7, : X x {0} u (X, A)" x I - X x {0} U A x I such that
| X x {0} U (X, A)" ! x I =r,_;. For n =0, define g as the identity on
X x {0} u A x I and by r9(z,t) = (x,0), where z is a relative vertex and
t € I. Now assume that r,,_1 has been defined and let ég be a relative cell in
(X, A)™, B € B, with characteristic function
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D : (E™,S"71) — (e, 0ef) < (X, (X, A)"7H).
Consider the function
E'x]——=X x{0}uAxI

which is the composition of

s ¢6><id
EnxI——=FE"x{0}uS" ! x]—=Xx{0}u (X,A)" 1 xI

with
X x {0} U (X, A" x T 5 X x {0} uAxI,

where s is the free retraction of Example 1.4.2(3). This function induces
Bregxl —> X x {0} U A x I. Thus the t%, for 5 € B, define a free retraction

X x{0} u (X, A" xT—>Xx{0} uAxI

which extends r,,—1. It follows that the r,, can be extended to a continuous
function r: X x I - X x {0} u A x I, and so r is a free retraction.

For the second assertion of the proposition note that the free retraction
r: X xI— X x{0} u A xI defined above satisfies r(*,t) = (*,1), for t € I.
It now follows as in the proof of Proposition 1.5.13 that (X, A) has the based
homotopy extension property. O

Proposition 1.5.18 Let the pair (X, A) have the based homotopy extension
property. If A is contractible, then the quotient map q¢ : X — X/A is a
homotopy equivalence.

Proof. By hypothesis, there is a homotopy g; : A — A such that gy = ida
and g1 = #. If i : A — X is the inclusion, then ig; : A — X is a homotopy
and 7 gg = idx ¢
\L . igt
7

id
X —7sX.
By the based homotopy extension property, there is a homotopy f; : X — X
with fy = idx and f;i = ig;. Therefore f1i = ig; = #, and so f; induces
f1: X/A — X such that

fia = f1 ~ fo =idx,

where ¢ : X — X/A is the projection. Next we show ¢f] =~ idx,4. Since
ft1 = 1ig, the homotopy f; induces a homotopy h; : X/A — X /A such that
qft = htq. Then hog = qfo = ¢, s0 hg = idx/a. Also hiq = qf1 = qfiq, and
so hy = qf]. Therefore
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qf{ = hl ~ ho = idX/A.
Thus f{ is a homotopy inverse of ¢, and the proof is complete. ]

From Proposition 1.5.17 we obtain the following corollary.

Corollary 1.5.19 If (X, A) is a based, relative CW complex and A is con-
tractible, then q : X — X /A is a homotopy equivalence.

This corollary is useful in determining if two CW complexes have the same
(based) homotopy type.
We next remark on the quotient of a relative complex.

Remark 1.5.20 If (X, A) is a relative CW complex, then the space X/A
is a based CW complex. The cells of X/A are those of X — A projected
onto X /A and one additional vertex (the basepoint) to take the place of A.
We apply this to an arbitrary wedge. For every 5 € B, let X3 be a CW
complex with basepoint #5. Then by Definition 1.5.1 the wedge \/ g X5 is
the quotient space (] [5.p Xg)/A, where A = {x5 | B € B} is the subspace of
all basepoints. Since X = ]_[ﬁeB X is a CW complex and A is a subcomplex,
V gep X = X/A is a based CW complex.

Definition 1.5.21 If X and Y are CW complexes and g : X — Y is a free
map, then ¢ is a cellular function if g carries the n-skeleton of X into the
n-skeleton of Y, that is, g(X™) € Y™, for all n. For relative CW complexes
(X,A) and (Y, B), a continuous function g : (X, A) — (Y, B) of pairs is
cellular if g((X, A)") < (Y, B)", for all n.

The following theorem is one version of the cellular approximation theorem.

Theorem 1.5.22 Let (X, A) and (Y, B) be relative CW complezes and let f :
(X,A) - (Y, B) be a continuous function. Then there is a cellular function
g: (X, A) = (Y, B) such that f ~pee g : (X, A) = (Y, B) rel A. This result
also holds for based complexes and maps.

We give a sketch of the proof in Remark 4.5.8. The theorem has the following
corollary.

Corollary 1.5.23 If X and Y are CW complezes and f : X — Y is a free
map, then f is homotopic to a cellular function. If A is a subcomplex of X
and f|A is cellular, then the homotopy can be chosen to be stationary on A.
This result also holds for based complexes and maps.

It is interesting to compare this corollary to the simplicial approximation
theorem ([87, pp. 76-77] or [39, pp. 177-179)).
Theorem 1.5.22 has many consequences. We give one next.

Proposition 1.5.24 Let X be a based CW complex and let (Y, B) be a based,
relative CW complex. If i : (Y,B)" — Y s the inclusion map, then the
induced function iy : [X,(Y,B)"] — [X,Y] is injective if dimX < n and
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surjective if dim X < n. In particular, if X and Y are based CW complezes,
then the function iy : [X,Y"] — [X,Y] induced by the inclusion map is
injective if dim X < n and surjective if dimX < n.

Proof. If f: X - Y is amap, then f ~ g: (X, {+}) — (Y, B) by the cellular
approximation theorem 1.5.22, where g : (X, {*}) — (Y, B) is a cellular map.
If dim X < n, then g(X) € (Y, B)", and so g = ig’ for some map ¢’ : X —
(Y, B)". Therefore in [X, Y], [f] = [g] = ix[¢'], and so i, is surjective.
Suppose next that f,g: X — (Y, B)" and if ~p ig: X — Y. Since (X x
I, X x 3T u{+} xI) is a relative CW complex, by the cellular approximation
theorem 1.5.22, there exists a continuous function G : X x I — Y such that
F ~ Grel (X x0I u{+}xI)and G is cellular. If dim X < n, then G(X xI)
(Y, B)™. Therefore G determines a homotopy G’ : X x I — (Y, B)™ such that
f ~c g, and so i, is injective. |

1.6 Why Study Homotopy Theory?

Homotopy theory is based on the concept of homotopy of maps. The following
is a list of some of the reasons for studying this notion.

e Homotopy is a geometrically intuitive relation. It is natural to consider
two subspaces A and B of a larger space Y and ask if A can be continuously
deformed into B within Y. As we have seen in Section 1.3 this occurs when
f~g, A= f(X), and B = g(X). A special case appears in the study of the
fundamental group when f,g : I — Y are two paths with the same initial
point and the same terminal point. Then one wants to know if the path f can
be deformed into the path g with end points fixed, that is, if f ~ g rel{0, 1}.

e The set of homotopy classes [X, Y] can be thought of as an approxima-
tion to the set of all maps of X into Y. The latter set is sometimes extremely
large and unwieldy. This is often not the case for the homotopy set.

e We show that the notion of homotopy is related to the question of ex-
tending a continuous, unbased function. Let X be an unbased space with
subspace A € X and let g : A — Y be a function. If there exists a contin-
uous, unbased function f : X — Y such that f|A = g, then f is called an
extension of g and g is said to be extendible to X. This gives a diagram

where 7 is the inclusion function and f is an extension (which may or may not
exist). If we put mild restrictions on A and X, such as requiring that the pair
(X, A) be a relative CW complex, then the following result holds. If g ~ ¢’ :
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A — Y and g is extendible to X, then ¢’ is extendible to X. This is because the
relative CW complex (X, A) has the homotopy extension property (Definition
1.5.12) by Proposition 1.5.17. Thus the extendibility or nonextendibility of a
function is a property of the homotopy class of the function. More generally,
this result holds whenever ¢ is a cofiber map (Chapter 3). There is another
relationship between homotopy and extendibility. Two functions f,g: X —
Y are homotopic if and only if the function F’ : X x 0I — Y defined by
F'(2,0) = f(z) and F'(z,1) = g(z), for all x € X is extendible to X x I.
A notion analogous to extendibility (in fact, dual to it) is that of lifting a
function. Let p : E — B and ¢ : X — B be functions. If there exists a
function f : X — FE such that pf = ¢, then f is called a lift or lifting of g
and g is said to be liftable to F,
-
P p

- g

With certain restrictions on the function p : F — B (namely, that it is a fiber
map; see Chapter 2), we have that if g ~ ¢’ : X — B and g¢ is liftable, then
so is ¢'. The previous discussion has been made in the unbased case and we
note that it holds as well for based spaces, maps, and homotopies. In Chapter
9 we give a detailed and systematic treatment of extensions and liftings.

e Many of the invariants of algebraic topology for maps depend only on
the homotopy class of the map. For example, homotopic maps induce the
same homomorphism of homology groups (or cohomology groups). This is in
fact one of the Eilenberg-Steenrod axioms for homology [32, pp. 10-12]. It is
because of this that other invariants such as the degree of a map S™ — S"
(see Definition 2.4.14) or the Lefschetz number of a map X — X [39, p.179]
are invariants of the homotopy class of the map.

e We show in Section 2.3, that the homotopy set [X, Y] has natural alge-
braic structure in certain cases. For example, if X = S™, an n-sphere, and
Y is any space, we obtain the homotopy groups 7,(Y) (Definition 2.4.1). If
X is any space and Y is an Eilenberg-Mac Lane space, we obtain the homo-
topical cohomology groups of X with coefficients in G (see 2.5.10). If X is
a CW complex, then these groups are naturally isomorphic to the singular
cohomology groups of X (2.5.11) with coefficients in G. Other spaces Y give
rise to various topological K-theory groups of X. The algebraic structure on
the set [X, Y] makes it more interesting.

e Sometimes a continuous function between spaces that have additional
structure is homotopic to a function which preserves that structure. The
following two examples illustrate this. (1) If f : X — Y is a continuous
function, where X and Y are CW complexes, then f is homotopic to a cellular
function as was stated in the cellular approximation theorem 1.5.22. (2) If
f+ M — N is a continuous function of differentiable manifolds, then f
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is homotopic to a differentiable function [14, Chap.II, Cor.11.9]. Thus in
these cases every homotopy class contains a “structure-preserving” function.
Results of this sort enable one to apply the techniques of areas such as cellular
topology or differential topology to the study of homotopy classes of maps.

e Homotopy and its analogues appear in other parts of algebraic topology
and even other parts of mathematics. We give just a small sample of this.

1. Consider the set of n-dimensional real vector bundles over X and introduce
the relation of vector bundle equivalence. If Vect, (X) denotes the set of
equivalence classes, then there is a space BO(n) (the classifying space of
the orthogonal group O(n)) such that there is a natural bijection between
Vect, (X) and [X, BO(n)] (Remark 3.4.17 and [12, Thm. 23.12]). Thus a
study of the set Vect, (X) is equivalent to a study of the homotopy set
[X, BO(n)]. Similar results hold for real oriented vector bundles, complex
vector bundles, and even more general bundles.

2. Let N, denote the Zs-vector space of nonoriented cobordism classes of
smooth, closed n-manifolds. Then there is the Thom space TO(q) with
the property that N, = m,14(TO(q)) = [S"19,TO(q)] for ¢ sufficiently
large [66, pp.216-221]. This reduces the study of cobordism to a study
of certain homotopy groups. Similar results hold for oriented cobordism,
unitary cobordism, and so on. (see [87, Chap. 12]).

Exercises

Exercises marked with () may be more difficult than the others. Exercises
marked with (f) are used in the text.

1.1. (f) Let X and Y be unbased spaces and assume that Y is path-connected.
Let yo,y1 € Y and define constant functions cg,c1 : X — Y by ¢o(z) = yo
and ¢1(z) = y1, for all x € X. Prove that ¢y ~free €1.

1.2. State in what sense homotopy rel A is compatible with composition.
Prove your assertion.

1.3. Prove that if f,g : X — S™ are two maps such that f(z) # —g(z) for
all x € X, then f ~ g.

1.4. Prove without using the cellular approximation theorem that S™~! is
contractible in S™.

15.(f) Let B A€ X. If r: A > B and s : X — A are deformation
retractions, then prove that rs : X — B is a deformation retraction. If r and
s are strong deformation retractions, then so is rs.

1.6. Show that S~ 1 < S™ — {N, S} is a strong deformation retract, where
N is the North Pole (0,0,...,1) and S is the South Pole (0,0,...,—1).
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1.7. Let V be a vector subspace of the vector space R™. Show that V is a
strong deformation retract of the topological space R".

1.8. Prove that the central circle {0} x S' of the solid torus E? x S! is a
strong deformation retract. Generalize this result.

1.9. Write the homotopy for the deformation retraction in Example 1.4.2(3).
1.10. (*) Prove that if A is a retract of a Hausdorff space X, then A is closed.

1.11. () Prove that if f : X — Y has a right homotopy inverse and a left
homotopy inverse, then f is a homotopy equivalence.

1.12. Suppose f ~ g : X — Y. Prove: (1) Cf ~ Cg : CX — CY; (2)
FEf~FEg: EX — EY.

1.13. 1. Let X be a space and let [, I, and I” be paths in X such that (1) =
'(0) and I'(1) = 1"(0). Prove that [+ (I’ +1") ~ (I+1")+1" : I — X rel {0, 1}.

2. If [ is a path in X, ¢¢ is the constant path at [(0), and ¢; is the constant
path at [(1), then prove that ¢co +1 ~1:1 — Xrel{0,1} and [ +¢; ~ 1 :
I - Xrel{0,1}.

3. Prove that | +1 ~cy: I — Xrel{0,1} and [ +1 ~¢; : I — Xrel{0,1},

where [(t) = (1 —t).

1.14. Let X be a triangle contained in R? (with the induced topology) having
its base [0,1] of the z-axis. The interior of the triangle is an open 2-cell and the
0-cells consist of the vertices of the triangle and all points on the base with
z-coordinate 1/n for n = 2,3, ..... The 1-cells consist of the edges between
adjacent O-cells. Is X a CW complex?

1.15. Let C be the comb space (Example 1.4.5) with topology induced by R?.
Show that C satisfies all the requirements for being a CW complex except
the weak topology condition.

1.16. (1) Let X be a CW complex, let ¢ : E™ — X™ be a characteristic
function and let e = ®(E™ — S™~1). Prove that the closure of ®(E™ — S"~1)
equals @(E™) and the boundary of (E™ — S 1) equals ¢(S™1).

1.17. () Let £(X) be the group of homotopy classes of homotopy equiva-
lences of X with itself and let G be any finite group. Show that there exists
a finite CW complex X such that G € £(X) as a subgroup.

1.18. Let (X, A) have the based homotopy extension property and assume
that the inclusion 7 : A — X is a homotopy retract. Then prove that A is a
retract of X.

1.19. (%) (1) Show that ¢’ is a homotopy inverse to ¢ in Lemma 1.5.3.
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1.20. Let X be an n-dimensional based CW complex consisting of an n-cell
e™ attached to the (n —1)-skeleton with characteristic map @ : (E™, S" 1) —
(X, X" 1) and let 2y = @(0). Show that X" ! € X — {20} is a strong
deformation retract. Generalize this to an arbitrary based n-dimensional CW
complex.

1.21. Show condition (2) of Definition 1.5.4 holds if X is a space that satisfies
condition (1) of Definition 1.5.4 and X" = X for some n.

1.22. Let K be a CW complex, not necessarily path-connected.
1. Prove that if L is a subcomplex of K, then L is a closed subset of K.

2. Prove that the path components of K are subcomplexes of K.

3. Show that K is path-connected if and only if K is connected.
1.23. (*) (1) Prove that RP™ is Hausdorff.

1.24. (x) Prove that if X is a CW complex and C' is a compact subset, then
C is contained in a finite subcomplex. Consequently, C' € X", for some n.

1.25. Let S? be the 2-sphere and let A € S? consist of n distinct points.
Prove that S?/A has the homotopy type of S? v B, where B is the wedge of
n — 1 circles S*.

1.26. () Show that S! x S1/# x S' ~ §2 v St

1.27. (%) Let X be a based CW complex that is the union K U L of two
subcomplexes K and L with the basepoint in K n L. Prove that if K, L, and
K n L are contractible, then X is contractible.

Prove that X ~ S™ v S™. Note that if n = 1, then X is the f-curve (Example
1.4.13).

1.28. Consider S™ < R and E” € R™ < R**! and let X = S™ u E™.
(

1.29. Prove that every map f : S — S™ is homotopic to the constant map
if i <n.

1.30. Prove or disprove by example the following assertion. If (X, A) is a
relative CW complex and A is a CW complex, then X is a CW complex.

1.31. () Prove that if (K, L) is a relative CW complex and C' € K is a
compact space, then C € (K, L)¥, for some k.






Chapter 2
H-Spaces and Co-H-Spaces

2.1 Introduction

NOTATION AND STANDING ASSUMPTIONS

e From this chapter on, most of the spaces that we consider will be based
and path-connected and have the based homotopy type of based CW complezes.
Some notable exceptions to path-connectedness are the 0-sphere SO and the
0-skeleton of a CW complex. Unless otherwise stated, all functions under con-
sideration will be continuous and based and all homotopies will preserve the
base point. These restrictions are sometimes asserted explicitly for empha-
sis. We discuss unbased spaces, functions and homotopies from time to time.
However, whenever doing so, we explicitly make note of the fact.

o We take all homology and cohomology to be reduced, so that a space has
trivial zero-dimensional homology and cohomology.

e We adopt the following notation throughout: “~” for homotopy of maps
or same homotopy type of spaces, “=" for homeomorphism of spaces or iso-
morphism of groups and “~7 for the relation of equivalence. Furthermore,
if X is a set with an equivalence relation and x € X, then {x) denotes the
equivalence class containing x.

There are reasons for the restrictions on spaces listed above. First of all,
nearly all of the spaces that are of interest to us are of this type. Second,
these assumptions avoid having to add additional hypotheses to several the-
orems since CW complexes satisfy many of these hypotheses. But because of
these assumptions, we must ensure that the constructions that we perform
on spaces of the homotopy type of CW complexes yield spaces of the homo-
topy type of CW complexes. This is so, but the proofs in some instances are
long and difficult. Presenting this material would take us far afield, and so
we describe some proofs and give references for the others.

In this chapter we discuss the important notions of H-space and grouplike

space and of co-H-space and cogroup. A grouplike space is the homotopy
analogue of a group. It is a group object in the homotopy category. An H-
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space is defined in the same way but without the assumption of associativity.
Cogroups and co-H-spaces are the categorical duals of these in the homotopy
category. We show that the set of homotopy classes of maps of any space into a
grouplike space has an induced group structure as does the set of homotopy
classes of maps of a cogroup into any space. We then consider the set of
homotopy classes of maps from a cogroup into a grouplike space and show
that the two group structures agree and are abelian. Loop spaces 2Y are
examples of grouplike spaces and suspensions X' X are examples of cogroups.
We prove that there is a fundamental isomorphism [X'X, Y] = [X, 2Y]. Since
an n-sphere is a suspension, the set of homotopy classes of maps [S™, Y] is a
group. These are the homotopy groups of Y, denoted 7, (Y"), and discussed
in Section 2.4 and later in Section 4.5. Of particular interest in this section
is a theorem which we call Whitehead’s First Theorem which asserts that a
map of CW complexes is a homotopy equivalence if and only if it induces an
isomorphism of all homotopy groups. A natural generalization of spheres is
Moore spaces which are spaces with a single nonvanishing homology group.
Dually, Eilenberg-Mac Lane spaces are spaces with a single nonvanishing
homotopy group. The existence and uniqueness up to homotopy type of these
spaces are discussed. Homotopy groups with coeflicients are then defined by
using Moore spaces and (homotopical) cohomology groups with coefficients
by using Eilenberg—-Mac Lane spaces. The chapter ends with a discussion of
Eckmann-Hilton duality.

2.2 H-Spaces and Co-H-Spaces

Before discussing H-spaces and co-H-spaces, we introduce some terminology
that appears in the rest of the book. We assume that the reader is familiar
with the concept of a commutative diagram of groups and homomorphisms
and of spaces and maps. In commutative diagrams there is the initial point
(a group or space), a terminal point (a group or space), and two compositions
of homomorphisms or maps from the initial point to the terminal point. In
the case of abelian groups, if one of the compositions is the negative of the
other, then we say that the diagram anticommutes or is an anticommutative
diagram. In the case of spaces, if the two compositions are homotopic, then
we say that the diagram homotopy-commutes, commutes up to homotopy, or
is a homotopy-commutative diagram.

Now we turn to the notions of a grouplike space and an H-space. Let Y
be a space and recall that j; : Y > Y xY and jo : Y = Y X Y are defined

by j1(y) = (y, ) and ja(y) = (*,y) for all y € Y.

Definition 2.2.1 A grouplike space consists of a space Y and two maps
m:Y xY —-Y andi:Y — Y such that

1. mj1 xid>~myjs: Y - Y,
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J1 J2

Y—————— =Y xY and Y————— =Y xY
id id
Y Y.

2. mimxid) 2m(idxm): Y xY xY Y,

mxid

Y xYXxY ———Y xY

lidm lm

Y xY Y.
3. m(id,i) >~ » @~ m(i,id): Y - Y,
Y%Y xY and Y&>Y xY
~_ | ~_ |

where (id, 1), (i,id) : Y —» Y x Y are defined by (id,)(y) = (y,(y)) and
(4,id)(y) = (i(y),y), for y € Y.

A grouplike space is sometimes referred to as an H-group. The map m is
called a multiplication and i is called a homotopy inverse. If only (1) holds,
then Y (or more properly, the pair (Y, m)) is called an H-space. A space that
is an H-space and a CW complex is called an H-complex and a grouplike
space that is a CW complex is called a grouplike compler. We sometimes do
not explicitly mention the multiplication or homotopy inverse and refer to a
space Y as an H-space or grouplike space. Condition (2) is called homotopy-
associativity. A homotopy-associative H-space is one in which (1) and (2)
hold. In terms of the addition of maps defined below, condition (3) asserts
that id + ¢ >~ * ~ ¢ + id. Therefore [7] is the homotopy inverse of [id] in the
group [Y,Y]. From this we obtain the inverse of any a = [f] € [X, Y] defined
as ix(a) = [if]. We show in Proposition 8.4.4 that a homotopy-associative
H-complex always has a homotopy inverse, and so is a grouplike complex.
The H-space (Y, m) is homotopy-commutative if mt ~m :Y xY — Y where
t:Y xY - Y xY is defined by t(y,vy') = (¢, y), for y,y' € Y.

Definition 2.2.2 Let (Y, m) and (Y’,m’) be H-spaces and h : ¥ — Y’ a
map. We call h an H-map if the following diagram is homotopy-commutative,

hxh

Y XY ———-—Y' xY’

R

Y Y’
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This is written h : (Y, m) — (Y',m’).

The space Y is a topological group if (Y, m,i) is a grouplike space such
that equality holds instead of homotopy in all parts of Definition 2.2.1. In
this case, it is customary to write m(y,y’) as yy’ and i(y) as y~ 1. A grouplike
space is thus the analogue of a group in homotopy theory. Similarly an H-map
is the analogue of a homomorphism of groups. We give a class of examples
in Section 2.3 of spaces that are grouplike, but not topological groups. For
now we note that the spheres S, $2, and S” are all H-spaces. The first two
are in fact topological groups. Multiplication of complex numbers induces a
multiplication on S' which makes it into a topological group and quaternionic
multiplication does the same for S3. The sphere S7 inherits its multiplication
from the multiplication of octonions or Cayley numbers [49, pp. 448-449]. But
the latter is not associative, and so S” is an H-space that is not a topological
group. It has been proved [51] that this multiplication on S7 is not homotopy-
associative, so S7 is not a grouplike space. The question of whether any other
spheres have the structure of an H-space is a difficult one. A negative answer
has been given by the work of several people with the major result due to
Adams [1].

If (Y,m) is an H-space and X is any space, then the set [X,Y] can be
given an additively written binary operation which is defined as follows. Let
fyg: X =Y and define f + g =m(f x g)A =m(f,g)

A fxg m

X X xX Y xY Y,

)

where A is the diagonal map. Then if @ = [f] and 8 = [¢] € [X, Y], we set
a+ 3 = [f + g]. This is a well-defined binary operation on the set [X,Y].
We make some simple remarks about this operation.

e By (1), f+* =m(fx*)A =mjf ~ f. Therefore «+0 = o, and similarly
0 + a = «, where 0 is the homotopy class of the constant map. Thus for
an H-space (Y,m), the element 0 € [X,Y] is a two-sided identity for the
binary operation.

e If (3) holds, then, as mentioned earlier, i, () is the inverse of a in [X,Y].

e Clearly m = p; +p2: X x X — X, where p1,ps : X x X — X are the two
projections, since m(p; x pa)A = m.

e We obtain the category of H-spaces denoted H consisting of H-spaces and
homotopy classes of H-maps and the category of grouplike spaces denoted
HG consisting of grouplike spaces and homotopy classes of H-maps (see
Appendix F).

We recall some categorical language and notation (Appendix F). Let
HoTop, be the based homotopy category (consisting of spaces and homo-
topy classes of maps), let Gr be the category of groups, and let Sets, be
the category of based sets. Furthermore, let B, be the category of based sets
with a binary operation for which the basepoint is a two-sided identity and
the morphisms are based functions preserving the binary operation (called
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homomorphisms). In addition, AB, is the full subcategory of B, consisting
of based sets for which the binary operation is commutative. Then there are
forgetful functors By — Sets, and Gr — B, (see Appendix F).

Now let Y be a fixed space and define a contravariant functor Fy :
HoTopy, — Sets, by Fy(X) = [X,Y] and Fy(f) = f*: [X, Y] - [X,Y],
where f : X — X'. To say that Fy : HoTop, — Sets, factors through
B; means that for every space X, the set [X,Y] is a based set having a
binary operation with the homotopy class of the constant map a two-sided
identity and that f* : [X’,Y] — [X,Y] is a homomorphism for every map
f: X — X'. Similarly Fy : HoTop, — Sets, factors through Gr means that
[X,Y] is a group for every X with unit the homotopy class of the constant
map and that f*: [X',Y] — [X,Y] is a homomorphism.

Proposition 2.2.3

1. Y is an H-space if and only if Fy : HoTopy, — Sets, factors through Bs.
2. 'Y is a homotopy-commutative H-space if and only if Fy : HoTopy —
Setsy factors through AB,.

3. Y is a grouplike space if and only if Fy : HoTop, — Setsy factors through
Gr.

Proof. (1) Let (Y, m) be an H-space. We have already noted that [X,Y] is a
set with binary operation for which 0 is a two-sided identity. If f : X — X’
is a map and [a], [b] € [X/, Y], then

(a+b)f =m(axb)Ax:/f =m(af x bf)Ax =af +bf,

and so f*([a] + [b]) = f*[a] + f*[b]. Thus Fy : HoTop, — Sets, factors
through B, . Conversely, suppose [X, Y] is an object of B, for every X with
the property that f* : [X', Y] — [X,Y] is a homomorphism for every map
f X — X'. Let the binary operation be denoted by + and let [#] be the
two-sided identity, where * is the constant map. Now definem : Y xY - Y
by [m] = [p1] + [p2] € [Y x Y, Y], where p; and py are the two projections of
Y x Y onto Y. Then, if ji,js : Y = Y x Y are the two inclusions,

Ji[m] = [piji] + [p2j1] = [idy] + [#] = [idy],

and so myj; ~ idy. Similarly, mjo ~ idy. Therefore (Y, m) is an H-space.
(2) If (Y, m) is homotopy-commutative and [a], [b] € [X, Y], then

a+b=m(axbA~mitla xb)A=m(bxa)A=0>b+a,

where t : Y xY — Y x Y interchanges coordinates, and so [X, Y] is commu-
tative. Conversely, suppose [X,Y] is commutative for all X. Let the multi-
plication m on Y be as defined in (1). Then

[mt] = t*[m] = t*([pi]+[p2]) = [pat]+[pat] = [p2]+[pa] = [pr]+[p2] = [m],
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and so m is homotopy-commutative.

(3) We omit the proof which is like (1) and (2) but we record the following
for later use. If Fy factors through Gr, then the multiplication m and the
homotopy inverse i are defined by

[m] = [p1] + [p2] and [i] = —[idy]. O
We next introduce a definition and corollary of Proposition 2.2.3.

Definition 2.2.4 A contravariant binary operation induced by Y is a binary
operation on [X,Y] for every space X such that 0 € [X,Y] is a two-sided
identity and for every f : X — X', the function f* : [X",Y] - [X,Y] is a
homomorphism. A contravariant group operation induced by Y is similarly
defined.

Then we have the following immediate consequence of Proposition 2.2.3.

Corollary 2.2.5 1. There is a one—one correspondence between the set of
homotopy classes of multiplications of Y and the set of contravariant bi-
nary operations induced by Y.

2. There is a one—one correspondence between the set of homotopy classes of
grouplike multiplications of Y and the set of contravariant group operations
induced by Y.

The following result is frequently used.

Proposition 2.2.6 If (Y, m) and (Y',m') are H-spaces and h : (Y,m) —
(Y',m') an H-map, then hy : [ X, Y] — [X,Y’] is a homomorphism of based
sets with a binary operation. In particular, if Y and Y’ are grouplike spaces,
then hy : [X,Y] — [X,Y'] is a group homomorphism.

Proof. Let [a], [b] € [X,Y]; then
ha+b) = hm(a x b)A ~m/(h x h)(a x b)A = ha + hb.
Therefore h, is a homomorphism. ]

To obtain the notion which is dual to that of a grouplike space, we reverse
the arrows and replace the product with the wedge in Definition 2.2.1. As
noted in Section 1.2, we regard X v X € X x X so that every element of
X v X is of the form (x, #) or (,2’), for z, 2’ € X. Recall that ¢ = p1|X v X :
XvXosXandg =p|XvX:XvX->X where p;,pp: X x X - X
are the projections.

Definition 2.2.7 A cogroup consists of a space X and two maps ¢ : X —
X v X and j: X — X such that

1. e ~id ~ goc: X — X.
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2. (cvid)ex(idve)e: X - X vXvX

c

X XvX

ic icvid
idve

XvXX————XvXVv X

3. {id,j}e ~ = ~ {j,id}c : X — X, where {id,j} : X v X — X is defined
by {id,j}(z,*) = x and {id, j}(+,z) = j(x), for all z € X, and {j,id} is
similarly defined.

A cogroup is also called a co-H-group, an H-cogroup, or a cogrouplike space.
The map c is the comultiplication and j the homotopy inverse. If only (1)
holds, then (X,c¢) or X is called a co-H-space. A co-H-space which is a
CW complex is called a co-H-complex. Condition (2) is called homotopy-
associativity (sometimes homotopy-coassociativity). We show in Proposition
8.4.4 that every simply connected, homotopy-associative co-H-complex has
a homotopy inverse. The co-H-space X is called homotopy-commutative if
sc~c: X - X vX, wheres: X vX — X v X is defined by s(z, *) = (,x)
and s(x,x) = (x,*). We give examples of cogroups in Section 2.3 and show
that all spheres and wedges of spheres of dimension > 1 are cogroups. There
are spaces that are co-H-spaces but not cogroups (see [9]). In addition, a
co-H-space in the topological category (defined by equality of maps instead
of homotopy of maps) is a one point space (see Exercise 2.4).

Definition 2.2.8 Let (X, ¢) and (X', ¢’) be co-H-spaces and g : X — X' a
map. We call g a co-H-map if there is a homotopy-commutative diagram

g

X X'

ic i(;,
gvg

XvX—X'v X.

This is written g : (X, ¢) — (X', ).

The set [ X, Y] has a binary operation when X is a co-H-space and Y is any
space: let f,g: X -» Y andlet V:Y vY — Y be the folding map defined by
V(y, =) =yand V(x,y) =y, fory € Y. We define f+g = V(f vg)e =1{f,g}c,

v

X—exvx %y vy Y.

Then for a = [f] and 8 = [g] € [X, Y], we set a + B = [f + g].
Asbeforea+0=a=0+a and c =141 + iy : X = X v X, where iy,1is :
X — X v X are the two injections. In addition, if (3) holds, j*(a) +a =0 =
a+ j*(a), and so j*(«) is the inverse of « € [X,Y]. We obtain the category
of co-H-spaces CH whose objects are co-H-spaces and whose morphisms are
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homotopy classes of co-H-maps and a full (sub)category of cogroups CG. Now
let X be a fixed space and define a covariant functor Kx : HoTopy, — Sets,
by Kx(Y) =[X,Y] and Kx(g9) = g« : [X, Y] = [X,Y’], where g : ¥ — Y.
Then Kx : HoTop, — Sets, factors through B, means that for every space
Y, the set [X,Y] is a based set with a binary operation with the homotopy
class of the constant map a two-sided identity and that g, : [X, Y] — [X,Y”]
is a homomorphism for every map g : Y — Y’. Similarly Kx : HoTops —
Setsy factors through Gr means that [X, Y] is a group for every Y with unit
the homotopy class of the constant map and that g, : [X,Y] — [X,Y'] is a
homomorphism.

Proposition 2.2.9

1. X is a co-H-space if and only if Kx : HoTop, — Setsy factors through
B.

2. X is a homotopy-commutative co-H-space if and only if Kx : HoTopy —
Setsy factors through AB,.

3. X is a cogroup if and only if Cx : HoTopy — Setsy factors through Gr.

4. If (X,¢) and (X',¢') are co-H-spaces and h : (X',¢') — (X,c¢) is a co-
H-map, then h* : [X,Y] — [X',Y] is a homomorphism of based sets
with a binary operation. In particular, if X and X' are cogroups, then
h* [ X, Y] - [X,Y'] is a group homomorphism.

5. If X is a co-H-space and f,g : X — Y, then (f + g)s = f« + gx :
H,(X;G) - Hy,(Y;G) and (f+9)* = f*+9¢*: H'(Y;G) - H"'(X; G),
for all n = 0 and abelian groups G.

Proof. The proofs of (1) — (3) are analogous to the proof of Proposition 2.2.3,
therefore we omit them. We do note, however, that in (3), if Kx factors
through Gr, then the comultiplication ¢ and homotopy inverse j are defined
as follows,

c=11 +13 and j = —idy,

where i1 and is are the two injections of X — X v X. The proof of (4) is
parallel to the proof of Proposition 2.2.6, and also omitted. We only prove
(5) for homology. Let ux : H,(X v X) —» H,(X)@® H,(X) be the isomor-
phism given by px(2) = (q1x(2), g2x(2)) for z € H, (X v X). Consider the
commutative diagram

Ho(X) =2 Hy(X v X) — L2 H(V v Y) — s Ho(Y)

T P

H,(X) @ Hn(X) H,(Y) @ H,(Y),

faDgx

where A is the diagonal and §(u,u') = u + o/, for u, v’ € H,(Y'). Then

(f+9)s =Valf Vg)sce =0(f+ Dgu)A = fo + g4,
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and the result follows. O
Analogous to Definition 2.2.4, we have the following for co-H-spaces.

Definition 2.2.10 A covariant binary operation induced by X is a binary
operation on [X,Y] for every space Y such that 0 € [X,Y] is a two-sided
identity and for every map g : Y — Y, the function ¢, : [X,Y] — [X,Y”]
is a homomorphism. A covariant group operation induced by X is similarly
defined.

We then have the following immediate consequence of Proposition 2.2.9.

Proposition 2.2.11 1. There is a one—one correspondence between the set
of homotopy classes of comultiplications of X and the set of covariant
binary operations induced by X.

2. There is a one—one correspondence between the set of homotopy classes of
cogroup comultiplications of X and the set of covariant group operations
induced by X.

An interesting situation arises when (X ¢) is a co-H-space and (Y, m) is an
H-space. Then the comultiplication ¢ and the multiplication m each induce
a binary operation in [X,Y].

Proposition 2.2.12 If (X, ¢) is a co-H-space and (Y, m) is an H-space, then
the binary operation +. in [X,Y] obtained from c equals the binary operation
+m in [X,Y] obtained from m. In addition, this binary operation is abelian.

Proof. For every a = [f], B =[g], v = [h], = [k] € [X, Y], we prove
(a +m 6) +c (7 +m 6) = (a +c 7) +m (ﬂ +c 5) (21)

With A = Ax and V = Vy, the left-hand side of Equation 2.1 is represented
by

V(m(f x g)A v m(h x k)A)e = mVyy ((f x 9) v (b x k) (A v A)e
and the right-hand side of Equation 2.1 is represented by
m((V(f v h)e) x (V(g v k)e))A=m(V xV)((fvh)x(gvk)Ax,xc
But it is easily checked that
Vyy ((f x 9) v (hx ) (A v A) = (Vx V)((f v ) (g v k) Ax.x.
and so Equation 2.1 is established. Now take 8 = 0 = v in Equation 2.1,

getting
a+.0=a+,,0.

This shows that the two binary operations agree. Next set a« = 0 = ¢ in
Equation 2.1, getting
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B+07:7+m/8~

This shows that the operation is abelian. ]

2.3 Loop Spaces and Suspensions

In this section we study loop spaces which are a class of grouplike spaces and
suspensions which are a class of cogroups.

Definition 2.3.1 For a space B, the loop space £2B is the subspace of B!
consisting of all paths ! in B such that [(0) = = = [(1). The loop space 2B
has the subspace topology of the space of paths B’ with the compact—open
topology (see Appendix A). The elements of 2B are called loops in B. If
g : B — B’ is a map, then 2g : 2B — 2B’ is defined by 2¢(l) = gl (the
composition of g and ).

Clearly if g ~ ¢’ : B — B’, then 29 ~ 2¢' : 2B — 2B’. We next define
amap m: 2B x 2B — (2B by

o 12t fo<t<]
m(l’l)(t)_{l'@t—l)if;stsl

for [,1' € 2B and t € I. We also define i : 2B — 2B by i(l)(t) = (1 —1t), for
le 2B and tel.

The loop m(l,1') consists of the loop I followed by the loop . That is,
m(l,1l') is obtained by traversing the loop [ at double speed followed by the
loop I’ also at double speed. The loop i(l) is the loop I traversed in the
opposite direction. We note that m(l,1') is just the sum of paths [ + ' and
(1) is —I, both of which were defined in Remark 1.4.7. We will see that the
map m provides 2B with grouplike structure.

If B has the homotopy type of a CW complex, then so does 2B by a
theorem of Milnor [70]. It also follows from Milnor’s result that many of the
path spaces such as B! or EB also have the homotopy type of a CW complex
whenever B does.

Proposition 2.3.2 If B is a space, then 2B is a grouplike space with mul-
tiplication m and homotopy inverse i. For any map f : B — B’, the map
2f: 0B — QB is an H-map.

Proof. We must first verify the three conditions in Definition 2.2.1.
(1) We show id ~ myj; : 2B — 2B by defining a homotopy F : 2B x I —
2B. For l € 2B and s,t € I, we set

F(l,8)(t) = {i (2t/(2 =) ; g

m//\
~
-
//\w“"
tﬁ w
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The other homotopy for (1) is similar.

(2) We show m(m x id) >~ m(id x m) : 2B x 2B x 2B — 2B by defining
a homotopy G : 2B x 2B x 2B x I — 2B. For I,I',1”" € 2B and s,t € I,
we set

L(4t/(1+s)) if 0 <t <2
GULU U, s)(t) = (4t —1—5) if =L e

<t <
((4t—s—2)/(2—s))if 2 <t <1

(3) We show # ~ m(id,i) : 2B — 2B by defining a homotopy H :
2B x I — 2B. Forle€ 2B and s € I, we set

I i
H(l,s)(t) = {1(23(1 — )i

The other homotopy for (3) is similar.
Finally, m’(2f x 2f) = (2f)m : 2B x 2B — B’ where m’ is the
multiplication of 2B’. Therefore {2f is an H-map. O

In the proof of the previous proposition formal definitions of the required
homotopies were given. However, it is helpful in understanding these homo-
topies to visualize them and say what they actually do.

s s
l l U " * *
t ' ' t t
(3:0)(3,0) (3,0)
homotopy-unit homotopy-associativity ls is path [ from 1(0) to I(s)
homotopy-inverse
Figure 2.1

For example, in (3) we see that at time s the homotopy H applied to the
path [ is first the path [ going from [(0) to I(s) and then is the path [ in the
opposite direction going from I(s) to [(0). Clearly this is the constant path =
when s = 0 and the path m(l,il) when s = 1. A similar analysis can be made
for the homotopies in (1) and (2).

Let HoTop, denote the homotopy category and let HG denote the category
of grouplike spaces. Then 2 : HoTop, — HG defined by 2(X) = 2X and
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02[f] = [2f] is a well-defined functor. Clearly (2B, m) is a grouplike space
that is not in general a topological group. From Propositions 2.2.3 and 2.3.2 it
follows that for any space B, £2B induces natural group structure on [ X, 2B].
In addition, if f : B — B’ is a map, then (£2f), : [X,2B] - [X,2B] is a
homomorphism.

Next we turn to suspensions.

Definition 2.3.3 For any space A, define the suspension YA (sometimes
called the reduced suspension) to be the identification space

(AxI)/(Ax{0} u {+} xT u Ax{1}).
There is a map ¢: YA —» YA v YA defined by

c<a7 t> — { (<CL, 2t>7 *) if 0 <t

1
2
s, (a,2t — 1)) if 1 <t <1
(+,<a, ))if 3

<
<

)

where a € A, t € I, and # denotes the basepoint of Y’A. We also define
j: XA - XAby jla,ty ={a,1 —t). If f: A— A’ then Xf : YA - YA is
given by Xf<a,ty = {(f(a),t).

A

Figure 2.2

Clearly if f~ f': A— A’ then Xf ~ X f : YA - YA

There is another way to view the suspension. Let Cy X and C; X be the two
cones on X (see Section 1.4). Then ig : X — C1 X is defined by ig(z) = {x,0)
and i1 : X — CpX is defined by i1(x) = {x,1). Then the suspension XX is
homeomorphic to the identification space Co X v Cy X /~, where i1 (z) ~ io(x),
for every z € X.
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Proposition 2.3.4 For any space A, the space XA is a cogroup with co-
multiplication ¢ and homotopy inverse j. For any f : A — A’, the map
Yf:XYA— YA is a co-H-map.

The proof of this is completely analogous to that of Proposition 2.3.2 and is
left as an exercise. However, after we give the proof of Proposition 2.3.5 we
show how a proof can be derived from Proposition 2.3.2.

If CG denotes the category of cogroups, it follows from Proposition 2.3.4,
that X : HoTop, — CG is a functor defined by X(A) = YA and X(f) = X' f.
By Proposition 2.2.9, for every space A, the set [Y'A, Y] has group structure
for every space Y such that a map ¢ : Y — Y induces a homomorphism g, :
[YAY] - [YA,Y’]. Moreover, a map h : A” — A induces a homomorphism
(Zh)*: [XA Y] - [ZAY].

We have seen that if A and B are any two spaces, both [Y'A, B] and
[A, 2B] are groups. If f: YA — B is a map, we define x(f) : A — 2B by

#(f)(a)(t) = fla,t),

. w(f)(a)
f
—_—

Figure 2.3

forae Aand tel.

YA

Clearly r(f) is well-defined and continuous (Appendix A). Furthermore, if
f+ is a homotopy between f : YA — B and f': YA — B, then k(f:) is a
homotopy between x(f) : A —» 2B and s(f') : A — 2B. Thus k induces
ke @ [ZA, B] = [A, £2B]. Similarly, if g : A — 2B, we define 5(g) : YA — B
by %(g){a,ty = g(a)(t), for a € A and t € I. Then % induces Ry : [4, 2B] —

[Z A, B]. Now
k(R (9))(a)(t) = (F(9))a,ty = g(a)(t),

and so k& = id. In a like manner, Fx = id. Thus k, : [YA, B] — [A, 2B] is
a bijection with inverse Ky : [A, 2B] — [Y'A, B]. In addition, if h: A" - A
and k : B — B’ are maps, then
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6(f)h = rk(fXh) and  (02k)k(f) = K(k[),
for every f: YA — B. Thus

h¥ ks = ke (ZR)*  and  (02k)y Ky = Ky s
Proposition 2.3.5 For any spaces A and B, the bijection ky : [Y A, B] —
[A, 2B] is an isomorphism of groups.
Proof. Let f,g: XA — B and consider x(f + g) = k(V(f v g)c) : A — 2B.
Then for a € A and t € I,

(K(V(f v 9)c)(a))(t) = V(f v g)a,t)
V(fvg) <a2t> ) ifo<t<3
V(fvg)({a,2t—1))if $ <t <1

{f<a , 2ty if O t<

(a,2t = 1)if 1 <t <

On the other hand, (f) + x(g) = m(k(f) x k(g))A: A — 2B. Then

(m(s(f) x k(g))Ala))(t) = m(x(f)(a), x(g)(a))(t)
_ [ EA@)@)  ifo<t<y
(k(g)(@) (2t —1)if 5 <t <1
[ a2ty  ifO<t<i
B {g<a,2t—1>if l<t<l.
Thus s(f + g) = s(f) + k(g), and the result follows. o

Definition 2.3.6 The isomorphism k, in Proposition 2.3.5 or its inverse R
is called the adjoint isomorphism. We say that f and x(f) and also « and
kx(a) are adjoint to each other.

Using the fact that r, is a bijection and that (£2B,m, 1) is grouplike for
all B, we now show that (XA, ¢, j) is a cogroup for all A, where ¢ and j are
the maps defined in Definition 2.3.3. We have that [A, 2B] is a group, with
binary operation denoted +, and so ky : [YA, B] — [A, 2B] induces group
structure with two-sided identity [#] on [X'A, B], for all B. We denote this
binary operation in [Y'A, B] by +’. Because any map k : B — B’ induces a ho-
momorphism (£2k), : [4, 2B] — [A, 2B'], it follows from (£2k)y ki = Ky ky
that ky : [YA,B] — [XYA, B’] is a homomorphism. Therefore by Propo-
sition 2.2.9(3), there exists a comultiplication ¢ and a homotopy inverse b
such that (XA, J) is a cogroup. We show that ¢ ~ ¢ and j ~ j. By Def-
inition 2.3.3, k(c) = k(i1) + K(i2), where i1,i5 : YA — YA v YA are the
two injections. But ¢ = iy +" iy (see the proof of Proposition 2.2.9), and so
k() = k(i1) + k(i2). Thus k(c) = k(¢), and so ¢ ~ ¢. Finally j = —id by
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definition and so x(j) = —r(id). But x(j) = —x(id) (proof of Proposition
2.2.9). Therefore j ~ j, and so (XA, ¢, j) is a cogroup.
The suspension and loop space constructions can be iterated.

Definition 2.3.7 For spaces A and B and define X°4 = A and 2°B = B
and for integers n > 1,

Y"A=X(X""'A) and Q"B =0Q(2"'B).

We next consider homotopy commutativity of iterated suspensions and
loop spaces.

Proposition 2.3.8 For spaces A and B, X" A is a homotopy-commutative
cogroup and 2" B is a homotopy-commutative grouplike space, if n = 2.

Proof. We just show that X" A is homotopy commutative. For any space Y,
we have the following isomorphism of groups, [Y"A, Y] = [X"7LA, QY] for
n = 2, by Proposition 2.3.5. The latter group is abelian by Proposition 2.2.12.
By Proposition 2.2.9(2), ™A is homotopy-commutative. O

Recall that the upper cap E7} of the unit n-sphere S™ is defined by £} =
{(z1,22,...,2p41) € S"|Tps1 = 0}. The lower cap E™ of S™ is similarly
defined by 2,41 < 0. Then S" = E? U E™ and S" ' = E} n E™.

Proposition 2.3.9 For alln > 1, S™ is homeomorphic to X.S™ 1.

Proof. There are homeomorphisms h; : E" — EY and h_ : E" — ET
defined by

hi(@) = (2,v/T=1al?) and
he(@) = (2, —VT=[2P),

for x € E™. Recall that CoX = (X x I)/(X x {0} u {*} x I) and C1 X =
(X xI)/(X x{1} U {*} xI). By Lemma 1.4.10, there is a homeomorphism K :
C1(S™1) - E™. Similarly by defining L : S" "' xI — E" by L(z,t) = (1—t)=
+tz, we obtain a homeomorphism L : Co(S" ') — E™ as in Lemma 1.4.10.
We compose K with A to obtain a homeomorphism 7 : Cy(S™~!) — EY
and we compose L with h_ to obtain a homeomorphism \ : Co(S™ 1) — E™.
Each of 7 and \ restricted to S”~! is the identity map of S"~!. We regard
YSn=1as C1(S™7Y) Ugn-1 Co(S™™1), the disjoint union of C1(S™~!) and
Co(S™ 1) with S™~1 < C1(S™ 1) identified with S"~' < Cy(S™'). Then
the maps 7 and A yield a homeomorphism (see Figure 2.4)

28t = (8™ Ugn-1 Co(S™H) = BT U B = S™. =
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Figure 2.4

2.4 Homotopy Groups 1

By Propositions 2.2.9, 2.3.4, and 2.3.9, the set [S™, Y] is a group for all spaces
Y and all n > 1. These are the homotopy groups of Y.

Definition 2.4.1 For every space Y and n > 0, the set [S™, Y] is called the
nth (ordinary) homotopy group of Y and is denoted 7,(Y). For n = 1, it is
called the fundamental group of Y.

We assume that the reader has had some exposure to the basic prop-
erties of fundamental groups. For review, we have presented the topics on
the fundamental group that we use in Appendix B. If n > 1, then m,(Y)
is a group for all Y and a map f : Y — Y’ induces a homomorphism
fe : m(Y) = 7, (Y"). In general, mo(Y) is a set with a distinguished ele-
ment and fy : mo(Y) — mo(Y”) is a function that preserves the distinguished
element. For another characterization of my(Y"), see Exercise 2.24.

We next give a few elementary properties of homotopy groups. We give
more information on homotopy groups in Section 4.5 and compute some of
these groups in Section 5.6.

e For n > 2, the groups m,(Y) are abelian. This follows from Proposition
2.3.8.

e The fundamental group 71 (Y") is abelian if Y is an H-space by Proposition
2.2.12. In general, m;(Y") is not abelian (Appendix B). If Y is a grouplike
space, then mo(Y") is a group (Exercise 2.24).

o If n > 1, then m,(Y) = m,—1(£2Y) as groups by Proposition 2.3.5. In
particular, 2Y is path-connected if and only if 71(Y) = 0 by Exercise
2.24.

o If fg:Y - Y’ then fy =gy : mp(Y) - 7w, (YY), for all n > 0.

e If f: X — Y is a homotopy equivalence, then fy : m,(Y) — m,(Y’) is
an isomorphism, for all n > 0. For if g : Y — X is a homotopy inverse of
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f, then fg ~ id. Therefore fysgy = (fg): = idy = id. Similarly gf ~ id
implies that g, fx = id. Therefore f, is an isomorphism.

e Let 7: X — Y be an inclusion and let r : ¥ — X be a retraction. Then
iy : Tp(X) = m,(Y) is a monomorphism and 7, : m,(Y) — 7,(X) is an
epimorphism, for all n, since 744 = id. In fact, 7, (V) = 47, (X)DKer ry.
This clearly holds if r is a homotopy retraction. It also holds if r is an
arbitrary map and i is a section or homotopy section of 7.

e If Y is contractible, then m,(Y) = 0, for all n > 0. This follows because
id~#:Y > Y and soid = (id)y = #4 = 0 : 1, (V) — m(Y), for all
n = 0.

e For spaces Y and Y, we have m, (Y xY") = 7, (Y) @7, (Y’), for all n > 0.
For, by Corollary 1.3.7, the function 0 : m,(Y) ® 7, (Y’") — 7, (Y x Y)
defined by 8([f1. [g]) = [(f,9)], for [f] € mu(Y) and [g] € m,(Y"), is a
bijection with inverse function A given by A[h] = (p1s[h], p2«[h]). Thus A
is an isomorphism, and so 7,(Y x Y') = m,(Y) @ 7, (Y”’). Furthermore,
we define o : 7, (Y) @7 (V') = mn (Y x Y7) by p(a, B) = jrx(a) + j24(5),
where j; : Y - Y x Y’ and jo : Y/ — Y x Y’ are the two inclusions. Then
Ait = id, so p is an isomorphism and equals 0. These results clearly extend
to the product of finitely many spaces.

e If Y and Y’ are spaces of the homotopy type of CW complexes, then the
fundamental group of the wedge Y v Y” is the free product 71 (Y") =71 (Y”)
of 1 (Y) and m (Y”') (Appendix B).

e If Y is a nonpath-connected space and X is the path-connected component
of Y containing the basepoint, then the inclusion ¢ : X — Y induces an
isomorphism iy : 7, (X) — m,(Y), for all n > 1. This is since for any map
f 8™ =Y, we have that f(S™) € X because f(S™) is a path-connected
space containing . Similarly, for any homotopy F' : S™ x I — Y, we have
that F(S™ x I) € X.

The result that the fundamental group of an H-space is abelian is easy to
prove. The result that the fundamental group of a co-H-space is free, which
we prove next, is more difficult. It requires some facts about free groups and
free products of groups (Appendix B).

Let G be a group that is not necessarily abelian. For notational conve-
nience, we write g for the inverse g~ ! of g € G. We denote the free product
of G with itself by G« G. If g € G, then g regarded as an element of the first
factor of G # G is written ¢’ and as an element of the second factor of G * G
is written ¢”. Thus an element £ € G * G can be written

P
¢=1]9"7", wheregiveG.
i=1

Then there are projection homomorphisms p1,p2 : G * G — G given by
p1(&) =[19: and p2(§) = [[7,. We introduce the following notation:

Eg ={§eG=+G|pi(§) =p2(6)}.
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"

Thus & = [ [}, ¢/7,” € E¢ if and only if v, y191--- g, = 1. Then 7 :
Eq — G is defined by m = p1|Eg = p2|Eq, and so 7(€) = [[g: = [[7;-
Finally, let &, = v'u” € Eq, where u € G and let E¢ = {§, | v # 1}.

The following result, which appears in [7, Prop.3.1], is based on ideas
attributed to M. Kneser.

Lemma 2.4.2 The group Eg is free with basis Z¢.

Proof. 1t is clear that the set Z¢ is an independent set. In order to write any
expression { = || ¢;/7,” that satisfies v, ---7191 - -+ gp = 1 as a product of the
&, and their inverses, we use the following simple algorithm. For 1 < i < 2p,
define §; by the formulas

52k =Yk V191" Gk and 62k+1 = 62k)gk+1-

Thus 61, = g1, 62 = Y191, 03 = 719192, and so on, and J3, = 1. Now one
verifies that £ is the alternating product

2p )
e=]]¢,
i=1
where (i) = (—1)"! (Exercise 2.20). o

Proposition 2.4.3 If X is a co-H-complex, then m (X) is a free group.

Proof. It G = 71(X), then as noted earlier, 1 (X v X) is isomorphic to G =G,
the free product of G with itself. Let ¢ : X — X v X be a comultiplication
and let g¢1,¢q2 : X v X — X be the projections. Because ¢;c ~ id, we have
that ¢ induces a homomorphism s = ¢, : G — G * G such that p1s = pas =
id : G — G. Thus s determines a homomorphism ¢ : G — FEg such that
mo = id. Therefore o maps G isomorphically onto o(G) € Eg. By Lemma
2.4.2, E¢ is free. Since a subgroup of a free group is free [39, p.85], o(G) is
free. Hence G = m1(X) is free. O

Next we present additional results on homotopy groups. We begin with a
definition.

Definition 2.4.4 A path-connected space Y is said to be n-connected, if
m(Y) =0, for all i < n. A 1-connected space Y is also called simply connected.
A map f: X — Y is called an n-equivalence (also called an n-connected map),
if fi : m(X) — m(Y) is an isomorphism for all i < n and an epimorphism
for i =n. Amap f: X — Y is a weak (homotopy) equivalence or an oo-
equivalence if fy : 7,(X) — m,(Y") is an isomorphism for all n.

Lemma 2.4.5 Let (X, A) be a based, relative CW complex with dim (X, A) <
n, let B and 'Y be spaces (not necessarily of the homotopy type of CW com-
plezes), and let e : B =Y be an n-equivalence, n < . Let j : A — X be the
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inclusion and assume that there are maps f: X - Y and g: A — B and a

diagram
A
/’/
lj I l
X/

_ >
)

kSN

= \

such that eg ~1, fj, for some homotopy L : A x I — Y. Then there exists a
map g : X — B such that gj = g and a homotopy F : X x I =Y such that
ej ~p f, where F|A x I = L.

This lemma, which is the major step in proving Whitehead’s theorem 2.4.7,
follows from the HELP lemma 4.5.7 which is proved in Section 4.5 after we
have discussed the relative homotopy groups.

From Lemma 2.4.5 we can easily prove the following proposition.

Proposition 2.4.6 Let X be a based CW complex, let B and Y be spaces
(not necessarily of the homotopy type of CW complezes), and lete : B —>Y
be an n-equivalence, n < 0. Then ey : [X,B] — [X,Y] is an injection if
dim X < n and a surjection if dim X < n. If n = o0, then ey : [X,B] —
[X,Y] is a bijection for any based CW complex X.

Proof. We first show that e, is onto if dim X < n. Let [f] € [X,Y], set
A = {x}, and define ¢ : A — B to be the constant map. We then apply
Lemma 2.4.5 to f and g and obtain a map g € [X, B] such that e.[g] = [f].
Thus e, is onto.

Now assume that dim X < n and egy ~p eg; for go,g1 : X — B. Let
X' =X x I and so dim X’ < n. We set A’ = X x 0I u {#} x I and define
G:A"—> Bby

G(z,i) = gi(x) and G(#,1) = =,

)
forx € X, t eI, and i = 0,1. Since dim (X', A") < n, we can apply Lemma
2.4.5 to F and G. We get a homotopy H : X x I — B such that H|A' = G.
Then go ~p g1, and so ey is one—one. O

There are two important theorems due to J. H. C. Whitehead which we
shall arbitrarily call Whitehead’s first theorem and Whitehead’s second the-
orem. We now prove Whitehead’s first theorem [92].

Theorem 2.4.7 If f: X > Y is a map of CW complexes, then f is a weak
equivalence if and only if f is a homotopy equivalence.

Proof. We only prove that if f is a weak equivalence, it is a homotopy equiv-
alence, since the other implication has been proved. Consider the function
fa o [Y, X] — [Y,Y]. By Proposition 2.4.6, f is a bijection. Therefore there is
amap g :Y — X such that fg ~idy. But fgf ~ f and so fx[gf] = f«[idx],
where f, : [X, X] — [X,Y]. This latter fy is a bijection, and so gf ~ idx.
Thus f is a homotopy equivalence. |
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Remark 2.4.8 Whitehead’s first theorem is useful to show that a map is a
homotopy equivalence. For this we would prove that the map induces isomor-
phisms of all homotopy groups. Because our spaces have the homotopy type
of CW complexes, it would follow that the map is a homotopy equivalence.
We frequently use this remark without comment.

We observe that it is not sufficient that 7, (X) = m,(Y), for all n, for X
and Y to have the same homotopy type. By Whitehead’s first theorem, there
should be a map f : X — Y that induces an isomorphism of all homotopy
groups. An example of the nonsufficiency is given in 5.6.2.

Theorem 2.4.9 Let X and Y be path-connected spaces (not necessarily of
the homotopy type of CW complexes), let f : X — Y be a map, and let
n = 0. Then there is a space K such that (K, X) is a relative CW complex
having relative cells of dimensions = n+ 1 with the following property. There
exists a map f : K — Y such that f|X = f and fy : 7;(K) — m(Y) is an
isomorphism for i > n and a monomorphism for i = n.

Proof. In the proof we write hy; for the induced homotopy homomorphism
hy = (W) — m(Z), for any map h : W — Z. The idea of the proof is to
attach (n+1)-cells to X to kill Ker f,, and then attach additional (n+1)-cells
to map onto 7,41(Y"). This process is then repeated. We begin by choosing
generators [go|aea of Kerfyy, where g, : S} — X and S” = S™. Then the
go determine g : \/ 4 St — X and we attach (n + 1)-cells to X by g to
form the adjunction space X' = X u, \/ EZ*1. Since fg ~ =, the map fg
can be extended to \/ E"*! by Lemma 1.4.10 and Proposition 1.4.9. This
extension and f determine a map f’ : X’ — Y such that f/|X = f. Then
fint1 : Mg (X') = w1 (Y), and we choose elements [hg] € m,41(Y) for
B € B that are a set of generators. Then the hg determine b : \/ 5. p Sg“ -
Y and we form X"t = X' v Vsen Sg“ and define f**!: X"+l 5 Y by
fot = {f', h}. Note that (X! X) is a relative CW complex.

Let k: X — X’ and [ : X’ — X"*! be inclusion maps and let j = Ik :
X — X"*!. Then there is a commutative diagram

T
dar| (XN — (Y.

lgi

Wi(Xn-H)

We claim that 271 is a monomorphism and I Jll is an epimorphism. If v €
KerfF! then 7 = j4,(8) for some § € Ker fy,,, since jy, is an epimorphism
by Proposition 1.5.24. Therefore
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0= Z Nalgals

acA’

where A’ € A is a finite subset and n, € Z. But

k*n((g) = Z na[kga] =0,

aeA’

because kg, =~ #. Therefore 7 = jun(0) = lyn(ksn(5)) = 0. Hence fiit! is a

monomorphism.
Next we show that fi" jl is an epimorphism. Given € € 7,11 (Y"), we have
€ = Yigep mplhs], where B' € B is a finite subset and mg € Z. Since

Xt = X' v e SET we let ig 0 S5 — X! be the inclusion maps
and set & = Y5 g mplig] in w1 (X™T1). Then

fibh©) = Y mplhg] =€,

BeB’

and so fif _&1 is an epimorphism. This proves the claim.

We then apply this construction to f"*! and obtain an extension fm+2 :
X"*2 — Y such that f"2, is a monomorphism and f}"2, is an epimorphism.
Because fiF _&1 is an epimorphism, it follows that f:,ffl is an isomorphism
and f:;_EQ is an epimorphism.

We continue this process and obtain maps f* : X*¥ — Y, for all k > n.
We set X™ = X and form the space K = Uy, X" with the weak topology
determined by the X*. Then the f* determine a map f : K — Y which is an
extension of f. Therefore fy; is an isomorphism for i > n and a monomor-

phism for i = n by Proposition 1.5.24. This completes the proof. m]

The following corollary is frequently used.
Corollary 2.4.10

1. Let X and Y be path-connected spaces and let f : X — Y be an n-
equivalence, n = 0. Then there exists a space K obtained from X by at-
taching cells of dimensions > n + 1 and there exists a map f : K — Y
such that f|X = f and f is a weak equivalence.

2. Let Y be a k-connected space (not necessarily of the homotopy type of a
CW complex) with k = 0. Then there exists a CW complex K and a weak
equivalence f : K — Y such that K* = {+}. In particular, if Y is any
path-connected space, there exists a CW complex K with K° = {*} and a
weak equivalence f: K — Y.

3. If Y is a k-connected space of the homotopy type of a CW complex, k = 0,
then there exists a CW complex K of the homotopy type of Y such that
K* = {+}. In particuliar, H;(Y) =0 fori < k.
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Proof. (1) Let K be the space constructed in Theorem 2.4.9. By Proposition
1.5.24, the inclusion map i : X — K is an n-equivalence. This and the fact
that f is an n-equivalence implies that f is an n-equivalence. By Theorem
2.4.9, f is a weak equivalence.

(2) By hypothesis, the map {*} — Y is a k-equivalence. We then apply
Part (1) to obtain the desired result.

(3) We apply Whitehead’s first theorem 2.4.7 to (2). o

Definition 2.4.11 For any space Y (not necessarily of the homotopy type of
a CW complex), a CW complex K together with a weak equivalence K — Y
is called a CW approzimation to Y.

The existence of a CW approximation for any space, gives some indication
of the importance of CW complexes in homotopy theory. It has been shown
in [69] how to construct a CW approximation functorially. We do not prove
this. However, the following remark is a consequence.

Remark 2.4.12 Ifa : K - X and b: L —» Y are two CW approximations
and f: X — Y is a map, then there exists a map h : K — L, unique up to
homotopy, such that fa ~ bh. It follows that the homotopy type of a CW
approximation of a space is uniquely determined by the homotopy type of
the space.

Proposition 2.4.6 gives conditions for an induced map of homotopy sets to
be a bijection. The following similar result is very useful.

Proposition 2.4.13 Let (X, A) be a relative CW complex such that all rel-
ative cells have dimension = n + 2, leti: A — X be the inclusion map, and
let Y be a space. Then i* : [X,Y] — [A,Y] is an injection if 7;(Y) =0 for
j>n+1 andis a surjection if 7;(Y) =0 for j > n.

Proof. We first show that ¢* is onto if 7;(Y) =0 for j > n. Let f: A > Y
be a map and consider the relative (n + 2)-skeleton

(X, A=A [ ent?,

~veC

for v € C. Let ¢ : SI*1 — (X, A)"*! = A be an attaching function. By Ex-
ercise 2.25, f¢y ~pree My : SZYL“ — Y, for some based map h,. By hypothesis,
hy ~ » and so f¢, is freely homotopic to a constant function. By Corollary
1.4.11, f¢, extends to a free map fw : E,’Y“r2 — Y. These functions together
with f determine a map f"*2 : (X, A)"*2 — Y that extends f. Next we
write
(X, A" = (X, A" o | e
éeD

with attaching maps s : S(?J’Z — (X, A)"*2 where 6 € D. Then as before
f 295 is freely homotopic to a constant function, and so f"*2 extends to
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a map f"™3 : (X,A)"*3 — Y. We continue in this way and obtain a map
g: X — Y such that gi = f. Thus i* is onto.

Next we show that i* is one—one if j > n + 1. Suppose f,g: X — Y and
fi ~p gi. Then f,g and I determine a map F' : X x 0l u Ax I — Y. We
then apply the previous argument to the relative CW complex (X x I, X x
0l U A x I) and the map F’ to obtain an extension G : X x I — Y of F'.
Thus f ~¢ g, and so i* is one—one. ]

We next discuss a relation between the homotopy groups and the homology
groups of a space. We begin by defining the Hurewicz homomorphism h,, :
T (Y) = H,(Y), for any space Y and integer n > 1. Let a = [f] € m,(Y).
Then f:S™ - Y induces a homomorphism fy : H,(S™) —» H,(Y). We fix a
generator v, € H,(S™) = Z for all n > 1 and set h,(«) = fi(yn) € Ho(Y).
Clearly h,, is well-defined. By Proposition 2.2.9, (f + ¢)«(7n) = f«(yn) +
9% (7n), and thus h,, is a homomorphism. Also, it is easily seen that if k :
Y — Y’ is a map, then the following diagram is commutative

(V) — (V)
Lk
Ho(Y) — = H, (V)

where h,, and h!, are Hurewicz homomorphisms.

We next wish to prove that the Hurewicz homomorphism is an isomor-
phism in a special case. For this, we first introduce the notion of the degree
of a map.

Definition 2.4.14 Let f : S™ — S™ beamap, n > 1, and let f, : H,(S™) —
H, (S™) be the induced homology homomorphism. We define an integer, the
degree of f, denoted deg f, by f«(7n) = (deg f)vn, where v, € H,(S™) = Z is
a generator. The definition is clearly independent of the choice of generator.

Lemma 2.4.15 Let f,g: 5™ — S™

1. f~g=degf =degg.
2. deg(fg) = (deg f)(degg).
3. deg(f +g) = deg f + degg.

Proof. Only (3) requires proof and this follows from Proposition 2.2.9. |

Thus the degree yields a homomorphism deg : 7, (S") — Z.

Proposition 2.4.16 Forn > 1, the homomorphism deg : m,(S™) — Z is an
isomorphism and so [id] a generator of 7, (S™) = Z.

Proof. Since deg(id) = 1, it follows that deg is onto. We show that deg is
one-one in Appendix D. ]
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This is an important result that plays a crucial role in what follows.

We introduce some notation before returning to the Hurewicz homomor-
phism. If G, is an abelian group for o € A, then @, G, denotes the direct
sum of the G,. If f, : G, — H is a homomorphism of abelian groups for
every a, we denote by {f,} : @, Goa — H the homomorphism determined
by the f,. Similarly, if the G, are groups (not necessarily abelian), we let
%o Go denote the free product of the G, (Appendix B). Homomorphisms
fa : Go — H of groups determine a homomorphism {f,} : ko Go — H. Now
consider the wedge of n-spheres \/_, S% for a € A, where A is any index set
and let iy : S — \/,, S be the inclusion. Then it is known [39, p. 126] that
{iax} : @B, Ho(SY) — Hp(\/,, S%) is an isomorphism.

Lemma 2.4.17 1. Forn = 2, {ias} : @aeq ™(Sh) = TV aea Si) is an
isomorphism.

2. {iaw} t *aea m(SL) = m(Vaea S&) is an isomorphism.

Proof. We assume that each sphere S7 is a CW complex with two cells (Ex-
ample 1.5.10(5)).

(1) The result is clear if A consists of one element. Now let A = {aq, ..., ax}
be a finite set with & > 2. Let W = \/i?:1 S; and P = H§:1 S and let
j : W — P be the inclusion. Then P is a CW complex and W is a subcomplex
such that the n + 1-skeleton P! = W. By Proposition 1.5.24, j, : m, (W) —
7n(P) is an isomorphism. But if j,, : S5, — Hle Sg, is the inclusion, then
{Jous} ¢ El—)le Tn(S%,) — m,(P) is an isomorphism by the discussion at the
beginning of this section. From this (1) follows when A is finite. Now let A
be infinite and let f : ™ — \/_ SZ be a map. Since f(S™) is compact, there
is a finite set {ai,...,ax} such that f(S™) < \/f:1 S7 by Lemma 1.5.6.
Therefore [f] € m,(\/,, S2) is in the image of m,(\V/}_; S2.) — ma(\V, S2),
for some set {av,..., o} Consequently {ins} : @D, (S2) = m(V, SE)
is onto. To show that {i,«} is one—one, we observe that any homotopy F :
S™ x I — \/,S% has compact image and so factors through a homotopy
F':8"xI— \/f:1 Sy for some finite set {ay, ..., ar}. This completes the
proof of (1).

(2) This is proved in Appendix B as Proposition B.3. |

The following proposition contains a special case of the Hurewicz theorem
for a wedge of spheres of the same dimension. The full Hurewicz theorem is
proved in Section 6.4 as Theorem 6.4.8.

Proposition 2.4.18

1. If n = 1, then m;(S™) =0 fori <n and hy, : 7,(S™) —> H,(S™) = Z is an
isomorphism.
2. Let S} = S™ for all a in some set A.

a. If n > 2, then the Hurewicz homomorphism hy : m,(\  ea Sh) —
H,(\ oea S2) is an isomorphism.

acA N a
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b. The Hurewicz homomorphism hy : 71 (\/ 4e 4 Sa) = H1(V yea Sa) is an
epimorphism.

Proof. (1) Let i < n and give each of S* and S™ the CW decomposition with
two cells. If f : S* — S™ is any map, then by Corollary 1.5.23, f is homotopic
to a cellular map f’ : S* — S™. Thus f/(S%) = # and so f =~ #. Therefore
m;(S™) = 0. To determine h,,, consider the commutative diagram

Z
deg

T (S H,(S™),

where the vertical arrow is the isomorphism that assigns to the integer k the
element kv, € H,(S™), for 7,, a generator of H,(S™). The result follows from
Proposition 2.4.16.

(2) For Part (a) consider the commutative diagram

@D, m(S7) — o

|o. .
D, Hn(S)

(Vo 5a)

|

{iaw}
Hﬂ (Va 53)7

where hy @ m,(S%) — Hp(SZ) and h, are Hurewicz homomorphisms. Be-
cause the horizontal homomorphisms are isomorphisms and the h, are iso-
morphisms, h, is an isomorphism. Part (b) is a special case of Proposition
B.5. m]

The last result of this section is part of Whitehead’s second theorem 6.4.15.

Proposition 2.4.19 Let X and Y be path-connected CW complezes, let f :
X =Y be a map, and let n =1 be an integer. If f is an n-equivalence, then
fe s Hi(X) — H(Y) is an isomorphism for all i < n and an epimorphism
fori=n.

Proof. By Corollary 2.4.10(1) and Exercise 2.26, there is a CW complex K
containing X such that K is obtained from X by adjoining cells of dimensions
> n + 1 and there is a weak homotopy equivalence f : K — Y such that the
following diagram commutes

x— 71 .y
J -
l/
K,

where j is the inclusion map. By Whitehead’s first theorem 2.4.7, f is a
homotopy equivalence, and so fy : H;(X) — H;(Y) is an isomorphism for
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all i < n and an epimorphism for ¢ = n if and only if the same holds for
Jx » Hi(X) — H;(K). All the cells of K of dimension < n lie in X, thus
the relative homology group H;(K,X) = 0, for all i < n. From the exact
homology sequence of the pair (K, X), it follows that j, : H;(X) — H;(K)
is an isomorphism for all 7 < n and an epimorphism for i = n. m]

The complete second theorem of Whitehead (Theorem 6.4.15) has another
part in which the roles of homology and homotopy groups are interchanged.
This theorem is proved in Section 6.4 as a consequence of the relative
Hurewicz theorem.

2.5 Moore Spaces and Eilenberg—Mac Lane Spaces

The following two lemmas are useful in our discussion of Moore spaces and
Eilenberg-Mac Lane spaces.

Lemma 2.5.1 Let n > 1 and let X be a based CW complex with (n — 1)-
skeleton X" 1 = {s} and dimX < n+1, that is, X = X" U UﬁeB egﬂ, for

n 1 are open (n+1)-cells. Let
Y be a space and let ¢ : 7w, (X) — m,(Y) be a homomorphism. Then there

exists a map f: X =Y such that fy = ¢ : 7, (X) = mp(Y).

Proof. Let k : X™ — X and i, : S — X" be the inclusions maps. Then
there are homomorphisms

X" =V ea Sh, where S} are n-spheres and e

Ey ¢

T (X™) T (X) 7 (Y)
and we define f, : S? — Y by @ky[ia] = [fa]- The f, determine a map

f": X" > Y such that f"i, = f,. Therefore

fg[ia] = [fa] = ¢ky [ioz]'

By Lemma 2.4.17, the [i,] are generators of m,(X™), and so fI = ¢k,. Let
hg : S5 — X" be an attaching function for egH. By Exercise 2.25 and
Lemma 1.5.3 we may assume that hg is a (based) map. Then khg ~ = since
khg factors through the contractible space Eg“ = E"*!. Hence f2[hs] =
¢ky[hg] = 0. Thus f"hg ~ = for every § € B, and consequently f" extends
toamap f: X =Y. But ¢k, = [P = foky and ky @ 71, (X™) - 1, (X) is
onto by Proposition 1.5.24. Therefore f, = ¢. O
Lemma 2.5.2 For every abelian group G and n = 1, there exists a based

CW complex L with the following properties: the (n—1)-skeleton L™ ™' = {x},
dimL <n+1, and for all i = 0,

Gifi=n
Hi(L)={o if i # n.
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Proof. We take a presentation G = F//R, where F is free-abelian and R € F.
We choose bases {Za}aca and {rg}gep of F' and R, respectively. Let ST be
the n-sphere indexed by a € A and define L™ to be the wedge \/ ., Si. The
Hurewicz homomorphism h,, : 7, (L") — H,(L™) is an isomorphism for n > 2
and an epimorphism for n = 1 by Proposition 2.4.18. If 5 € B, then 73 €
R < F = H,(L"). We choose a map kg : S — L" such that h,[kg] = rp.
Using kg, we attach (n + 1)-cells eZH to L™ and form L = L" U (Jsep egH.
To complete the proof we use the CW homology of L (Appendix C). The ith
chain group C;(L) is the free-abelian group generated by the i-cells, and so

Fifi=n
CZ(L)Q Rifi=n+1
0 if i #0,n,n+1.

Furthermore, it is not difficult to show that the boundary homomorphism
Cpni1(L) = Cu(L) can be identified with the inclusion R € F (see [64,
Prop. 8.2.12]). Thus L has the desired homology. O

We turn to Moore spaces.

Definition 2.5.3 Let GG be an abelian group and n an integer > 2. A based
CW complex X is called a Moore space of type (G,n) if X is 1-connected

and
Gifi=n
Hi(X)_{o if i #n.

In Lemma 2.5.2, a Moore space L of type (G,n) has been constructed. We
denote this Moore space (or any space homeomorphic to it) by M (G, n).

We note a few properties of M (G, n).
Lemma 2.5.4

1. The Hurewicz homomorphism h, : m,(M(G,n)) —» H,(M(G,n)) is an
isomorphism, and so m,(M(G,n)) = G.

2. If ¢ : G — H is a homomorphism of abelian groups, then there exists
a map f : M(G,n) - M(H,n) such that fx = ¢ : H,(M(G,n)) —

Proof. (1) From the construction of M(G,n) in Lemma 2.5.2 as (\/ .4 Sh) U
Usen egﬂ, we have a commutative diagram

0 — 10V pen S5) —2 = 10 (V en S7) —2> 1, (M(G, 1)) —= 0

acA Mo

k Ty

aceA Mo
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where hy,, hj,, and hj are Hurewicz homomorphisms, k : \/ 4.5 S5 —
V oea Sa is determined by the kg, and i is the inclusion. The bottom row is
exact, h!, and h! are isomorphisms (2.4.18), ik ~ *, and the upper i, is onto
by Proposition 1.5.24. Thus the top row is exact and so h,, is an isomorphism.

(2) Let ¢ : G —> H be a homomorphism and let L = M(G,n) and M =
M(H,n). Consider the Hurewicz homomorphisms h' : 7, (L) — H,(L) = G
and h : 7,(M) — H,(M) = H which are isomorphisms by (1). By Lemma
2.5.1, there exists a map f : L — M such that f, = h™1¢h’ : 7, (L) —
m(M). Hence the induced homology homomorphism fy = ¢ : H,(L) —
H,(M). O

Remark 2.5.5 We note that several choices have been made in the construc-
tion of M (G, n) such as the presentation of G and the choice of generators of
R and F. We show in Proposition 6.4.16 that the homotopy type of a Moore
space of type (G,n) depends only on G and n. However, in spite of the no-
tation, M (G, n) is not functorial in G. For now, when we write M (G,n) we
assume that it has been constructed relative to a choice of presentation and
of generators.

The spaces M(G,n) can easily be described in special cases. We have
M(Z,n) = S™ and if F is a free-abelian group with a basis whose cardinality
is the same as some set A, then M(F,n) = \/ ., Si. Furthermore, M (Zy,,n)
can be taken to be the space S™ Uy, e"*! obtained by attaching an (n + 1)-
cell to S™ by a map m : S” — S™ of degree m. For n = 1, we define the
Moore space M(Z,1) = S'. We do not consider M(G,1) for other groups
G (see [89]). For n > 3, M(G,n) = YM(G,n — 1) (see Exercise 3.1). In
addition, if L is the space of Lemma 2.5.2 with n = 1, then M(G,2) = X'L.
Thus all Moore spaces M (G, n) are suspensions, in fact, M (G, n) is a double
suspension if n = 3 or if n = 2 and G is free-abelian. Hence [M(G,n), X]
is a group for all X. It is abelian if n > 3 or if n = 2 and G is free-abelian.
At the end of this section we discuss the reason for making the definition of
Moore space in terms of homology groups instead of cohomology groups. We
compare Moore spaces with spaces with a single nonvanishing cohomology
group.

The suspension structure of Moore spaces M (G, n) enables us to define
homotopy groups with coefficients.

Definition 2.5.6 Let G be an abelian group and let n > 1 (assuming G = Z
if n = 1). Then for every space X, define the nth homotopy group of X with
coefficients in G by

(X G) = [M(G,n), X].

Other notation (which we do not use) for this is 7, (G; X) (see [40, p. 10]).

Note that 7, (X;Z) = m,(X), the nth (ordinary) homotopy group of X. Fur-
thermore, a map h : X — X’ induces a homomorphism hy : m,(X;G) —
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Tn(X’; G) defined as the induced homomorphism hy : [M(G,n), X] —
[M(G,n), X'].

Homotopy groups with coefficients are discussed in the sequel. In partic-
ular, we present a universal coefficient theorem in Section 5.2 that expresses
homotopy groups with coefficients in terms of ordinary homotopy groups.

We next turn to Eilenberg-Mac Lane spaces.

Definition 2.5.7 Let G be an abelian group and let n be an integer > 1.
An FEilenberg-Mac Lane space of type (G,n) is a space X of the homotopy
type of a based CW complex such that for every ¢ > 1,

Gifi=n
”i(X)_{o if i # .

An Eilenberg-Mac Lane space of type (G,n) is denoted K (G, n).

The following lemma is used to show that Eilenberg-Mac Lane spaces
exist.

Lemma 2.5.8 If X is a space, then for everym = 1, there exist spaces W (™)
and inclusion maps jp, : X — W ™) such that

1. (W) =0 fori>m.

2. s+ mi(X) = m (W) ds an isomorphism for i < m.

3. W) s obtained from X by attaching cells of dimension = m + 2.

Proof. Parts (1) and (3) follow immediately from Theorem 2.4.9 by taking
Y = {«} and n = m + 1. Part (2) is a consequence of Proposition 1.5.24. o

Next we show that Eilenberg—Mac Lane spaces exist and obtain some of
their properties.

Proposition 2.5.9 Let G be an abelian group and n an integer = 1.

1. There exists an FEilenberg-Mac Lane space K(G,n).

2. If ¢ : G — H is a homomorphism, then there exists a map h : K(G,n) —
K(H,n) such that hy = ¢ : m(K(G,n)) — 7, (K(H,n)).

3. Any two Filenberg—-Mac Lane spaces of type (G, n) have the same homotopy
type.

Proof. (1) We first construct an Eilenberg-Mac Lane space of type (G,n)
when n > 2. We apply Lemma 2.5.8 with X equal to the Moore space
M(G,n). Then W) is an Eilenberg-Mac Lane space of type (G,n) by
Lemma 2.5.4. For n = 1, we set K(G,1) = 2K(G,?2).

(2) Let ¢ : G — H be a homomorphism and let K = K(G,n) and L =
K(H,n) be any Eilenberg—Mac Lane spaces. Let X be the Eilenberg—Mac
Lane space of type (G, n) constructed in (1). We construct amap f: X — L
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such that fy = ¢ : m,(X) — 7 (L). If j : X™! — X is the inclusion, then
Js : T (X)) — 7, (X) is an isomorphism by Proposition 1.5.24. The n + 1-
skeleton X"t = M(G,n) and L satisfy the hypotheses of Lemma 2.5.1, and
so there exists f7*1: X"+1 — [ such that f'! = ¢j, : 1o (X)) = 71, (L).
Now apply Proposition 2.4.13 to the relative CW complex (X, X"*1) and the
map "1, We conclude that there is a map f : X — L such that fj ~ fm*+1,
and so fy = ¢. Similarly the identity mapid : G — G yieldsamapg: X — K
such that g, = id. Then g is a homotopy equivalence by Whitehead’s first
theorem. Thus if h = fg=' : K(G,n) — K(H,n), we have hy = ¢.

(3) If K and L are both Eilenberg-Mac Lane spaces of type (G,n), then
the identity homomorphism idg : G — G induces a map h : K — L by (2).
Then h is a homotopy equivalence. ]

In general Eilenberg—Mac Lane spaces are infinite-dimensional complexes
and are not easy to describe. There are a few that are familiar spaces and
we mention these now: K (Z,1) = S, K(Zs,1) = RP*, infinite-dimensional
real projective space, and K(Z,2) = CP™, infinite-dimensional complex pro-
jective space (see Exercise 5.19).

It can be shown that for any group G (not necessarily abelian), Eilenberg—
Mac Lane spaces of type (G, 1) exist and are unique up to homotopy. However,
we have no need to consider the spaces K (G, 1) when G is non-abelian (except
in Exercise 2.31).

Now let K(G,n + 1) be an Eilenberg-Mac Lane space with n > 1. We
apply the loop space functor to this space and have by Proposition 2.3.5 that

T (QK(Gon + 1)) = o (K(Gyn 4+ 1)) = {8’ e e
Hence, as previously noted in the case n = 1, 2K (G,n + 1) is an Eilenberg—
Mac Lane space K(G,n). In fact, 2¥K(G,n + k) is an Eilenberg—Mac Lane
space of type (G,n). Therefore, for any space X, the set [X, K(G,n)] has
abelian group structure.

We next indicate how Eilenberg—Mac Lane spaces give rise to cohomology
groups.

Definition 2.5.10 For any space X, abelian group G and integer n > 1, we
define the nth homotopical cohomology group of X with coefficients in G as
H"(X;G) = [X, K(G,n)].

If h: X' > X is amap, then h* : H"(X;G) —» H"(X'; G) is just the induced

homomorphism h* : [X, K(G,n)] — [X’, K(G,n)].

Remark 2.5.11 It can be shown that if X is a CW complex, then the ho-
motopical cohomology groups H"(X;G) are isomorphic to the singular co-

homology groups Hg,,,(X; G). There are several proofs of this: one uses the
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Brown representation theorem [39, p.448] and another uses obstruction the-
ory [91, p.250]. In addition, in [46] Huber gives an isomorphism between the
homotopical cohomology groups and the Cech cohomology groups. We give
a simple proof of the isomorphism with singular cohomology in Section 5.3.

We note that we can define a function p : H"(X;G) — Hg,,(X; G) as fol-
lows. If [f] € H"(X;G), then f¥ .« H},,(K(G,n);G) - HE,.(X;G) is the

induced homomorphism of singular cohomology. Note that H, (K(G,n)) = G
since K(G,n) can be taken to be M(G,n) with cells of dimension > n + 2
attached. Thus there is an element b" € Hg (K (G,n);G), called the nth
basic class, which is defined by p(b") = id, where p : H3  (K(G,n); G) —
Hom(H,(K(G,n)),G) =~ Hom(G, G) is the epimorphism in the universal co-
efficient theorem for cohomology (Appendix C). Then set p[f] = fZ . (0"). It
is shown that p is an isomorphism in Theorem 5.3.2.

We need some properties of homotopical cohomology groups in the fol-
lowing chapters. These properties are known to hold for CW or singular
cohomology groups. But since we do not prove the equivalence of the latter
cohomology groups with the homotopical cohomology groups until Theorem
5.3.2, we next establish these properties.

Lemma 2.5.12 Let X and Y be path-connected, based CW complezes, let
f:X > Y be amap and let n = 1 be an integer. If f is an n-equivalence,
then, for every group G, f* : H(Y;G) — H'(X; Q) is an isomorphism for
i <n and a monomorphism for i = n.

Proof. (1) By Corollary 2.4.10(1), there is a CW complex K obtained from
X by adjoining cells of dimensions > n + 1 and a homotopy equivalence f :
K — Y such that fj = f, where j : X — K is the inclusion map. Therefore
f*: H(Y;G) - H'(X; Q) is an isomorphism for i < n and a monomorphism
for i = n if and only if the same holds for j* : H/(K;G) - H'(X;G). But
the latter follows at once from Proposition 2.4.13. m]

Next we let X be a space, G an abelian group, and n > 1 an integer. We
define a homomorphism 7n, : H"(X;G) — Hom(m,(X),G) by n:[f] = f« :
T (X) = m (K (G, n)) = G.

Lemma 2.5.13 If X is an (n—1)-connected based CW complex, n = 1, then
e H"(X; G) — Hom(m,(X), G) is an isomorphism. (For n =1 we assume
that m1(X) is abelian.)

Proof. By Corollary 2.4.10(3), we may assume X"~! = {x}. We first prove
that 7, : H*(X; G) — Hom(7,(X),G) is an isomorphism when X = X"*+1.
By Lemma 2.5.1, n, is onto. Now let f : X — K, where K = K(G,n),
and assume that 7, [f] = 0. Since X" is a wedge of n-spheres, f|X™ ~ = :
X" — K. But (X, X"™) has the homotopy extension property, and so there
isamap f': X — K such that f ~ f" and f/|X™ = . Therefore f’ induces
a map ]f”v' : X/X™ — K such that f’q = f’, where ¢ : X — X/X™ is the
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projection. Since X/X™ is a wedge of (n + 1)-spheres, f" ~ «. Hence f' ~ =,
and so f =~ #. Therefore 7, is an isomorphism when dim X < n + 1. For an
arbitrary (n — 1)-connected CW complex X, the inclusion map X"+ — X is
an (n+ 1)-equivalence by the cellular approximation theorem. Thus m, (X) =~
7o (X"*1) and, by Lemma 2.5.12, H"(X;G) =~ H*(X"*!; G). Therefore 7, :
H"(X;G) - Hom(m,(X),G) is an isomorphism. O

We next prove the Hopf classification theorem [91, p. 244].

Theorem 2.5.14 If X is a CW complex of dimension < n, then there is a
biection between [X, S™] and H™(X).

Proof. Let K(Z,n) be the Eilenberg-Mac Lane space constructed in the proof
of Proposition 2.5.9 with G = Z and let i : S™ — K(Z,n) be the inclusion.
Then ¢ induces i, : [X,5"] — [X, K(Z,n)] = H"(X). The n + 1-skeleton of
K(Z,n) is S™, therefore Proposition 1.5.24 shows that i, is a bijection. o

NOTE We denote the homotopical cohomology groups by H™(X;G) and
refer to them as cohomology groups.

In the Eckmann—Hilton duality theory (discussed in the next section),
cohomology groups with coefficients are dual to homotopy groups with coef-
ficients. The former are defined as homotopy classes of maps with codomain
an Eilenberg-Mac Lane space and the latter as homotopy classes of maps
with domain a Moore space. Eilenberg-Mac Lane spaces are spaces with a
single nonvanishing homotopy group, thus it would appear that the dual no-
tion should be a co-Moore space, that is, a space with a single nonvanishing
cohomology group. However, we have instead taken the dual to be a Moore
space, that is, a space with a single nonvanishing homology group. The reason
for this is that co-Moore spaces of type (G,n) do not exist for every group G
(see [39, pp. 318-319]). Therefore to ensure the existence of homotopy groups
with coefficients for any abelian group G, they have been defined in terms of
Moore spaces.

We carry this discussion of co-Moore spaces a bit further. For a finitely
generated abelian group G, write G = F @ T, where F' is a free-abelian
group and 7T is a finite abelian group. If C(G,n) denotes a co-Moore space of
type (G,n), then a simple calculation of cohomology shows that M (F,n) v
M(T,n—1)is a C(G,n). In particular, if G = Z,,, then M(Z,,,n — 1) is a
C(Zym,n). As noted above, we could have defined the homotopy groups of X
with coefficients in Z,, using co-Moore spaces by

Fo(X: L) = [C(Z,n), X]-

Then
Tn( X Z) = [M(Zip,n — 1), X]| = mp-1(X; Zp).

However, we use Definition 2.5.6 for homotopy groups with coefficients.
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2.6 Eckmann—Hilton Duality I

Our exposition is based on the duality theory of Eckmann and Hilton that we
have referred to several times without explanation. We now discuss this topic.
The first appearance of the duality in the literature was in the papers [27, 28,
29] of Eckmann and Hilton and the book [40] by Hilton. This duality principle
differs from certain other duality principles which are formal and automatic.
For example, in projective geometry there is a duality which asserts that
every definition remains meaningful and every theorem true if we interchange
the words point and line (and consequently other pairs of words such as
colinear and concurrent, side and vertez, and so on)[22, Chap.3]. Parts of
the Eckmann—Hilton duality are formal and automatic (usually those parts
that can be described in categorical terms). However, much of it is intuitive,
informal, and heuristic.

We begin with the aspect of the Eckmann—Hilton duality which depends
on duality in a category and we refer to some fundamental facts about cat-
egories and functors from Appendix F. With any category C, we associate a
dual category C°P (also called the opposite category). The objects of C°P are
precisely those of C, but the set of morphisms from an object X in C°? to an
object Y in C°?, denoted C°P(X,Y’), is defined to be C(Y, X). If composition
of morphisms in C°? is denoted by * and composition in C by juxtaposition,
then f+g=gf.

Now suppose that X' is a statement or concept that is meaningful in a
category C. Then we can apply it to the category C°P and interpret it as
a statement or concept in C. This latter statement or concept in C that is
denoted X* is the dual of X. If X = X* then we say that X is self-dual.

For example, recall from Appendix F the notion of categorical product. If
X and Y are objects in a category C, their categorical product is an object
P in C together with morphisms p; : P — X and py : P — Y such that
the following holds. If f : A - X and g : A — Y are any morphisms, then
there exists a unique morphism 6 : A — P such that p10 = f and p20 = g. If
27 denotes this concept in category C, then the dual concept X* in C is the
following. Suppose X and Y are objects in C and there is an object C' in C
together with morphisms 47 : X — C and i3 : Y — C such that if f: X - B
and g : Y — B are any morphisms, then there exists a unique morphism
0 : C — B with #i; = f and #is = g. Then C is the coproduct in C of X and
Y, and so the coproduct is dual to the product. We can investigate various
categories to see if the product or the coproduct exists and, if so, if it is given
by a well-known construction. This can of course be done for any X and X*.

The main categories that we consider are the topological category Tops
and the homotopy category HoT op, (Appendix F). In Top, the product of X
and Y is just their cartesian product X xY with p; and p, the two projections.
The coproduct is the wedge X v Y with ¢; and i3 the two injections. For
the product and coproduct in the homotopy category HoTop, we take the
cartesian product X X Y with homotopy classes of p; and ps for the former
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and the wedge X v Y with homotopy classes of i1 and iy for the latter (see
Lemma 1.3.6). Thus the product and the wedge as just defined are dual in
HoTopy. Other examples of dual concepts in HoTop, are homotopy retracts
and homotopy sections, and H-spaces and co-H-spaces.

There is another aspect of Eckmann—Hilton duality that is more obscure
and which often takes the form of a duality between functors or constructions.
We illustrate this with an example. Suppose f : X — Y is a map. Then f ~ =
if and only if there is a contractible space T" such that f factors through T’
that is, there are maps i : X — T and f : T — Y such that the following
diagram commutes

X—=Y

b

This happens if there is a functor C' that assigns a contractible space C(X)
to every space X and a map ix : X — C(X) with the above property. The
cone on X does this, as we know by Proposition 1.4.9. If we dualize this by
reversing the direction of the maps, then we seek a functor F such that F(Y)
is contractible for every space Y and a map py : E(Y) — Y with the following
property: f ~  : X — Y if and only if there is a map f: X — E(Y) such
that the following diagram commutes

!

Y<—-X

e

E(Y).

We have seen that the path space EY has this property (Proposition 1.4.9).
One might raise the question of why the dual of a contractible space is a
contractible space. This could be argued as follows. The dual of an identity
morphism in a category is an identity morphism because the defining property
of idyx isidx f = f and gidx = g, for all morphisms f and g. The constant
morphisms have a similar defining property, and so the dual of a constant
map is a constant map. Thus identity morphisms and constant morphisms
are self-dual. But in Top, a contractible space is one in which the identity
map is homotopic to the constant map. Thus it is reasonable to regard the
dual of a contractible space to be a contractible space.

We digress briefly to comment further on this example in order to in-
dicate the origin of the Eckmann-Hilton duality. The preceding discussion
can be transfered to the category of (left) R-modules in the following way.
A homomorphism ¢ : A — B of R-modules is called i-nullhomotopic if it
can be extended to some injective R-module () that contains A. This could
be regarded as the analogue of extending a map of spaces to the cone of
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the domain. We then say that two R-homomorphisms from A to B are i-
homotopic if their difference is i-nullhomotopic. Alternatively, ¢ : A — B is
p-nullhomotopic if it can be factored through some projective R-module P
that has B as a quotient. Then P could be regarded as the analogue in this
category of the path space of the codomain. Two homomorphisms would then
be p-homotopic if their difference is p-nullhomotopic. It can be shown that the
notions of i-homotopy and p-homotopy in the category of R-modules do not
agree. Furthermore, by taking (/A we obtain an analogue of the suspension
and by taking the kernel of P — B we obtain an analogue of the loop space.
It was the realization that injective modules and their quotients play the role
of cones and suspensions and that projective modules and their kernels play
the role of path spaces and loop spaces in the category of left R-modules that
was the beginning of the Eckmann—Hilton duality [40, Chap. 13].

We return to discussing the cone and path space functors in the category
Topy. We observe that they are adjoint functors. This implies that for a map
[+ X — Y, there is a one-one correspondence between maps F : CX — Y
such that Fix = f and maps F : X - EY such that pyF f- The
correspondence is just the adjoint one given by

F(x)(t) = Flx,1),

for x € X and t € I (Proposition 1.3.4). Thus the two notions of nullho-
motopy in the category of R-modules become the single notion of ordinary
nullhomotopy for the category of spaces and maps. We say that the cone
functor C' and the path space functor E are dual functors (in addition to
being adjoint). The suspension XX is a quotient of the map ix : X - CX
and the loop space 2Y is a “kernel” of the map py : EY — Y, therefore we
view the functors X and {2 as dual to each other. We have already noted that
these two functors are adjoint in the homotopy category HoT op,, namely,

[ZX,Y] = [X, QY]

by Proposition 2.3.5. Therefore we regard the functors X' and (2 as dual and
adjoint in HoTops. In a similar way the reduced cylinder X x I and the path
space X! can be regarded as dual and adjoint functors of X.

Furthermore, the homotopy groups appear to have properties dual to those
of the cohomology groups. For example, the homotopy groups are covariant
functors and the cohomology groups are contravariant functors. Moreover,
there is a formula that expresses the homotopy groups of a product as a
product of homotopy groups and an analogous formula for the cohomology
groups of a wedge. In addition, the homotopy groups of the loop space of X
are isomorphic to those of X (with a shift in degree) and a similar statement
holds for the cohomology of a suspension. But there are also important dif-
ferences. The fundamental group of a space is not necessarily abelian, but
all cohomology groups are abelian. The homotopy groups for most common
spaces such as CW complexes are not necessarily zero from some degree
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on (see Section 5.6), whereas the cohomology groups are zero above the di-
mension of the space (although this difference may not indicate a failure of
duality). In spite of this, we do view ordinary homotopy groups and integral
cohomology as being informally dual to each other. Although the duality
becomes more tenuous when we assert that specific spaces are dual to each
other, we regard Eilenberg-Mac Lane spaces and Moore spaces as duals in a
weak sense. Therefore we think of homotopy groups with coefficients as dual
to cohomology groups with coefficients.

We return to discussing duality in Section 6.5 after we have presented
more material. There we also discuss some of the interesting, unusual, and
anomalous features of duality.

Exercises

Exercises marked with () may be more difficult than the others. Exercises
marked with (f) are used in the text.

2.1. (1) Let (Y, m) be an H-space and assume that (Y x VY v Y) has the
homotopy extension property. Prove that there a multiplication m’ on Y that
is homotopic to m and such that m’(y, *) = y and m/(*,y) = y, for all y € Y.

2.2. () Let f: X — Y be a map which has a left homotopy inverse. Prove
that if Y is an H-space, then X is an H-space. With this multiplication on X,
is f an H-map? What condition will ensure that if Y is homotopy-associative,
then X is homotopy-associative?

2.3. Let Y be a grouplike space with multiplication m and homotopy inverse

i. Define a commutator map ¢ : Y xY =Y by ¢ = (p1 + p2) + (ip1 + ip2).

Prove

1. (Y, m) is homotopy-commutative if and only if ¢ ~ =.

2. If o = [f], B = [g] € [X, Y], then the group commutator [c, 5] = [#(f, 9)]-

3. If k is a positive integer, set k¢ = ¢+ -+ ¢ (k terms) : Y x Y — Y. Show
that m + k¢ is a multiplication on Y.

4. Dualize (1)—(3) to cogroups.

2.4. Prove that if “~” is replaced by equality in the definition that (X, ¢) is
a co-H-space, then X = {«}.

2.5. Is S° a (nonpath-connected) co-H-space?

2.6. Prove that a space X admits a comultiplication if and only if the diagonal
map A : X — X x X can be factored up to homotopy through X v X.
Prove that a space X admits a multiplication if and only if the folding map
V:X v X — X can be extended up to homotopy to X x X.
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2.7. Let X be an (n — 1)-connected space with n > 2.

1. Prove that if dim X < 2n — 1, then there is a comultiplication on X. If
dim X < 2n—2, prove that any two comultiplications on X are homotopic.

2. Prove that if m;(X) = 0 for ¢ > 2n — 1, then there is a multiplication on
X. Prove that any two multiplications on X are homotopic if m;(X) = 0
for i = 2n

In Exercises 2.8-2.14 also consider the dual of the given problem.

2.8. Let (Y, m) be an H-space, let f,g: X - Y bemapsandlet f+g: X - Y
be their sum. Prove for any space A, that (f+g¢)« = f«+9+ : [4, X] = [4,Y].

2.9. Let (X, ¢) and (X', ¢') be co-H-spaces and let g : X’ — X be a map.
Prove the following generalization of Proposition 2.2.9: ¢g is a co-H-map if
and only if for every space Y and every «, 3 € [X, Y], we have (a + §8)[g] =

alg] + B[g]-

2.10. (%) Let jyx : XX — XX be the homotopy inverse map defined by
jox{x,ty = {x,1 —t), for x € X and t € I. Consider the double suspension
Y2X and the map 7 : ¥?X — X2X defined by 7(z,s,t) = {(x,t,s). Prove
that jZ‘QX >~ T Ejgx.

2.11. () Define a map 0 : X(X; v Xo) — (X X;) v (X X3) by 0{(x1, *),t) =
({1, ty, *) and O{(#,x2),t) = (*,{xa,t)), for x; € X3, xo € X5 and t € I.
Ifi; : X; = X1 v Xy and ¢; : YX; —» (YX) v (¥X3) are inclusions and
g : XivXe— Xjand x; 1 (XX1) v(XXs) - XX are projections, j = 1,2,
then prove that (1) 6 Xi; = ¢; and x,; 0 = Xg;, (2) 0 is a homeomorphism
with inverse {Xi1, Xio} and (3) 0 ~ 11 Xq1 + 12X ¢o.

2.12. () Let (X, cx) be a co-H-space and 0 : X(X v X) - XX v Y'X the
homeomorphism of Exercise 2.11. Show that 6 Ycx is a comultiplication that
is homotopic to cxx, the suspension comultiplication on X' X.

2.13. Show that if X and Y are co-H-spaces, then X v Y is a co-H-space.
If X and Y are both homotopy-associative or both homotopy-commutative,
does the same hold for X vY? Let § : (X vY) > XX v XY be the
homeomorphism of Exercise 2.11. Show that 6 is a co-H-map.

2.14. Prove that if X is a co-H-space, then XX is homotopy-commutative.
2.15. (#) Find another homotopy in the proof of Proposition 2.3.2(3).

2.16. For any space A, prove that (A x I')/(A x 0I) is homeomorphic to X'B,
for some space B. What is B?
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2.17. Consider the cofiber sequence X — CX — XX, the fiber sequence
Y > EY - Y and amap f: YX — Y. Find amap 6 : CX — EY such
that the following diagram commutes

X CX XX
lf i 0 lf
Yy EY Y,

where fis the adjoint of f.

2.18. (#) (f) Prove: m(X) = 0 if and only if for paths f, g : I — X such that
£(0) = g(0) = = and f(1) = g(1), we have f ~ grel 0I.

2.19. If G is a group we define a comultiplication on G to be a homomorphism
s: G — G+ G such that pys =id = pas : G — G.

1. Prove that G admits a comultiplication if and only if 7 : Eg — G has a
right inverse.
2. Prove that G admits a comultiplication if and only if G is a free group.

Note that Proposition 2.4.3 asserts that the functor m; carries a space with
a comultiplication to a group with a comultiplication.

2.20. (f) In the proof of Lemma 2.4.2 verify that

2p )
e=11e&)
=1

2.21. If X is an H-space and a co-H-space, prove that m1(X) is 0 or Z. Give
examples of these spaces.

2.22. Let X and Y be co-H-complexes that are not simply connected. Prove
that X x Y is not a co-H-space.

2.23. (f) Prove that a path-connected CW complex X is contractible if and
only if my(X) = 0 for all ¢ > 1.

2.24. (1) Let X be a space that is not necessarily path-connected. Show that
there is a bijection p from mo(X) to the set of path-components of X. Show
that if (X, m) is a grouplike space, then m induces group structure on mo(X)
and on the set of path-components of X such that y is an isomorphism.

2.25. (1) Let X and Y be spaces with X a CW complex and Y path-
connected. If f : X — Y is a free map, prove that there is a (based) map
g: X — Y such that f ~fee g.

2.26. (1) In Corollary 2.4.10(1) show that if X is a CW complex, then K can
be taken to be a CW complex containing X as a subcomplex.
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2.27. Let i : A — X be a cofiber map, where A and X are not necessarily of
the homotopy type of CW complexes. Prove that there exists a relative CW
complex (K, A) and a weak equivalence f : K — X such that f|4 = i.

2.28. Let X and Y be spaces (not necessarily of the homotopy type of CW
complexes). We define X ~ Y if there exist spaces X1, Xo, ..., X, such that
X1=X,X,=Y and for i =1,2,...,n — 1, there exists a weak equivalence
X; — X;;11 or a weak equivalence X;;1 — X;. Prove that X YV < X
and Y have CW approximations of the same homotopy type. For this problem
you can assume the result stated in Remark 2.4.12.

2.29. How many homotopy classes of homotopy retractions are there of the
inclusion 77 : S™ — S™ v S™7?

2.30. (x) Let A be a set and let F'(A) be the free group generated by A. For
every a € A, let p, : F(A) —» F{a} = Z denote the projection. Prove that

[F(A), F(A)] = (] Ker pa,
acA

where [F(A), F(A)] is the commutator subgroup of F(A). Note that F'(A) =
Kaeca F{Oz}

2.31. Let G be any group and let X be an Eilenberg-Mac Lane space of
type (G, 1). Prove that X is an H-space if and only if G is abelian. (You may
assume existence and basic properties of K(G,1)’s.)

2.32. (#) () Prove that H,,11(K(G,n)) =0, for n > 1.

2.33. Given a sequence of abelian groups G1,Ge, ..., show that there exists
a path-connected CW complex X such that H;(X) = G, for all i. Show a
similar result for homotopy groups.

2.34. (1) If G is an abelian group and n > 1, prove that the Hurewicz homo-
morphism h,, : m,(K(G,n)) - H,(K(G,n)) is an isomorphism.

2.35. (#) (1) If f,g : X —» K(G,n) are maps and X is (n — 1)-connected,
n > 1, then prove that (f + g)x = f« + g« : Hi(X) — H;(K(G,n)) provided
1 <2n—1.

2.36. In analogy to p : H"(X;G) — HE, . (X; G) defined after Remark 2.5.11,
define a homomorphism p’ : 7,(X; G) —» H,(X;G) and show that p is the
Hurewicz homomorphism when G = Z.

2.37. (Cf. Lemma 2.5.13) If X is a space, then [X,S!] is an abelian group
since S! is a commutative topological group. Show that the group [X,S!]
contains no non-zero elements of finite order. (It may be helpful to use the
covering space R — S1.)
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2.38. Prove the following generalization of the Hopf classification theorem.
If X is a CW complex of dimension < n, then there is a bijection between
[X,M(G,n)] and H"(X; G). Formulate and prove the dual result.

2.39. Consider the natural map j: X vY — X x Y.

1. Use the characterization of X v Y as a categorical coproduct in HoT op,

and the characterization of X x Y as a categorical product in HoT op, to
define [7].

2. Show that [§] is self-dual.



Chapter 3
Cofibrations and Fibrations

3.1 Introduction

The notions of cofibration and fibration are central to homotopy theory. We
show that the defining property of a cofiber inclusion map i : A — X is
equivalent to the homotopy extension property of the pair (X, A). Thus the
inclusion map of a subcomplex into a CW complex is a cofiber map, and so
this concept is widespread in topology. We study cofiber maps in Section 3.2
and introduce pushout squares and mapping cones. In Section 3.3 we treat
fiber maps as well as pullback squares and homotopy fibers and obtain some
of their basic properties. We also consider fiber bundles which are defined by
maps p : £ — B for which there is a locally trivializing cover of B. We prove
that fiber bundles are fibrations and thus obtain examples of fiber maps
by exhibiting fiber bundles. In this way we obtain many diverse fibrations
in which spheres, topological groups, Stiefel manifolds and Grassmannians
appear. This is done in Section 3.4, and these results will be used in Chapter
5 to calculate homotopy groups. In the last section we introduce the mapping
cylinder and its dual and use them to show that any map can be factored
into the composition of a cofiber map followed by a homotopy equivalence
or into the composition of a homotopy equivalence followed by a fiber map.
These are important techniques and highlight the major role of cofiber and
fiber maps in homotopy theory.

3.2 Cofibrations

In this chapter we consider both the based and unbased cases. We begin with
the definition of a cofiber map.

Definition 3.2.1 A map f: A — X is called a cofiber map if for every space
Z, maps go : A —> Z and hg : X — Z and homotopy ¢g: : A — Z of gg such

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 75
DOI 10.1007/978-1-4419-7329-0_3, © Springer Science+Business Media, LLC 2011



76 3 Cofibrations and Fibrations

that hof = go, there exists a homotopy h; : X — Z of hgy such that hf = g,

A A
¥ g0 e § gt
h() ht
X ———7 X---"- - 7.

If f is a cofiber map, then @ = X/f(A) is called the cofiber of f and the
sequence

A—f>X —q>Q
is called a cofiber sequence, where ¢ is the projection onto the quotient space.
We refer to a cofiber map or to a cofiber sequence as a cofibration.

Remark 3.2.2 This definition also exists in the unbased case by taking un-
based spaces and free maps and homotopies.

We give some examples of cofibrations next. Recall that the cone CA =
AxT/(Ax {1} u{+}xTI)and i: A— CA is given by i(a) = {a,0).
Proposition 3.2.3 For any space A, the map i : A — CA is a cofibration.
Proof. Given g; : A - Z and hg : CA — Z such that hgi = g, we seek a

homotopy h; : CA — Z of hy such that hyi = g;. Let 0I = {0,1} and set
S=(Ix{0}) u (I xI)cIxI. Wedefine H' : Ax S — Z by

H"(a,s,0) = hoa, sy, H"(a,0,t) = g:(a), and H"(a,1,t) = =,

wherea € Aandt,se I.If r: I x I — S is the retraction of Example 1.4.2(3),
then an extension H' : A x I x I — Z of H” is defined by H'(a,s,t) =
H"(a,r(s,t)). By Appendix A, the map H’ induces a map H : CAx [ — Z,
and H({a, s),t) is the desired homotopy h.{a, s). o

It is clear from Definition 1.5.12 that a pair (X, A) has the based homotopy
extension property if and only if the inclusion map 7 : A — X is a cofiber
map. From Proposition 1.5.17, we then have the following result.

Proposition 3.2.4 If (K, L) is a relative CW complez, then the inclusion
map L — K is a cofibration. In particular, if L is a subcomplex of a CW
complex K, then the inclusion L — K is a cofibration.

This yields many cofibrations. The next lemma gives a few more.
Lemma 3.2.5

1. For any spaces A and B, the injectionsi; : A —> AvB andiy: B—> AvB
are cofiber maps.
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2.If f: A— X and f' : A — X' are cofiber maps, then fv f': Av A" —
X v X' is a cofiber map.

Thus we have examples of cofiber sequences:

° A*Z‘>C’A*q>-EA7 for any space A.

° L*>K*q>K/L7 for any relative CW complex (K, L).

o AU Ay BLB, for any spaces A and B.

e Av A Lf;X v X' Lq;Q v @', where the following cofiber sequences
are given A*f>X*q>Q and A’LX’L>Q"

We note that in all of these examples, the cofiber map is an embedding,
that is, a homeomorphism onto its image. This is true for all cofibrations.

Proposition 3.2.6 If f: X — Y is a cofiber map, then f is an embedding.

Proof. If i : X — C'X is the inclusion, then = ~ i since CX is contractible.
Therefore we have the diagram

X
Y a CX.

Since f is a cofibration, there is a map h : Y — CX such that hf = i. We
consider the maps [/ : X — f(X), b : f(X) — i(X) and ¢/ : X — i(X)
induced by f, h and i, respectively. Since ¢/ = h'f’ is a homeomorphism, it
follows that f is a homeomorphism. o

This shows that the cofibration property and the based homotopy exten-
sion property are essentially the same. More precisely, if f : X — Y is a
cofiber map, then the inclusion of f(X), the image of f, in ¥ has the based
homotopy extension property and X =~ f(X). We then obtain the following
consequence of Proposition 1.5.18.

Proposition 3.2.7 If A*f>X*q>Q 18 a cofiber sequence and A is con-
tractible, then q is a homotopy equivalence.
Next we consider pushouts.

Definition 3.2.8 Given spaces and maps

Y<Q—A*f>X ()

a pushout of (#) consists of a space P and maps u: X - Pandv:Y — P
such that uf = vg. In addition, we require the following. If Z is any space
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and if r : X - Z and s : Y — Z are maps such that rf = sg, then there is a
unique map t : P — Z such that tu = r and tv = s,

N

-
s}

>~.<

We call either P or the triple (P, u,v), the pushout of (*). The square diagram
above is then called a pushout square.

We show that any two pushouts of (#) are homeomorphic. Suppose that
(P, u,v) and (P’,u’,v") are both pushouts of (). Since P is a pushout, there
isamapt: P — P’ such that tu = ' and tv = v’. Since P’ is a pushout, there
is a map t' : P’ — P such that t'u’ = u and t'v' = v. Therefore t'tu = u and
t'tv = v. By the uniqueness of pushout maps, t't = idp. Similarly ¢t = idp-,
and so t is a homeomorphism with inverse t'.

We now show the existence of pushouts.

Proposition 3.2.9 Given (*), there exists a pushout (P, u,v).

Proof. Consider X v Y, regarded as a subspace of X x Y, and introduce the
equivalence relation on X vY defined by (f(a), *) ~ (#, g(a)), for every a € A.
Set P=XvY/~andlet ¢: X vY — P be the quotient map. Define u and
v by u = qi1 and v = qig, wherei; : X > X vY and iz : Y - X vY are
the two injections. Clearly uf = vg. Now we show that (P, u,v) is a pushout
of (#). Ifr: X - Z and s : Y — Z are maps with rf = sg, then there is a
map {r,s}: X vY — Z and

{r,s}(f(a), %) = 7f(a) = sg(a) = {r,s}(x, g(a)).

Thus {r,s} induces t : P — Z such that tu = r and tv = s. To prove
uniqueness of ¢, let m : P — Z be a map such that mu = r and mv = s.
Then

mqi; = mu =1 = tu = tqiy,

and similarly, mqis = tqis. Therefore, mq = tq, and so m = t. ]

Proposition 3.2.10 Let

>

|

Y

-
.

f
A——m——
-

N
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be a pushout square. If g is a cofiber map, then so is i. In this case, j induces

a homeomorphism j' : Y /g(A) — P/i(X) of cofibers.
Proof. Consider the diagram

!

A——m——>

X
l l\
g [
J p ho

Y

Z

)

where ¢g; is a homotopy with gy = hgi. Then gof = hojg and, because g
is a cofibration, there is a homotopy k; : ¥ — Z such that kg = ¢;f and
ko = hoj. Then g; and k; induce a map l; : P — Z such that [;2 = g; and
l;j = k. Then [; is a homotopy since the map L : P x I — Z obtained
from [; is continuous by Exercise 3.4. Furthermore, lyi = g9 = hot and lpj =
ko = hoj. By the uniqueness property of the pushout, Iy = hg, and so 7 is a
cofiber map. For the second assertion of the proposition, note that j induces
j Y /g(A) - P/i(X). We regard the pushout P as defined in the proof of
Proposition 3.2.9. Then P/iX is obtained from X v Y from the following
relations: (f(a), *) ~ (%, g(a)), for every a € A and (z, *) ~ =, for every z € X
(Appendix A). Thus Y /g(A) = P/i(X), and the homeomorphism is j defined
by j'(y) = (x,y) for y e Y. =

We next consider a special case of a pushout.

Definition 3.2.11 Let f : X — Y be any map and consider the pushout
square

X Y

P,k

CX —P.

We call P the space obtained by attaching a cone on X by f or, more briefly,
the mapping cone of f or the homotopy cofiber of f. We write P = Cf =
Y uy CX. Because X ——=CX——=XX is a cofiber sequence,

y—teo,—tsxx

is a cofiber sequence by Proposition 3.2.10 called the principal cofibration
induced by [ (see Figure 3.1).

The mapping cone is an important construction and we next present some
of its properties. The first result is a generalization of Lemma 1.4.10 and
Proposition 1.4.9.

Proposition 3.2.12 Let f : X — Y be a map and Cy the mapping cone of f.
Then a map g : Y — Z can be extended to Cy if and only if gf ~+: X — Z.
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"

Y Cy EX =Cp/k(Y)

Figure 3.1

Proof. Let k : Y — ('} be the inclusion and let there exist h : Cy — Z such
that hk = g,

X Y
lz lk\
X ——Cp- -3y

Then gf = hkf = hji. But gf ~ = because hji factors through the con-
tractible space C'X.

Now suppose gf ~ # : X — Z. By Proposition 1.4.9, gf can be extended
to C'X. Thus there is a map F': CX — Z such that F'i = gf. By Definition
3.2.8, F' and g determine a map h : Cy — Z such that hk = g. ]

Next we show how to obtain induced maps of mapping cones.

Proposition 3.2.13 Given a homotopy-commutative diagram

X X'
P
Y ’ Y’

with homotopy F : X x I — Y’ such that Bf ~p f'a. Then there exists a
map Pr : Cy — Cp such that in the following diagram

Y b Cy ¢ X
lﬂ l@p ixa
Y’ k' Cf/ q EX/

the left square is commutative and the right square is homotopy-commutative,
where k and k' are inclusions and q and q' are projections.
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Proof. We define @r(y) = {B(y)) and
Ol 1y = {<F(az, 2t)) ii

forallyeY, z € X,and t € I. O

For any space W, let iy : W — CW be the inclusion. We next show the
compatibility of the mapping cone construction with suspensions.

Proposition 3.2.14 If f : A - X is a map and Xf : YA — XX is its
suspension, then there is a homeomorphism 6 : C'xy — X Cy such that the
following diagram commutes

YX
> X

Csy 0 xcy,

where k and k' are inclusions.

Proof. Consider the pushout square

By Exercise 3.1,

2f
YA 2 X
J/ Xia i Yu
YCA = 20

is a pushout square. There is a homeomorphism p : CXA — Y CA defined
by plla,t),uy = (a,uy,ty, where a € A and t,u € I. We then replace XC'A
by CX'A and Xig by ix4 in the previous pushout square and obtain the
pushout square

Xf
YA—YX

J/iEA iEu
(Zv)p

CrXA—— XCy.

j z
But Cxyf is the pushout of CXA <A ya i 3 X. Because any two
pushouts of the same maps are homeomorphic, Cxy = Y'C, with homeomor-
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phism 6 : Cxy — Xy such that 6{z,t) = {z,t) and 0 a,t), uy = a,uw),t),
forzx € X, a€ A and t,u € I. The proposition now follows. ]

We conclude this section by showing that the homotopy type of the map-
ping cone depends only on the homotopy class of the map.

Proposition 3.2.15 If fo ~ f1 : X =Y, then Cp, ~ Cy,.

Proof. We use (=) to denote elements of C's, and (—); to denote elements
of Cf,. Let F be the homotopy between fy and fi and let F defined by
F(xz,t) = F(x,1—t) be a homotopy between f; and fo. We apply Proposition
3.2.13 with o = idx and 8 = idy and define p : Cy, — Cy, by p = p. A
similar definition using F' gives 0 = @5 : Cy, — C,. We show that p is a
homotopy equivalence with homotopy inverse . The map op : Cf, — Cy, is

given by ap(ypo = (y)o and

<li’(x, 28)>0 if0<s< %
oplx, syo = 3 (F(x,4s —2)) if é <s< g,
{w,45 =3) if 3 <s<1

Then a homotopy G' : Cy, x I — (Y, between op and id is defined by
G({yo,t) = {ypo and

(F(x,25))o if 0<s< 5t
G({x,s)0,t) = 3 (F(z,45 + 3t —2)) if L1 <s <38
(x, (45 + 3t — 3) /(1 + 3t)), if 22 < s < 1.

A homotopy between po and id is defined analogously. This completes the
proof. |

Remark 3.2.16

1. We attempt to motivate the definition of the previous homotopy G. Fix
x € X and define paths I,1 and i in Cy, by I(s) = {fs(x)), I(s) = {fs(z)),
and i(s) = (x,s), where f,(z) = F(z,s) and f,(z) = F(z,s). Then the
homotopy G({z,—),t) for fixed x and t is a path in Cy, which consists
of first traversing ! from [(0) to I(1 —¢) (0 < s < (1 —¢)/2) and then
traversing [ backwards from [(1—1t) to 1(0) ((1—¢t)/2 < s < (3—3t)/4) and
then traversing 4 from 4(0) to i(1). At ¢ = 0, this is op{x, s). As t increases
from 0 to 1, the first two paths get shorter until at ¢ = 1 they are just the
basepoint, and we have i(s) = {(x, s).

2. If we regard Y as a subspace of both mapping cones Cy, and Cy,, then Cy,
and Cy, have the same homotopy type rel Y by the proof of Proposition
3.2.15 (see Figure 3.2).
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o~

1 \=! i
HANS
l —1 i
EOIER)
G({z, s),t), with x fixed

Figure 3.2

3.3 Fibrations

Most of our discussion of fibrations is just a straightforward dualization of the
previous section on cofibrations. For this material, we state these results and
occasionally indicate a proof, but our treatment is sketchy. However, we give
details for the material on fibrations that are not duals of results in Section
3.2. We begin with some definitions.

Definition 3.3.1 A map p: E — B has the homotopy lifting property or the
covering homotopy property with respect to a space W' if for maps go : W — B
and hg : W — E and homotopy ¢; : W — B of gy such that phg = gg, there
exists a homotopy hy : W — E of hg such that phy = g;. This property is
sometimes referred to as the HLP or the CHP

E E
7
/
/

ho ht e

D > Y p
Ve
Ve
/

go gt

w B w B.

The homotopy h; is called a covering homotopy of ¢g;. If p : E — B has
the homotopy lifting property for all spaces W, then p is called a fiber map.
This is sometimes referred to as a Hurewicz fiber map. If p : E — B has the
homotopy lifting property for all CW complexes W, then p is called a weak
fiber map and is sometimes referred to as a Serre fiber map. If p: E — B is
a fiber map or weak fiber map, then F = p~1(x) C E is called the fiber, E is
called the total space and B is called the base space. The sequence

F—tsp ".B
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is called a fiber sequence, where i is the inclusion. In addition, we refer to a
fiber map or fiber sequence as a fibration.

We also consider unbased fibrations in this section. The definition is the same
as Definition 3.3.1 except that spaces, maps, and homotopies are unbased.
We refer to these as unbased fibrations or free fiber maps. Similarly we can
consider unbased weak fibrations or free weak fiber maps. If p : E — B is an
unbased fibration or unbased weak fibration and b € B, then p~1(b) is called
the fiber over b. It can be shown that any two fibers have the same homotopy
type when B is path-connected. We now give some examples of fibrations.

e If B and F are any spaces, then F—2.Bx F-2~B isafiber sequence,
where j, is the inclusion and p; is the projection. Similarly,

B-1sBxF-sF
is a fiber sequence.These are called trivial fibrations. Less trivial examples

are given below.

o If F— ~E—"-B is fiber sequence and A € B, then the following se-
quence is a fiber sequence

F——p1(A)——A.

Next we give an important source of examples.

Let A, B € X and consider the path space X'. Define E(X; A, B) € X
E(X;A,B) = {le XT]1(0) € A and I(1) € B} and define p : E(X; A, B
A x B by p(l) = (1(0),1(1)).

Proposition 3.3.2 For any spaces A,B € X, the map p : E(X;A,B) —
A x B is a fiber map.

Iby
) —

Proof. Let fo : W — E(X;A,B) be a map and let g : W — A x B a
homotopy such that pfo = go. Then gs = (g%, g7), where ¢, : W — A and
g7 : W — B. Define the adjoint h: W x I — X of fy by h(w,t) = fo(w)(¢).
forwe Wandt e I. Set S = (I x{0}) u (eI xI) € I x I and define
H :W xS — X by

H'(w,t,0) = h(w,t), H'(w,0,s) = gi(w), and H'(w,1,s) = g{(w).

Since there is a retraction r : I x I — S by Example 1.4.2(3), we define
H:WxIxI— X by

H(w,t,s) = H' (w,r(t,s)).

We then obtain a homotopy fs: W — E(X; A, B) of fo given by fs(w)(t) =
H(w,t,s) which is a covering homotopy of g O
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Remark 3.3.3 If we take B = {x} and A = X in Proposition 3.3.2, we
obtain the fiber sequence

X —=EBX-2sX,

where E1 X = EX is the space of paths in X that end at the basepoint and
po(l) = 1(0). If we take A = {+} and B = X in Proposition 3.3.2, we obtain
the fiber sequence

0X — =B XX,

where EpX is the space of paths in X that begin at the basepoint and p; (1) =
I(1).

Definition 3.3.4 Let p: F — B beamap and (K, L) arelative CW complex
with inclusion map i : L — K. Then p has the covering homotopy extension
property with respect to (K, L) if for any maps go : K — B, hg: L > E and
fo : K — E such that fyi = hg and pfy = go and homotopies g; : K — B
of go and h; : L — E of hg such that ph; = g¢;i, there exists a homotopy
ft : K — E of fysuch that fii = hy and pf; = g;. This property is sometimes
called the CHEP

ho ht
L———F L—————F
7
v
s
7 fO P e > 7 ft// P
s
%z
s
K$>B KLB

Since i is a cofiber map, there is a homotopy f/ of fo such that f{i = hy.
If p is a fiber map, then there is homotopy f; of fo such that pf; = g¢. The
CHEP says that we can take f] = f/ provided the given homotopies g; and
h; are compatible. Note that if 7 is a cofiber map and p is a fiber map, the
CHEP is a self-dual property. The CHEP is stronger than the CHP and can
be formulated in either the based or unbased case.

We next characterize unbased weak fibrations by several equivalent condi-
tions.

Proposition 3.3.5 Let p : E — B be a free map. Then the following are
equivalent:
1. The map p is an unbased weak fibration.

2. The map p has the unbased covering homotopy property with respect to
n-balls E™, for alln = 0.

3. The function p has the unbased covering homotopy extension property for
all relative CW complexes (K, L).
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4. Let (K, L) be a relative CW complex with L an unbased strong deformation
retract of K. If there are free maps h : L — E and g : K — B such that
ph = g|L, then there is a free map [ : K — E such that f|[L = h and

pf=g
Proof. (1) = (2) is obvious.
(2) = (3) First note that there is a homeomorphism (E™ x I, E™ x {0}) =~

(E" x I, E" x {0} uS"~1 x I) of pairs. Figure 3.3 shows this homeomorphism
for n =1 (see also [14, p.451]).

— «—
1 T
I o < o
«— —
El El
(E' x I, B! x {0}) (B' x I, B! x {0} U S° x I)
Figure 3.3

The general definition of the homeomorphism is given in the proof of Lemma
11.6 in [37, p. 81]. Now let (K, L) be a relative CW complex. We assume that
there is a commutative square

K x1I B

and we want to define F' so that the triangles are commutative. The proof is by
induction over the spaces K x {0} u (K, L)" x I, where (K, L)™ is the relative
nth skeleton. We regard E° as a one point space and consider a relative vertex
v € K — L. Then by the covering homotopy property with respect to the space
{v}, there is a map F : {v} x I — E that extends H|{v} x {0} and such that
pF = G|{v} x I. We do this for all relative vertices v € K — L, and this gives
the result for n = 0. Now assume F defined on K x {0} u (K, L)"~! x I and let
o be a relative n-cell in (K, L)". Using the characteristic function @ : E"™ — o,
we obtain functions G’ = G(® xid) : E" x I —» B and F' = F(® x id) :
(E™ x {0}) u (8" ! x I) = E such that pF’ = G'|(E™ x {0}) u (S"! x I).
Since (E™ x I, E™ x {0}) = (E"™ x I, (E™ x {0}) u (S"~! x I)), this yiclds a
commutative diagram
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E" x {0}4>E

| lp

E™ x 1 B.

Then the covering homotopy property with respect to E™ and the existence
of the homeomorphism (E™ x I, E™ x {0}) = (E™ x I, (E™ x {0}) u (S"~! x
I)) imply that there exists F” : E" x I — FE such that pF” = G’ and
F"|(E™ x {0}) u (S"~! x I) = F’. This induces F,, : 0 x I — E which is an
extension of F'|(o x {0}) u(do x I) such that pF, = G|o x I. By doing this for
all relative n-cells o in (K, L)", we extend F to K x {0} u (K, L)™ x I. This
completes the induction and yields the desired free homotopy F': K xI — E.
(3) = (4) Let i : L — K be the inclusion and let r : K — L be the free
retraction. Denote by ¢g; : K — K the free homotopy of ir to id rel L. We
assume that there is a commutative diagram
E
lp

L
J’ g

K——B.

h
—_—

Now consider the free homotopy h: : L — E defined by hi(x) = h(x), for
x € L and set fo = hr. Then ph; = ggii. By (3), there is a free homotopy
fi + K — E such that f;2 = h; and pf; = gg;. If we set f = fi, then f
satisfies the conclusion of (4).

(4) = (1) Given a CW complex W and a diagram

=

mms

with pfo = go. We obtain

W x {0} T
Wlx I ¢ B,

where f(w,0) = fo(w) and G(w,t) = g;(w), for w e W and t € I. The space
W x {0} is a strong deformation retract of W x I. Therefore, by (4), there is
a function F' : W x I — E such that pF' = G and F|W x {0} = f. Then F is
the desired free homotopy. |

We then obtain the following corollary.
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Corollary 3.3.6 Ifp: E — B is a weak fibration, then p satisfies the (based)
CHEP.

Proof. Because every weak fibration is an unbased weak fibration (Exercise
3.9) and the unbased CHEP implies the CHEP, the result follows. |

Another consequence of Proposition 3.3.5 is the following corollary.

Corollary 3.3.7 Let E and B be spaces and let p : E — B be a (based)
map. If p is an unbased weak fibration, then p is a weak fibration.

Proof. Assume that W is a based CW complex and that there are maps
ho : W — E and gg : W — B and a based homotopy ¢; of gy, such that
pho = go. Then (W, {#}) is a relative CW complex and we apply the CHEP
to the homotopies h; : {*} — E and g, : W — B. Hence there is a homotopy
fit + W — E that covers g; such that fi(x) = . Therefore f; is a (based)
homotopy. m]

We next give a way to recognize when certain maps are weak fibrations.

Definition 3.3.8 Let p: E — B be a free map of unbased spaces. Then a
fiber bundle consists of p and an unbased space F' such that there exists an
open cover {U,}aca of B with the following property. For every a € A, there
is a homeomorphism 6, : p~1(U,) — U, x F such that the diagram

— U, x F
commutes, where p; is a projection onto the first factor. Then F' is called the
fiber, B the base space, E the total space, and p the bundle map of the fiber
bundle. The homeomorphism 6., is called a local trivialization and the cover

{Us}aea is called a locally trivializing cover. A fiber bundle is sometimes
called a locally trivial fibration. If p : E — B is a bundle map with fiber F)

we say that F—>E—"+ B is a fiber bundle.
As one might expect, a fiber bundle has the covering homotopy property.

Proposition 3.3.9 Ifp: F — B is a based map that is a bundle map with
fiber F, then p is a weak fibration with fiber homeomorphic to F.

Proof. By Corollary 3.3.7, it suffices to show that p is an unbased weak
fibration. By Proposition 3.3.5 it suffices to prove that p satisfies the covering
homotopy property with respect to all n-balls E™. Given the diagram

n h
E" x {0} —"——=F

-
H ~
\L // \Lp
—~
—~

E"x] — 1B
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with commutative square, we seek a homotopy H : E™ x I — FE such that
the triangles in the above diagram are commutative.

We adopt the following terminology. Let L € E™ and let S be any space
with L x {0} € S<€ E" x I. If F: S — FE is a free map such that pF = G|S
and F|(L x {0}) = h|(L x {0}), then we call F a partial lift of G.

Let {Us}taea be a locally trivializing cover of B. If 8 : E™ — I™ is a
homeomorphism, then {(6 x id)G~*(U,)} is an open cover of the compact
metric space I"™ x I. By the Lebesgue covering lemma (Appendix A), there is
a positive number A such that any subset of 1™ x I of diameter < \ is contained
in some (6 x id)G=*(U,). We then subdivide each factor I of I" x I into k

subintervals ) L9 E 1
o [zl )

By choosing k sufficiently large, we have that I x I is a finite CW complex
with each cell contained in some (0 x id)G~*(U,). Thus there is a CW de-
composition K of E™ and a subdivision of I into k subintervals so that for
every cell o in K and for each i =0,1,...,k —1,

i i+1
6(ox|p 5 ]) < v
for some « € A. Fix i and assume that there exists a partial lift H; : K x
[0,i/k] — E of G. We show there is a partial lift H; 1 : K x[0,(i+1)/k] > E
of G by induction on the skeleta K7 of K. The case j = 0 is straightforward
and hence omitted. Now assume that for some [ > 0 there is a partial lift
Hl 1+ K71 % [0,(i + 1)/k] - E of G such that H/_{|(K'~! x [0,i/k]) =
H;|(K'=! x [0,i/k]). Let o be an I-cell of K with boundary do and suppose
that G(o x [i/k, (i + 1)/k]) S Ua, for some a. Then H.7{ and H; determine
a map ‘ o
’. L [ﬁ ﬂ]
H .ax{k} U 0o X R
such that the square commutes in the following diagram
. i ,
R e
oo
- p'

I E—

- pil(Ua)

where G’ and p’ are the restrictions of G and p, respectively. Then p’ is an
unbased weak fibration by the locally trivializing property and o x {i/k} U
0o x [i/k, (i +1)/k] is a strong deformation retract of o x [i/k, (i + 1)/k]. By
Proposition 3.3.5, there exists
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i
o [ —

such that the triangles in the above diagram commute. We do this for each [-

cell in K and obtain a partial lift H!,, : K' x [0, (i+1)/k] — E of G. Because

K = K™ = E", this process yields a lift H; 11 = H],, : K x[0,(i+1)/k] = E

of G. Induction on 7 then gives the lift H of G. |

We note that it is proved in [83, p.96] that if p: E — B is a bundle map
with fiber F' and paracompact base B, then p is a (Hurewicz) fibration with
fiber homeomorphic to F. Moreover, an example is given in [16] of a weak
fibration that is not a fibration.

By Proposition 3.3.9 we obtain examples of unbased weak fibrations by
giving examples of bundle maps. We do this in the next section. The rest of
this section is a straightforward dualization of the latter part of Section 3.2
and we give the definitions and state the propositions, usually without proof.
We consider only based spaces and maps. We begin with pullbacks.

Definition 3.3.10 Given spaces and maps

the pullback of (#x) consists of a space Q and mapsu: Q —» X andv:Q —» Y
such that fu = gv. In addition, we require the following. If r : W — X and
s: W — Y are maps such that fr = gs, then there is a unique map ¢ : W — @
such that ut = r and vt = s,

, !

Y ———— A
We call either @ or the triple (Q, u,v), the pullback of (#x). The rectangular
diagram above is called a pullback square.

As in the dual case, it is easily seen that any two pullbacks of (xx) are
homeomorphic.

Proposition 3.3.11 Given (x%), there exists a pullback (Q,u,v).

Proof. Let @ € X x Y be the set of pairs (z,y) with x € X and y € Y such
that f(x) = ¢g(y). Then set u(z,y) = z and v(z,y) = y. The verification that
(Q,u,v) is a pullback is analogous to the proof of Proposition 3.2.9. |

The following proposition and its proof is dual to the corresponding one in
Section 3.2, and hence omitted.
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Proposition 3.3.12 Let
Q - X

P, b

Y A

be a pullback square. If f is a fiber map, then so is v. In this case, u induces
a homeomorphism of the fiber of v onto the fiber of f.

We next consider the dual of the mapping cone.

Definition 3.3.13 Let f : X — Y be any map and consider the pullback
square

where p : EY — Y is the path space fibration. Then @ is called the total
space induced by f from the fibration p or, more commonly, the homotopy
fiber of f (see Remark 3.5.9). We write () = Iy and note that by Proposition
3.3.12,

QY ——1I; X
is a fiber sequence called the principal fibration induced by f.
The next result is a basic one on lifting maps, and we give the proof.

Proposition 3.3.14 Let f : X — Y be a map, let v : Iy — X be the
principal fiber map, and let g : W — X be a map. Then there exists a map
g : W — Iy such that vg’ = g if and only if fg ~ *.

Proof. Suppose ¢’ exists

7])04“>E’1/

- l

// v P
w7 X ! Y.

Then fg = pug’. This map factors through the contractible space EY, and
therefore is nullhomotopic. Now assume that fg ~ «. By Proposition 1.4.9, fg
factors through FY and so there is a map F : W — EY such that pF' = fg.
Then g and F' determine a map ¢’ : W — I such that vg’ = g. O

Next we state without proof the duals of several propositions of Section
3.2. We begin with induced maps of homotopy fibers.
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Proposition 3.3.15 Given a homotopy-commutative diagram

X X'

P

Y ——Y’

such that f'a ~p Sf. Then there exists a map Wr : Iy — Iy such that in the
following diagram

QY : Iy v X
\LQB \LIPF la
QY : I v X,

the left square is homotopy-commutative and the right square is commutative,
where v and v' are fiber maps and i and i’ are inclusions.

Let vx : I — X denote the principal fiber map.
Proposition 3.3.16 If f : X - Y and 2f : 2X — Y, then there is a

homeomorphism 0 : 21y — Igy such that the following diagram commutes

0

Q.[f = Igf
NX.

Proposition 3.3.17 If fo ~ fi : X =Y, then Iy, ~ Iy,.

We conclude this section by discussing a variant of the notion of homotopy
that applies to fibrations.

Definition 3.3.18 If p : E — B and p’ : £/ — B are two fiber maps over
the same base space B, then a map [ : E — E’ is called fiber-preserving if
pf=p

f

N

It follows that if F is the fiber of p and F” is the fiber of p/, then f|F : F — F”.
Two fiber-preserving maps f,g : E — E’ are fiber-homotopic if there is a
homotopy f; : E — E' such that fo = f, f1 = g and p'f; = p, for every t € I.
A fiber-preseving map f : E — E’ is a fiber homotopy equivalence if there is
a fiber-preserving map ¢ : £/ — E such that fg is fiber-homotopic to idg:
and ¢gf is fiber-homotopic to idg.

E £
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For many results about fibrations in which it is asserted that two total
spaces are homotopy equivalent, it can be shown that the homotopy equiva-
lence is a fiber homotopy equivalence. For now we show that fiber homotopy
and homotopy relative to a subspace are essentially dual notions.

Remark 3.3.19 By dualizing the concept of fiber homotopy we obtain the
following provisional definitions. Given two cofibrations i : A — X and 7’ :
A — X',amap f: X — X’ is called cofiber-preserving if fi = i'. Two
cofiber-preserving maps f,g : X — X' are cofiber-homotopic if there is a
homotopy f; : X — X’ such that fo = f, fi =g and fii =, forallte I. If
we take i : A — X to be an inclusion map and ¢/ : A — X’ any map, then
the notion of cofiber-homotopy is precisely that of homotopy relative to A.

3.4 Examples of Fiber Bundles

In this section we present several classes of examples of bundle maps. By
Proposition 3.3.9 all of these examples are weak fibrations. The first two
classes of examples are only briefly discussed. To give a longer discussion
would take us too far afield.

All topological spaces and continuous functions in this section are unbased,
unless otherwise stated.

Covering Maps

Any covering map p : ' — B is a bundle map. In fact, a covering map can
be defined as a bundle map with the following additional property. There is
a locally trivializing cover {Uy, }aca such that p~1(U,) is a disjoint union of
open sets of E each of which is mapped homeomorphically by p onto U, for
every a € A [61, Chap.11]. For each b € B, the inverse image p~1(b) is a
discrete topological space.

Vector Bundles

If M is a differentiable m-manifold, then let T (M) denote the space of all
tangent vectors to M. A map p : T(M) — M is given by p(v) = x, where
v is a tangent vector to M at x € M. For any « € M, the set of tangent
vectors at = is p~!(z), which is an m-dimensional real vector space. Then p
is a bundle map with fiber an m-dimensional vector space, and is called the
tangent bundle of M (for details see [14, p. 88]). This is an important example



94 3 Cofibrations and Fibrations

of a real vector bundle over M. More generally, an m-dimensional real vector
bundle consists of a bundle map p : E — B having fiber R™ with the following
additional properties: (1) for every b € B, the set p~1(b) is an m-dimensional
real vector space; (2) there is a locally trivializing cover {U,}aca with local
trivializations 0, : p~1(Uy) — U, x R™ such that 0,[p~1(b) : p~(b) —
{b} x R™ is a vector space isomorphism, for every b € U,. In addition to
the tangent bundle, there are many other examples of vector bundles, for
instance, the normal bundle of the embedding of one manifold into another.
Furthermore, many of the vector space operations such as direct sum, tensor
product, exterior product, and so on can be extended to vector bundles, and
thus provide methods to construct new vector bundles from given ones. Two
m-dimensional vector bundles p : E — B and p’ : E/ — B are said to
be equivalent if there is a homeomorphism ¢ : E — E’ such that p'¢p = p
and ¢[p~t(b) : p~1(b) — p'~1(b) is a vector space isomorphism, for every
b € B. The set of equivalence classes of m-dimensional vector bundles over
B is denoted Vect,,(B). We note that it is possible to define complex or
quaternionic vector bundles by replacing the field of real numbers R by the
complex numbers C or by the quaternions H.

Hopf Fibrations

We describe in a unified way several classes of fiber bundles in which the
fiber is a sphere. Let F be the real numbers R, the complex numbers C, or
the quaternions Hl, and let d = 1, 2, or 4, respectively. Then

R+ if F=R
Fril = Crtl = REHD if F=C
H*+! =~ R4+ if F = H.

The (d(n + 1) — 1)-dimensional sphere S¥*+1=1 < F*+1 is defined by
SAn+1)—1 {(uo,ul, sy Uy) | u; €F and Z lug|* = 1}.
k=0

By 1.5.10, the F-projective n-space FP" is F**! — {0}/ ~, where the equiv-

alence relation is defined as follows: (ug,u1,...,u,) ~ (vo,v1,...,v,) if and
only if there exists A € F — {0} such that v; = Ay, for i = 0,1,...,n. The
equivalence class of (ug,u1,...,u,) € F**1 — {0} is denoted [ug, u1, . . ., uy]-

There is then a continuous function

(b . Sd(n+1)—1 — FP™
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defined by ¢(ug,u1,...,u,) = [ug,u1,...,u,]. We determine the set F =
¢ 1[1,0,...,0] : (ug,ut,...,un) € ¢~1[1,0,...,0] if and only if there exists
A € F — {0} such that ug = A and w; =0 for i = 1,...,n. Therefore

F={(\0,...,0)|AeF, []\| =1} = 541
Proposition 3.4.1 For F =R,C, or H and d =1, 2, or 4, respectively,

gd—1____5 gd(n+1)—1 L)]FP”

is a fiber bundle.

Proof. We construct a locally trivializing cover {Wy, Wh,..., W, } of FP™.
For ¢ = 0,1,...,n, set W; = {[ug,u1,...,u,]|u; # 0} S FP™. Define free
maps p; : W; x S9=1 — ¢~ 1 (W) by
|ui| A
pi([u0>u17 BERE) u’n]u )‘) = 7(”07”13 s 7un)7
win/ 2 ukl?

for [ug,u1,...,u,] € W; and A € S9~1 and define free maps 6; : ¢~ (W;) —
W; x Sdil by

Uj
67)(”05 Upy. .- 7un) = ([u07u17 sy ’I,Ln], 7)a
|uil
for (ug,u, ..., u,) € ¢~ H(W;). Then p;0; = id and 0;p; = id. Thus the 6; are
homeomorphisms and so {Wy, Wy, ..., W, } is a locally trivializing cover. o

Definition 3.4.2 In Proposition 3.4.1, the maps ¢ are called Hopf maps and
the fibrations are called Hopf fibrations.

Remark 3.4.3
1. More explicitly, the Hopf fibrations are

o S0 .gn_ % Rpr

¢

° Sl S2n+1 CP™

° SS S4n+3 ¢ HP™.

These fibrations are the real, complex, and quaternionic Hopf fibrations.
2. The Hopf maps are the last attaching maps in the CW decomposition of
RP"*+1, CP"*!, and HP"*! given in Example 1.5.10. In Chapter 5 these
maps will be shown to be generators of homotopy groups.
3. The real Hopf map ¢ : S™ — RP™ is a two-sheeted covering map. For
n > 1, ¢ is the universal covering map.

We next prove a lemma which identifies the 1-dimensional projective spaces.
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Lemma 3.4.4 FP! = §<.

Proof. Ford = 1, we regard RP* as E* = [—1,1] with {—1} and {1} identified
according to Example 1.5.10(6). This is homeomorphic to S*. For d = 2, we
have CP' = {[z0, 21]| (20,21) € C* — {0}}. We regard S? as the one point
compactification of C, that is, S? = C u {0} (the so-called Gaussian sphere).
Then we define § : CP! — S2 by 0[20, 21] = 20/21, where 29/z1 = o if z; = 0.
It follows that 6 is a homeomorphism. The case d = 4 is similar, and hence
omitted. |

Example 3.4.5 By Proposition 3.4.1 and Lemma 3.4.4, there are weak fi-

brations
[

Sl 53282 and §3— 575t
The fiber map ¢ : S — S2 is often called the Hopf map. In addition,
by using the Octonions (also called the Cayley numbers), @ = RS [49,
pp. 448-449], we can construct in a completely analogous way a fibration

S7T—— 515 L@Pl. Since OP! =~ S®, we obtain a fiber sequence

57*>515 Lss .
By forming the mapping cone of ¢ we obtain O-projective 2-space. Because
of the non-associativity of @, an O-projective n-space for n > 2 cannot be
defined in analogy to FP™.

Homogeneous Spaces

Let p: E — B be a continuous surjection and U € B an open set. A local
section of p on U is a continuous function s : U — FE such that ps = i, where
i : U — B is the inclusion function. If a point x € B has a neighborhood U
and a local section s of p on U, then we say that s is a local section at x.
Suppose now that

F—sp-".p

is a fiber bundle with locally trivializing cover {U, }nea of B and local trivial-
ization 6, : p~1(U,) — U, x F. We choose y € F and define iy, : Uy, — Uy x F
by iy(x) = (z,y), for x € U,. Then a local section of p on U, is defined as
the composition

-1

iy 0
U, Uy x F p~1(Us) C E.

Thus for any fiber bundle, there is a local section at each point of the base.
We show next that the converse holds in certain cases.
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Let G be a topological group with multiplication denoted by juxtaposition,
and let H € G be a closed subgroup. We can then form G/H, the set of all
left cosets gH for g € G, and give it the quotient topology obtained from the
projection p : G — G/H. Then G/H is called a homogeneous space. There is
an action G x G/H — G/H defined by g-(¢’H) = (9¢9')H, for g,¢' € G, such
that p(gg’) = g- p(g’). Let e denote the coset H in G/H.

Lemma 3.4.6 If p: G — G/H has a local section at e, then p has a local
section at every point of G/H.

Proof. Let U € G/H be an open set containing e and let s : U — G be a
local section. Given any = = gH € G/H, we consider the open set g - U of
G/H containing x. We define s, : g- U — G by

sz(99'H) = gs(g'H),
where ¢’ H € U. Then clearly s, is a local section at . ]

Remark 3.4.7 We mention in passing that if G is a Lie group and H a
closed subgroup, then p: G — G/H has a local section at e [18, p.110].

Proposition 3.4.8 Let G be a topological group and let K € H € G be
closed subgroups. If p: G — G/H has a local section at e = H, then

H/K——G/K—>G/H
is a fiber bundle, where p'(gK) = gH, for every g € G.

Proof. By Lemma 3.4.6, there is an open cover {U,}aea of G/H and a local
section s, : U, — G, for every a € A. Define ¢, : U, x H/K — G/K by

Vo (gH,hK) = s4(gH)hK,

for g € G, h € H, and gH € U,. Clearly, p'vo(¢gH,hK) = gH and
Yo(gH, hK) < p'~1(U,). Now define 0, : p~*(U,) — U, x H/K by

0a(9K) = (9H, (sa(gH)) "' gK),

for gK € p'~1(U,). A simple calculation shows that 0,1, = id and 1,0, = id.
Therefore {U,} is a locally trivializing cover of G/H. O

As a special case we consider the orthogonal group O(n). This consists of
all n x n matrices A with real entries such that AA” = I, where AT is the
transpose of A and I = I, is the n x n identity matrix. The columns of A,
considered as vectors in R", are a set of n orthonormal vectors. By writing
the rows of a matrix in O(n) one after the other as an n?-tuple, we have
that O(n) C R"”. Thus O(n) becomes a topological space by giving it the
subspace topology from R"™. Tt can be shown that O(n) is a compact space
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(Exercise 3.22). If k < n, then O(k) can be embedded into O(n) by assigning
to A € O(k), the matrix

A0

(04"

in O(n). Then O(k), regarded as a subset of O(n), is a closed subgroup of
O(n). We wish to show that the quotient map p : O(n) — O(n)/O(k) has a
local section at e = O(k), for each k < n. For this we introduce the Stiefel
manifolds, which are interesting in their own right.

Stiefel Manifolds

Definition 3.4.9 If 0 < k£ < n, then any ordered set of k£ orthonormal vec-
tors in R™ is called a k-frame in R™. The real Stiefel manifold Vi (R™) is the set
of all k-frames. The basepoint of Vi (R™) is the last k vectors e,—g41,-..,€n
of the standard basis ey, ...,e, of R". A k-frame vq,...,v; can be regarded
as an n X k matrix by taking the ith column to be the vector v;. In this
way we identify a k-frame with a point in R™* and give V. (R™) the subspace
topology. We note that if I’ < [, then there is a map ¢ : V;(R") — V;(R"™)
which assigns to an [-frame the last I’ vectors. By replacing the reals R with
the complex numbers C or with the quaternions H, we obtain the complex
Stiefel manifolds Vi,(C™) or the quaternionic Stiefel manifolds Vi, (H™).

We first consider real Stiefel manifolds, written Vi, = V4(R™), and relate
them to the orthogonal groups.

Lemma 3.4.10 There is a homeomorphism ¢, ,, : O(n)/O(n—=1) =V, ,, such
that the following diagram commutes

O(n)/On —1) — 2" v,

lpl iq
Pk,n

On)/O(n —k) ———— Vi,

for k < 1.

Proof. Define ¢ : O(n) — Vi, by ¢(A) = Ae,—y41, ..., Ae, for A € O(n).
Thus ¢ assigns to a matrix A the [-frame consisting of the last [ columns of
A. It Cis an (n —1) x (n — ) matrix, then multiplication of A on the right
with a matrix of the form
co
(53)

where I; is the [ x [ identity matrix, does not change the last [ columns of A,
and so it follows that ¢ is constant on cosets AO(n—1) in O(n)/O(n—1). Thus
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¢ induces a continuous surjection ¢; ,, : O(n)/O(n—1) — Vi . It is easily seen
that if A, B € O(n) each have the same last [ columns, then A~'B = ATB

has the form
o
01)°

where CT = C~!. This shows that ¢, is one-one. By Exercise 3.22,
O(n) is compact. Thus ¢, is a continuous bijection from a compact space
O(n)/O(n—1) to a Hausdorft space V, ,,, and hence is a homeomorphism. The
commutativity of the diagram in Lemma 3.4.10 follows easily. m]

We wish to show that p’ : O(n)/O(n — 1) - O(n)/O(n — k) is a bundle map
with fiber O(n — k)/O(n — ). By Proposition 3.4.8 we need to show that
p : O(n) - O(n)/O(n — k) has a local section at e. By Lemma 3.4.10, it
suffices to show that ¢ : V,, ,, = V} ,, has a local section at e,—g41,...,€n.

Lemma 3.4.11 The map q : Vy, , = Vi, that assigns to an n-frame the last

k wvectors has a local section at ep—_gy1,...,€n.
Proof. We seek a continuous function s that assigns to a k-frame vq,..., vk
in R" an n-frame wuj,...,Uy_g,v1,...,v, in R™. Let M, ; be the space of

n x | matrices with real entries. By considering the columns of M, ; as
vectors, we identify elements of M, ; with [-tuples of vectors in R". If r
is the function that assigns to any k vectors wy, ..., wy in R™, the n vectors
€ly.enyChek, W1, ..., Wk, then r(€p_gy1,...,€,) =e€1,...,e,. We regard r as
a continuous function r : M, ;, — M, ,. The elements of M, , that corre-
spond to n linearly independent vectors in R™ form an open set (because the

determinant of such matrices is non-zero) containing ey, ..., e,. By continu-
ity of r, there is an open set U € V},,, containing €,—j1,...,€, such that
v1,...,v; € U implies that ey,...,e,_g,v1,...,v; is linearly independent.

We now use the Gram—Schmidt process from linear algebra. This assigns an
n-frame to n linearly independent vectors. It produces a continuous func-

tion that, when applied to vg,...,v1,ep_k,...€1 for vi,..., v € Vi p, yields
an n-frame vg,...,vy,e, .,...¢e}, for some vectors e/, ,,...,e}. Therefore
s : U — V,, defined by s(vi,...,vx) = €},...,el ., v1,...,05 is a local
section of p at e;_g+1,...,€n. O

Therefore we have the following proposition.

Proposition 3.4.12 The sequence
O(n — k)/O(n — [)—=0(n)/O(n — 1)——=0(n) /O(n — k)
is a fiber bundle and the sequence

q
W—k,n—k*)‘/l,nﬂvk,n

is a fiber bundle, where 0 < k <1 < n.
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We comment on some special cases of the proposition next. First note that
Vi 1 is the space of unit vectors in R™*! and so O(n+1)/0(n) = Vi 41 =
S™. Therefore the orthogonal group fiber bundle in Proposition 3.4.12 with
l=n=m+1land k=1is

O(m)—=0(m + 1)—2=5™.
The corresponding Stiefel fiber bundle is

q
Vm,m*)Vm+1,m+1*>Sm~

There is another Stiefel fiber bundle which is derived from Proposition 3.4.12
where the fiber is a sphere. It is obtained by setting £ = [ — 1 and getting

_ q
St~ ‘/l,n—l+1*>‘/l,n*>‘/l—l,n~

These fibrations are used in Section 5.6 to calculate some homotopy groups
of the orthogonal group and of Stiefel manifolds.

We next discuss a class of fiber bundles that involve Stiefel manifolds in
which the base is a Grassmann manifold.

Grassmann Manifolds

Definition 3.4.13 If 0 < k < n, then the real Grassmann manifold or real
Grassmannian Gi(R™) consists of all k-dimensional subspaces of R™ (also
called k-planes in R™). There is a surjection 7 : Vi(R™) — G (R™) defined by
m(v1, ..., 0k) = {v1,..., 0y, where vy, ..., vy is the subspace of R spanned
by v1, ..., v, We give G (R™) the quotient topology induced by 7. By replac-
ing R with the complex numbers C or with the quaternions H, we obtain the
complex Grassmann manifold G (C™) or the quaternionic Grassmann mani-
fold Gy (H™). We note that when k = 1, the Grassmannians G (R"), G, (C")
and G, (H™) are essentially real projective (n—1)-space RP™ 1, complex pro-
jective (n — 1)-space CP™ 1, or quaternionic projective (n — 1)-space HP" !,
respectively.

We frequently write Gy, for the real Grassmann manifolds Gj(R™). The
notation Vj, ,, and Gy, ,, for the real Stiefel manifolds and the real Grassmann
manifolds is not standard. Some authors denote these as V,, ; and Gy, ;. It
seems that the most unambiguous notation is V(R™) and G (R™). Similar
remarks hold for C and H.

Lemma 3.4.14 The function 7 : Vi, ,, = G 15 an open mapping.

Proof. We identify elements of V}, ,, with n x k£ matrices of rank k, by assign-
ing to each vy, ..., v; € Vj 5, the matrix A whose columns are vy,...,v;. If P



3.4 Examples of Fiber Bundles 101

is a nonsingular k x k matrix, then p : Vi, — Vi, defined by 0p(A) = AP
is a homeomorphism since fp-1 is its inverse. If x,y € V; ,, with correspond-
ing matrices A and B, then 7(x) = 7(y) if and only if B = AP, for some
nonsingular k x k matrix P. Hence if U € V}, ,,, then

™ (r(U)) = Jor (),
P

for all nonsingular k x k matrices P. Therefore if U is open in Vj ,, then
71 (m(U)) is open in Vj_,. Hence 7(U) is open in Gy, and so 7 is an open
map. O

Next consider the orthogonal group O(n) and let O’(k) be the subgroup

of all matrices
In—k 0
0 D)’

for D € O(k). We form the subgroup O(n — k) - O'(k) of O(n) and this
subgroup consists of all matrices of the form

C o0
(v5)
where C € O(n—k) and D € O(k). Then O(n—k) € O(n—k)-O'(k) € O(n).

Lemma 3.4.15 There is a homeomorphism )y, » : O(n)/(O(n—k)-O'(k)) —
G, such that the following diagram is commutative

Pkn

O(n)/O(n — k) : Vi
Om)/(O(n — k) - O'(k)) — " G

Proof. We define ¢ : O(n) — Gi,n by ¥(A) = {Aep—g+1,...,Ae,), for
AeO(n). If Be O(n—k)-O'(k), then Y(AB) = (ABey_41,...,ABey) =
(Aen—_k+1,--.,Aeny = 1(A). Thus 9 is constant on cosets of O(n—k)-O'(k),
and so ¢ induces a continuous surjection ¥y, : O(n)/(O(n — k) - O'(k)) —
Gin. It follows immediately that the above diagram is commutative. To
show that )y, is one-one, suppose that 9 ,(A4) = Yp,(B) = W, for
A, B € O(n). Then Ae,_gy1,...,Ae, and Be,_g41,...,Be, are bases for
W. Let P be the change of basis matrix from the first basis to the second.
Also, (Aey,...,Ae,_y = (Bey,...,Be, iy with bases Aey, ..., Ae,_j and
Bey,...,Be,_i. Let @ be the change of basis matrix from the first basis to
the second one. Then

B=A<ng> and (%9]2)60(71—@-0'(@.
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This shows that v, 5, is one-one. Finally, v, ,, is an open mapping by Lemma
3.4.14 and the commutative diagram in 3.4.15. Therefore v, ,, is a homeo-
morphism. ]

Next we show that 7 is a bundle map.

Proposition 3.4.16 The sequence

Vi k—>Vin——>Gprn
is a fiber bundle.

Proof. By Lemma 3.4.15 the given sequence is essentially
(O(n—k)-0'(k)/O(n — k) — O(n)/(O(n — k) — O(n)/(O(n — k) - O'(k)),

therefore it suffices to show that 7 has a local section at {e,_k11,...,€ny by
Proposition 3.4.8. Let U € G}, be the set of all k-dimensional subspaces W
of R™ such that W n<{eq,..., e,k = {0}. We show that U is open in G}, ,, by
showing that 7=!(U) is open in Vj ,,. Let M, j be the space of n x k matrices
and define a continuous function F' : M,, , — R by F(A) = det(A’), where A’
is the n x n matrix obtained from A by putting the columns eq,..., e, on
the left. Then F—'(R — {0}) is open in M,, ;. Regarding Vj ,, as a subset of
M,, 1, we have Vi, n F~1(R—{0}) = 7=1(U), and so 7~1(U) is open in Vj .
Therefore U is open and we next define a local section t : U — Vj, ,,. Given
W € U, let ; be the orthogonal projection of e; onto W, for i = n—k+1,...,n.
Then €, k11, --., €y, is a linearly independent set in W. We apply the Gram—
Schmidt process to these vectors and obtain a k-frame €], _, . ,... e, in W.

n
Then t(W) =¢,_;.,...,&, is a local section. ]

We have discussed in detail several fibrations in which the real Stiefel
manifolds and the real Grassmann manifolds appear. We have commented
that complex Stiefel and Grassmann manifolds and quaternionic Stiefel and
Grassmann manifolds exist. We now remark that there are results for these
manifolds which are parallel to Lemmas 3.4.10 and 3.4.15 and Propositions
3.4.12 and 3.4.16. More precisely, let U(n) be the group of unitary matrices,
that is, U(n) consists of n x n matrices A with complex entries such that the
transpose of the matrix of complex conjugates of the entries of A equals A™!.
Then there are homeomorphisms

Un)/Un—1)=V,(C") and U(n)/(U(n—k)-U'(k)) = G(C").
Furthermore, for k < [, there are fiber bundles

e Un—k)/Un—1)—=U(n)/U(n— Z)LU(n)/U(n — k), equivalently,
o Vii(CF)—=W(C")——V,(C") and
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o Vk(Ck)HVk(C")L>Gk(C”) .

In addition, similar results hold for the quaternions. The symplectic group
Sp(n) of n x n quaternion matrices A such that AA”T = I takes the role
that the orthogonal group O(n) plays in the real case. Moreover, for k = 1,

the fibrations Vi (F*)——=V},(F")——=G%(F") reduce to the real, complex,
or quaternionic Hopf fibrations when F = R, C, or H. The proofs of all of
the above results for the complex numbers C and for the quaternions H are
completely analogous to those that we have given for the real numbers R.
For more details, see [47, Chap. 7].

Remark 3.4.17 Apart from providing nontrivial examples of fibrations, the
Stiefel manifolds and Grassmann manifolds have applications to other ar-
eas of topology. We first consider the real Stiefel manifolds Vj ,. Elements
of Vo 41 are pairs of orthonormal vectors vi,ve in R"*!. We can iden-
tify v; with a point of S™ and, by transferring vs to the endpoint of vy,
we can identify v, with a unit tangent vector to vy € S™. Thus Vi 41
can be regarded as the space of unit tangent vectors to S™. A section of
q: Vons1 = Vipgr = S™ is a continuous unit tangent vector field on
S™. Similarly a section of ¢ : Vitint1 — Ving1 is essentially k continu-
ous orthonormal tangent vector fields on S™. It is an interesting and difficult
problem to determine the maximum number p(n) of continuous orthonormal
tangent vector fields on S™ or, what is equivalent by the Gram—Schmidt pro-
cess, the maximum number of continuous linearly independent tangent vector
fields on S™. It is a classical result in algebraic topology that p(n) = 0 if and
only if n is even [61, p.190]. The problem of determining the exact number
p(n) for odd n has been investigated extensively and a complete solution has
been given (see [2], [37, pp. 336-339] and [39, pp. 493-495]).

For the Grassmann manifolds G (F™), where F = R, C, or H, we have
Gi(F™) € Gi(F"*!) and so we can form

Gk(FL) _ U Gk(FnJ’_k),

n=0

with the weak topology. Let Vecty(B) be the set of equivalence classes of
k-dimensional F-vector bundles over B, where equivalence was defined at the
beginning of this section. Then, if B is a CW complex, it can be proved that
there is a natural bijection 0 : [B, Gi(F*)]pee — Vectr(B). The function
0 assigns to a free homotopy class [f] in [B, Gr(F”*)]fee the pullback of f
and the fiber map of a canonical k-dimensional vector bundle over G, (F*). It
follows that a homotopy class of maps B — G (F*) uniquely determines a k-
dimensional equivalence class of F-vector bundles over B. The space G (F*)
is called the classifying space for k-dimensional F-vector bundles. For more
details, see [47, p. 84].
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3.5 Replacing a Map by a Cofiber or Fiber Map

Maps that are cofibrations or fibrations have important special properties in
homotopy theory. We show many of these in the next chapter. Therefore it is
very useful to be able to factor any map into the composition of a homotopy
equivalence and a cofibration (or fibration). We do that in this section. We
begin with cofibrations.

Definition 3.5.1 Given a map f: X — Y, we take the disjoint union X x
I U Y and introduce the equivalence relation (x,0) ~ f(x), for all x € X,
and (#x,t) ~ =y, for all ¢ € I. This is a special case of the adjunction
space (Definition 1.5.1(2)). The quotient space is denoted My and called the
mapping cylinder of f. Equivalently, we define X x I = X x I/{(x,t)|t € I}
(see Remark 1.3.5) and then form (X x I) v Y. In the latter space we define
the equivalence relation ((x, 0%, #) ~ (%, f(x)). The resulting quotient space is
M. There are maps f' : X — My and f” : My — Y defined by f'(x) = (z, 1),
Yz, ty = f(z) and f"{yy = y, for all x € X, y € Y and t € I. Clearly

f=rf.
),
=

My

f//

—_—

CD

Figure 3.4

Proposition 3.5.2
1. '+ X — My is a cofiber map.
2. f": My —Y is a homotopy equivalence.

Proof. (1) Let hg : My — Z be a map and g5 : X — Z a homotopy such that
hof' = go. Weset S = (I x{0})u (dIxI) € IxIand define H" : X xS — Z
by

H"(x,t,0) = holz, ty, H"(x,0,s) = hol{f(x)), and H"(x,1,s) = gs(x),
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for every x € X and s,t € I. It is easily checked that H” is a well-defined,
continuous function. We let r : I x I — S be the retraction of Example
1.4.2(3) and define H' : X x I x I — Z by H'(z,t,s) = H"(z,r(t,s)). Then
H : My x I — Z is defined by

H({w,ty,s) = H'(z,t,s) and H({y),s) = holy).

Therefore H is a well-defined continuous function that is a homotopy of hg
such that H(f'(x),s) = gs(x).

(2) Define I : Y — My by I(y) = (y), for every y € Y. Then f"l(y) =
f"{yy = y. Therefore f”l =id, and so f” is a retraction. Now

1.ty = 1f(x) = {f(x)y and 1f"<y) =1(y) =)

We define a homotopy F' such that id ~p [f" : My — M; by

F((z,1),8) = (z,t(1 = s)) and  F({y),s) = {y)- =

This proposition was foreshadowed by Corollary 2.4.10. This result asserts
that any map f: X — Y can be factored as

X gty

for a space K such that (K, X) is a relative CW complex (and hence the
inclusion 4 is a cofiber map) and f is a weak homotopy equivalence.

Remark 3.5.3

1. Let X be a space of the homotopy type of a CW complex K, let Y be
a space of the homotopy type of a CW complex L, and let f : X —» Y
be a map. If g : K — L is a cellular map homotopic to f, then it can be
shown that the mapping cylinder M, and the mapping cone C,; are CW
complexes. It then follows from Exercise 3.27 and Proposition 3.2.15 that
My and Cy have the homotopy type of CW complexes.

2. The homotopy F' in the preceding proof can be described as “sliding down
the cylinder”. Note that F' is a homotopy rel Y, so that the inclusion
l:Y — M;y is a strong deformation retraction.

3. The cofiber of f' : X — M is just the mapping cone C; of f. Thus we
have a cofiber sequence

X*f>Mf*p>Cf

(see Figure 3.5). We observe that this is one of two cofiber sequences in
which the mapping cone C'y appears. The other is the principal cofibration

y—lso—tsvx
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described in Definition 3.2.11. The space C'y, which is the cofiber of f’, is
also the homotopy cofiber of f.

Figure 3.5

If f: X - Y is a cofiber map, then the cofiber of fis Z =Y /f(X) and the
homotopy cofiber of f is Cr. We show next that these two spaces have the
same homotopy type. We may then refer to either of them as the cofiber of
f or the homotopy cofiber of f.

Let

X—s>y—Lsz

be a cofibration and let f” : My — Y the homotopy equivalence of Proposi-
tion 3.5.2. The map f” induces a map a : My/f'(X) =Cy - Z =Y /f(X).

Proposition 3.5.4 With the notation above, o is a homotopy equivalence
such that the following diagram is commutative

Y b Cy
Z

where k is the inclusion.

Proof. Define a map [ : Y — My and a homotopy g, : X — M/ by

l(y) =y and gs(x) = (x,s),

for y € Y and = € X. Then [f = go. Since f is a cofiber map, there is a
homotopy ls : Y — My such that I,f = gs and lp =1. Weset ' =1, : Y —
My and note that I f(z) = {z,1) = f'(x) for every 2 € X. Thus I’ induces
V:z= Y/f(X) = Cy = My/f'(X), and we show that I’ is the homotopy
inverse of «. The homotopy
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”

Y#Mf#Y

induces a homotopy l~s 1 Z — Z with l~0 = id and 71 = al’. Therefore id ~ al’.
Next define a homotopy h: : My — My by

hilyy = li(y) and hlx, sy ={x, (1 — s)t + s),

where y € Y, z € X, and s,t € I. Clearly h; is well-defined and hi{x,1) =
{x,1). Then h; induces a homotopy H : Cy x I — C with id ~g Ua. Thus
« is a homotopy equivalence. Finally, ak = p follows from the definition of
a, and so the proof is complete. O

Remark 3.5.5 We note for future use that o : Cy — Z is given by alz,t) =
# and a{yy =y, forx e X, yeY,and t € I.

In order to obtain the coexact sequence of a map in Section 4.2, we need to
iterate the mapping cone construction. To fix our notation, let f : X — YV
be a cofiber map with cofiber Z, let py : ¥ — Z be the projection, let
ky :'Y — Cjy be the inclusion and let ay : €y — Z be the homotopy
equivalence of Proposition 3.5.4. Now we apply Proposition 3.5.4 and this
notation to the cofiber map ky : ¥ — C¢. We write ky = [ and obtain the
diagram

Y l Cy @

CHl(Y) = 53X ——L ~ CJky(Cy) = B,

where the map —Xf : Y X — XY is defined by =X f{z,t) = {f(z),1 — t).
Clearly C;/l(Y) = XX and C)/k;(Cy) = XY as illustrated in Figure 3.6.

> S Gy

C/ki(Cy) =

Figure 3.6
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Lemma 3.5.6 In the diagram above, the left triangle is commutative and the
right triangle is commutative up to homotopy.

Proof. Since the left triangle is commutative by 3.5.4, we need only to prove
that there is a homotopy F : C; x I — XY of p, to (=X f) . Define
F(lx,s),t) = {f(x),t(1 — s)) for {x,sy € Cy, where x € X and s,t € I, and
F({y,s),t) = (y,s(1 —t) + t), for {y,s) € CY € C; and t € I. Then F is the
desired homotopy. m]

Next we consider fibrations. All statements and proofs are dual to those
for cofibrations, and so we omit the proofs.

Definition 3.5.7 Given a map f: X — Y, let Ef € X x Y/ be defined by
Ep={(x,l)|ze X, leY!, f(z)=10)}

Then Ey is called the mapping path of f. Clearly E is defined by the pullback
square

Ef — >yl

lf l

X—Y,

where po(l) = [(0). There are maps f’' : X — Ey and f” : Ey — Y defined by
fl(z) = (x ,lf(»b)) where [y, is the path in Y that is constant at f(x) and

f"(x,1) =1(1). Clearly f = f"f.
Proposition 3.5.8

1. f": Ey - Y is a fiber map.

2. f"+ X — Ey is a homotopy equivalence.

Remark 3.5.9

1. The homotopy inverse k : Ey — X of f’ is given by k(z,l) = .
2. The fiber of f” : Ey — Y is just Iy the homotopy fiber of f (Definition
3.3.13). Thus we have a fiber sequence

"

If*>Eff*>Y.

We observe that this is one of two fiber sequences in which I; appears.
The other is
QY ——1I; X

which was described in Definition 3.3.13. The space Iy, which is the fiber
of f”, is also the homotopy fiber of f.

If f: X — Y is a fiber map, then the fiber of f is F = f~!(*) and the
homotopy fiber of f is Ir. The next proposition states that these two spaces
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have the same homotopy type. We may then refer to either of them as the
fiber of f or the homotopy fiber of f.

Let F—>X— > beafiber sequence and let f': X — E; be the map
defined in Definition 3.5.7. Clearly f’ induces a map 8 : F — I; of fibers.

Proposition 3.5.10 With the notation above, B is a homotopy equivalence
such that the following diagram is commutative

If—U>X

=

F,
where v is the projection.

Remark 3.5.11 We note for future use that 8 : F' — Iy is given by §(z) =
(i(x), #), for x € F.

In order to obtain the exact sequence of a map in Section 4.2, we need to
iterate the homotopy fiber construction. To fix our notation, let f: X —» Y
be a fiber map , iy : /' — X the inclusion of the fiber, vs : Iy — X the fiber
map, and 3y : F' — Iy the homotopy equivalence of Proposition 3.5.10. Now
we apply Proposition 3.5.10 to the fiber map vy : Iy — X. We write vy = A
and obtain a diagram

I e [f A X
o)
vy l(s) = QX Loy =2 1(w),

where the map —2f : 2X — QY is defined by ((—2f)(1))(t) = f((1 — 1)),
forle 22X and tel.

Lemma 3.5.12 In the diagram above, the left triangle is commutative up to
homotopy and the right triangle is commutative.

Exercises

Exercises marked with () may be more difficult than the others. Exercises
marked with (f) are used in the text.

3.1. () Consider the following pushout square
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|

-
@

TU%
Ea

|

Prove that
YA

Y ——XYP

is a pushout square.

3.2.If f: X - Y is a cofiber map and f ~ g : X — Y, then is g a cofiber
map?

3.3. Let i : A — X be a map. Prove that if 7 is a free cofiber map, then 1 is
a based cofiber map.

3.4. (1) Let W be a locally compact space. Prove that if

A—X

|

Y——P
is a pushout square, then

AxW ——— X xW

| |

Y xW PxW

is a pushout square. Can this result be dualized?
3.5. Consider the homotopy-commutative diagram

« «

A A A
l f l f/ l f//
x—2 x5

Let F' and G be homotopies such that 8f ~p f'aand §'f" ~g f"a’. Define a
homotopy F«G : AxI — X" by F+G = f'F+G(axid) of f/ff with f"a’«.
Then there are maps @p : Cy — Cyr, g : Cpr — Cyr and Ppyg : Cp — Cyn
as defined in Proposition 3.2.13. Prove that & ®p ~ Pp.q.
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3.6. Prove the following.

1. The composition of fiber maps is a fiber map.
2. The product of fiber maps is a fiber map.

3. The loop of a fiber map is a fiber map.

What is the fiber in each case? What are the duals of these results?
3.7.If p: F — B is a fibration and B is path-connected, prove that p is onto.
3.8. Prove that E(X x Y; X,Y) is contractible, for any space X and Y.

3.9. (1) Prove that if p : E — B is a based weak fibration, then p is an
unbased weak fibration.

3.10. (1) Given a map p : E — B, we define S € E x B! to be the space

consisting of all (e,!) such that p(e) = [(0), where e € E and [ € B!. Then

p is said to have the path lifting property if there is a map A : S — BT

such that A(e,1)(0) = e and pA(e,l) = [ (where pA(e,!) is the composition

of AN(e,l): I - E and p: E — B). The map A is called a lifting map for p.

Prove that the following are equivalent.

1.p: E — B is a fiber map.

2. p has the path lifting property.

3. p has the covering homotopy property with respect to the mapping path
space F,.

3.11. Using reduced cylinders, dualize Exercise 3.10 by obtaining equivalent
conditions for a map to be a cofibration.

3.12. Prove Proposition 3.3.12 using the characterization of fibrations via
lifting maps in Exercise 3.10.

3.13. Consider the pullback square
P——F
f
X —B.

Show that f lifts to £ <= 7 has a section. What conditions will yield a
homotopy lift?

3.14. (#) (f) Consider the commutative diagram

S
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and denote the three commutative squaresby A— X —P—-Y, X —Z—-Q — P,
and A — Z — @ —Y. Prove the following.

1.IfA-—X—P-Y and X —Z—@Q—P are pullback squares, then A—Z—-Q—-Y
is a pullback square.

2.0 X—Z—-Q—Pand A—Z—Q—-Y are pullback squares, then A— X —-P-Y
is a pullback square.

3.15. (f) Let f : X > Y and g : Y — Z be maps and let I, be the homotopy
fiber of g with projection v : I, — Y. Consider the pullback square

P—>Ig

P,k

X—Y.

Show that there is a homeomorphism ¢ : P — I, such that wé = u, where
w: I,y — X is the projection. Formulate and prove the dual result.

3.16.Let f: X > Aand g : X —» B be maps and (f,g) : X - A x B.
Let Iy be the homotopy fiber of f with projection v : Iy — X and form the
composition gv : Iy — B. Prove I, = Iy 4. Formulate and prove the dual
result.

3.17. Define the map ¥ in Proposition 3.3.15 and prove Proposition 3.3.15.

3.18. Recall that for U,V € X, we denote by Ey the space of paths in X
that begin in U and end in V. Now let i : A — X be an inclusion map. Show
that the mapping path E; =~ E4 x and that the homotopy fiber I; = E 4 4.

3.19. Let p: E — B be a bundle map and f: A — B any map. If Q(u,v) is
the pullback of

A*f>B<p—E,
then prove that u : Q — A is a bundle map.

3.20. (*) Let G be a topological group and H a closed subgroup. Prove

1.p: G - G/H is an open map.
2. G/H is Hausdorft.
3. If H and G/H are connected, then G is connected.

3.21. () Let G be a topological group and X a space. We call X a G-space
if there is a continuous function G x X — X denoted (g,z) — gz, for g € G
and z € X such that e-x =z and ¢'- (¢g-2) = (¢'g) -z, for all g,¢’ € G and
x € X, where e is the identity of G. We say that X is a transitive G-space if
for every x, 2’ € X, there exists a g € G such that 2’ = ¢g - 2. For an element
x € X, the isotropy subgroup G, of G consists of all g € G such that g-x = z.
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For a transitive G-space X, define a continuous surjection 6 : G — X by
0(g) = g - =. Prove that € induces a continuous bijection 0 : G/Gx — X.
Prove that if 6 is an open map or if G is compact and X is Hausdorff, then
0 is a homeomorphism. Apply this result to Vi (F™), where F = R, C, or H to
obtain Lemma 3.4.10 and its analogues for C and H.

3.22. (}) Consider the determinant function det : O(n) — {£1}. Define the
special orthogonal group SO(n) to be the subgroup of O(n) consisting of all
matrices of determinant 1.

1. Prove that the orthogonal group O(n) is compact.

2. Prove that the special orthogonal group SO(n) is compact.

3.23. (t) Prove that SO(n)/SO(n — k) is homeomorphic to the real Stiefel
manifold V7 ,,.

3.24. () () Prove

1. O(n) is not connected.
2. 50(n) is connected.

3. O(n) is the union of two connected components, one of which is SO(n)
and the other of which is homeomorphic to SO(n).

3.25. (x) Prove that Gy (F™) is Hausdorff, where F = R, C, or H.

3.26. Prove that X and Y have the same homotopy type if and only if X
and Y are deformation retracts of the same space.

3.27. Prove the following result about mapping cylinders. If fo ~ f; : X = Y,
then My, ~ My, .

3.28. Let A: X — X x X be the diagonal map and let A” : Eo — X x X be
the mapping path fibration. Consider the fibration p : X! — X x X given by
p(1) = (1(0),1(1)), with X = A = B and [ € X!, which is defined just before
Proposition 3.3.2.

1. Prove that there is a homeomorphism 6 : Eo — X! such that pf = A”.
2. Show that the homotopy fiber of A has homotopy type of 2.X.

3.If j;1 : X - X x X is the inclusion into the first factor, prove that the
pullback of 7; and p gives the fiber sequence 2X — FX — X.






Chapter 4
Exact Sequences

4.1 Introduction

In the first section we use the ideas of Chapter 3 to derive several basic
exact sequences. The main sequences that we consider are two long exact
sequences of homotopy sets. One is associated to a fiber sequence F' —» E —
B. The terms are the homotopy sets [X, Y], where the X’s are the iterated
suspensions of some fixed space and the Y’s are the successive spaces of
the fiber sequence. The other sequence is associated to a cofiber sequence
A —- X — Q. The terms are the homotopy sets [X,Y], where the Y’s are
the iterated loop spaces of some fixed space and the X’s are the successive
spaces of the cofiber sequence. As special cases we obtain the exact homotopy
sequence of a fibration and the exact cohomology sequence of a cofibration.
We next discuss the action of an H-space on a space and the coaction of
a co-H-space on a space. The former is illustrated in a fiber sequence by
the action of the loops of the base 2B on the fiber F', and the latter in
a cofiber sequence by the coaction of the suspension Y'A on the cofiber Q.
These then yield operations of one homotopy set on another and give sharper
exactness results at the end terms of the two exact sequences of homotopy sets
mentioned above. In the final section we return to homotopy groups. We give
equivalent characterizations of homotopy groups, define the homotopy groups
of a pair, establish the exact homotopy sequence of a pair, and discuss the
relative Hurewicz homomorphism. We conclude by considering certain maps,
called excision maps, which are associated to maps X — Y — Z whose
composition is trivial. These maps are heavily used in Chapter 6.

Unless otherwise stated, all topological spaces are based and all maps and
homotopies preserve the basepoint. We begin with some simple definitions.

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 115
DOI 10.1007/978-1-4419-7329-0_4, © Springer Science+Business Media, LLC 2011
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4.2 The Coexact and Exact Sequence of a Map

Definition 4.2.1

1. A set S with a fixed element denoted 0 is called a based set. If S and T are
based sets, then a function ¢ : S — T such that ¢(0) = 0 is called a based
function. The kernel of ¢, denoted Ker ¢, is the set {z |z € S, ¢(x) = 0}
and the mage of ¢, denoted Im ¢, is just the image of the function ¢. Let
S; be based sets and ¢; : S; — S;1+1 based functions for ¢ = 1,2. Then the
sequence

1 @2
Sl HSQHSE
is called ezact at Sy if Im ¢y = Ker ¢o. The sequence (finite or infinite) of
based sets and functions

Pi—1 bi
Si—1 S; Sit1
is exact if it is exact at each S;. If
biq b5
i1 S i1

is another exact sequence, then a map of the first exact sequence into the
second exact sequence consists of based functions h; : S; — S! such that
the following diagram commutes

Si1 S; Sit1
lhq‘,—l \Lh, lhwl
U /
’ Pic1 g/ i !
i—1 i i+1

2. Now consider a sequence (finite or infinite) of spaces and maps

This sequence is called coezact if for every space Z, the sequence of based
sets and functions

3 3 i
s [X3, 7] [X2, 7] [X1, 7]
is exact.
3. A sequence (finite or infinite) of spaces and maps
9ga Y3 g3 Y2 92 Yl
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is called exact if for every space W, the sequence of based sets and functions

&-[W,Yg] g3% [VV,YQ] 923% [WYI]

is exact.

If the S; are groups with identity 0 and the ¢; are homomorphisms, then
Ker and Im are groups, and this notion of exactness agrees with the more
familiar algebraic notion of exactness. In this context, a map of one exact
sequence of groups into another has the additional requirement that each h;
is a homomorphism.

We refer to a sequence of based sets and functions as a sequence of sets,
to a sequence of groups and homomorphisms as a sequence of groups, and to
a sequence of spaces and maps as a sequence of spaces.

Definition 4.2.2 Let

and
gi—1 9i

Yip

be two sequences of spaces. Suppose they are both finite on the left (M < 1,
for some M), finite on the right (i < N, for some N), finite (M < i < N),
or infinite (no restriction on 7). Then the sequences are called equivalent if
there are homotopy equivalences «; : X; — Y; such that each square in the
following diagram

fi— fi
X1 X, Xiy1
lai—l loéi lai+1
gi— i
Vi YV
is homotopy-commutative.
We begin with a lemma.
J1 f2 f3
Lemma 4.2.3 Let X X5 X3 --- be a coexact sequence.
x x x
1. Then Y'X; i Y X5 f2 Y X3 b ... s coexact.
2. If the sequence Yq Y5 Y3 -+« s equivalent to the given se-

quence, then it is coexact.

Proof. The only part of the proof requiring comment is (1), and this follows
from the adjoint isomorphism x, : [X'X,Z] = [X,2Z] and the fact that
[*Re =k (Xf)* forany f: X — X' O
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The next lemma deals with the mapping cone.

Lemma 4.2.4

1. If f: X =Y is any map, then X —f>Y L Cy is coexact, where k
is the inclusion.

2. Any cofiber sequence is coexact.

Proof. (1) This is a consequence of Proposition 3.2.12.
(2) Since any cofiber sequence X — Y — Z is equivalent to X - Y — Cf
by Proposition 3.5.4, the second assertion follows. ]

We will show that the infinite sequence of spaces and maps obtained from
the mapping cone construction is coexact. The main step in the proof is the
following proposition.

Proposition 4.2.5 Let f : X — Y be any map, letl : Y — Cj; be the
inclusion, and let p : Cy — Cp/I(Y) = XX be the projection. Then the
sequence of spaces

—-xf

X Y Cr—L-xX 3y,

s coexact.

Proof. For any space Z, we must show that

(—3f)% I*

[2Y, 2| —%[2X, Z|L—~[Cy, 21~ [y, 21—~ [ X, 2]

is exact. Exactness at [Y, Z] follows from Lemma 4.2.4. We also have that

is a cofiber sequence, and so by Lemma 4.2.4, there is exactness at [C, Z].
Next recall from Proposition 3.5.4 and Lemma 3.5.6 that there is a homotopy-

commutative diagram
C
\ l Pk,
@
P

XX

2y,

where k; : Cy — Cy u; CY = ( is the inclusion, XY = Ci/ki(Cy), p = pi
and py, are projections onto cofibers, and ¢ is a homotopy equivalence. The
sequence

-¥
o o nx L oyy
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is therefore equivalent to the sequence
k Pk
Cp s 0 —Ls 3,

and hence there is exactness at [Y' X, Z]. O

Remark 4.2.6 Because (Xf)* : [XY,Z] — [2X, Z] is a group homomor-
phism and —(Xf)* = (=X f)*, we obtain from Proposition 4.2.5 that the
following sequence of spaces

Poyxoyy

X Yy —Ls0y

is coexact.

Theorem 4.2.7 If f : X — Y is any map, then the sequence of spaces

f l

X Y P

XX

Cy

snx 2

sry 2 sne, gty
s coexact.

Proof. We apply Lemma 4.2.3 to the coexact sequence in Remark 4.2.6 and
obtain the coexact sequence

2
wx—>t syl vy

sy xe,

We then apply Lemma 4.2.3 to this sequence. We continue in this way to
complete the proof. O

As an immediate consequence of Theorem 4.2.7 we have the following corol-
lary.

Corollary 4.2.8 For any map f : X — Y and space Z, the following se-

quence of groups and sets is exact

njyk n ES n—1 ES
— zrey, 215 sy, 21 e x, 7)Y

[2n*10fa Z]*)

¥ I

*
---—p>[Cf,Z]

[Y, Z] [X, Z].

Remark 4.2.9 The exact sequence in Corollary 4.2.8 consists of sets, groups,
and abelian groups. In general, the last three terms are sets, the next three
are groups, and all others are abelian groups.

By taking Z to be an Eilenberg-Mac Lane space in Corollary 4.2.8 we
obtain the exact sequence in the following corollary.
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Corollary 4.2.10 If f : X - Y is a map, G an abelian group, and n = 0,
then there is a homomorphism 6" : H"(X; G) — H" " (Cy; G) such that the
following sequence is exact

* 0
H(C; @)~ HO(Y; 6) L HO (X3 G) 2 H (O @) e

* n
H"(Cp: &)L B (Y G) L (X5 G) s H 1 (O G)— -

Proof. Define 6™ to be the composition

~ *
H"(X;G)——=H"(£X; G)——H"+1(C; G). o
We introduce some terminology for the sequences that we have discussed.

Definition 4.2.11 The coexact sequence of spaces in Theorem 4.2.7 is called
the coexact sequence of a map. The exact sequence of Corollary 4.2.8 is some-
times referred to as the Puppe sequence or the Barratt—Puppe sequence. We
call the exact sequence in Corollary 4.2.10 the exzact cohomology sequence of
a map.

There are similar sequences for a cofibration. These are obtained as a
consequence of the results above. We proceed as follows. Let

A*i>X*q>Q

be a cofiber sequence. In Proposition 3.5.4 we proved that there is a homotopy
equivalence « from the mapping cone C; of i into @) such that the following

diagram commutes
\ ia
q

Q,

where [ is the inclusion. Thus we have the following equivalence of sequences

l P

A : X C; TA—2 . yX

\Lid iid \La \Lid \Lid
A ] X q Q & i

YA : X

"

where 0 = pa~!. By Lemma 4.2.3, the lower sequence is coexact. This allows
us to transfer the preceding results for the map ¢ : A — X to the cofiber
sequence A——=X ——=(). As a consequence of Corollaries 4.2.8 and 4.2.10,
we have the following corollary.
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Corollary 4.2.12 Let A*i>X—q>Q be a cofiber sequence.
1. For any space Z, the following sequence is exact

(2@ 21 x, 21 [ mn A, 2] 51, 7] —

Q2 —C X, 2] — (4, 7],

where o™ = (X" 10)* : [X"A, Z] — [271Q, Z].
2. If G is an abelian group and n = 0, then there is a homomorphism
A" H'(A;G) —» H"Y(Q; G) such that the following sequence is exact

HO(Q: 6)—L HO(X; 6)— = HO(A; ) —2- 1Y (Q: G)

HM(Q: )~ H™ (X G) " " (A4 G)— 2 H 1 (1 G)— -

Proof. Define A™ as the composition
H™(A; G)—E=H" (84, Q) -2~ H™(Q: G). o

Definition 4.2.13 Let A*z>X$Q be a cofiber sequence. The map
0=pat:Q — XYAis called the connecting map of the cofibration. The exact
sequence (1) of Corollary 4.2.12 is called the exact sequence of a cofibration
and the exact sequence (2) of Corollary 4.2.12 is called the ezact cohomology
sequence of a cofibration.

Remark 4.2.14

1. The exact cohomology sequence of a cofibration in Corollary 4.2.12 is
isomorphic to the exact CW or singular cohomology sequence of the pair
(Y, X) with coefficients in G, when the CW or singular cohomology groups
H*(Y, X; G) are substituted for H*(Q; G) (see [32, p. 14]).

2. We note for later use that there is an exact homology sequence of a map
and an exact homology sequence of a cofibration. These exact sequences
are similar to the ones above for cohomology in Corollaries 4.2.10 and
4.2.12, but the homology groups replace the cohomology groups and the
arrows are reversed (see [14, p.434]).

We next discuss the dual results for exact sequences of spaces. We state the
main results without proof and leave the statement of intermediate results
and all the proofs as exercises. These are straightforward translations via
duality of the corresponding results for coexact sequences.

For amap f : X — Y, we denote by I the homotopy fiber of f (Definition
3.3.13). We consider the sequence of spaces
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oy vax oy

where v is the fiber map and 7 is the inclusion of the fiber £2Y into the total
space Iy.
Theorem 4.2.15 If f : X — Y is a map, then the following sequence of

spaces 1s exact

oty 2 gnp, 2 ognx P ogny

Iy k X Y.
The next corollary is an immediate consequence of the theorem.

Corollary 4.2.16 If f: X - Y is a map and W is any space, then the
following sequence of groups and sets is exact
(£270)%

(Q2"v)4 (27 )%

o [W, Y [ E W, 20 T W, 0 X TR W, 0 Y ] ——

= W, QY] s (W, 1] — [, X ] 25 [, Y.

By taking W to be the Moore space M (G, n) in Corollary 4.2.16, we obtain
an exact sequence of homotopy groups.

Corollary 4.2.17 If f : X = Y is a map, G an abelian group, and n = 2
then there is a homomorphism dypi1 : Tp41(Y;G) = 7, (I5; G) such that the
following sequence of homotopy groups with coefficients is exact

——71 (Y] G)ﬂmrn(lf; G)—>7rn(X G)Lﬂ'n(Y G)——

——3(Y; G)L>7T2(If; G)L']TQ(X; G)i>7r2(Y; Q).
If G =Z, then this sequence can be continued to

mi(Iy) —2> (X)L (V) =2 mo(I5) =2 mo(X) L ().

Proof. Define d,,+1 to be the composition

7rn+1(Y;G)—;>7rn(QY;G)Lﬂn(ff;G). o
Next we show how to obtain exact sequences for fibrations. Let

Fr—sp-".B
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be a fiber sequence. By Proposition 3.5.10, there is a homotopy equivalence
B : F — I,, where I, is the homotopy fiber of p.

Definition 4.2.18 The connecting map 0 : 2B — F' of the above fibration
is the composition

. —1
B %Ipﬂ—>F ,
where i is the inclusion and 87! is a homotopy inverse of §3.

It now follows, analogous to the dual situation, that the sequence

g P g P _ognp P onp
op—% ~p— 1 .p " .p
is equivalent to the sequence
n; ny, on
s ritp i ony, 2 onp ~ B onp
2B——>1,—* >E—" >B

Thus we obtain the following corollary.

Corollary 4.2.19 Let F—2sE-"-Bbea fiber sequence.
1. If W is any space, then the sequence

(027) 4 (027 5) % (2"p)x

o [W, Q7L B2 [W, " F] L (W, 00 B2 [ W, 2" B]—

Oy Js P

[W, 2B] (W, F] (W, E] [W, B]

s exact.

2. If G is an abelian group and n = 2, then there exists a homomorphism
6n+1 : g1 (B; G) = mo(F; G) such that the following sequence is exact

On+41

T 11 (B G)——, (F G)iwn(E; G) 27, (B; G)—

7a(F; G) 2y (B3 G)—om5(B; ).

m3(B; Q)

If G = 7Z, then this sequence can be continued to

Js D 01 Js D

7T1(F)

7T1(E)

7T1(B)

7o(F) mo(E) mo(B).
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Proof. Define 0,41 to be the composition

7Tn+1(B;G)i>7rn(QB; G)gﬂn(F;G). ]

We now introduce some terminology for the previous exact sequences.

Definition 4.2.20 The exact sequence of spaces in Theorem 4.2.15 is called
the ezxact sequence of a map. The exact sequence in Corollary 4.2.17 is called
the exact homotopy sequence of a map. The exact sequence in Corollary
4.2.19(2) is called the exact homotopy sequence of a fibration.

Remark 4.2.21 We observe that the exact sequences of sets and groups
in Corollaries 4.2.8, 4.2.10, 4.2.12, 4.2.16, 4.2.17, and 4.2.19 are all natural
with respect to the appropriate maps of spaces. This means that these maps
induce maps of the exact sequences. Rather than stating this result for all
of the sequences mentioned above, we just do it for one of the corollaries to
illustrate the general principle.

We consider Corollary 4.2.8. Let f: X — Y and f/ : X’ —» Y’ be maps
and assume that there is a homotopy-commutative diagram

X—Y
f’
X —Y".

By Proposition 3.2.13, there is a map @ : Cy — C}/ such that the following
diagram homotopy-commutes

Y l Cy ? X
l b l‘? l Ya
v r Cp u X,

From this we obtain a map of the exact sequence of f’ in Corollary 4.2.8 into
the analogous exact sequence of f

——[X"Cyp, Z]—— "Y', Z|—— 2" X', Z|——[ X" Cy, Z]——
(2"45)* (an)* (Z”a)* (2"’_1¢’)*

——[2"Cy, Z|——[2"Y, Z|—— 2" X, Z]—— 2" 1 Cy, Z]—

where the top line is induced by the suspensions of I/, f’, and p’ and the
bottom line is induced by the suspensions of [, f, and p. Thus the sequence
in Corollary 4.2.8 is natural with respect to the maps a and b.
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4.3 Actions and Coactions

In this section we introduce the notion of an H-space acting on a space and
the dual notion. These are used to refine exactness of the end terms of the
some of the exact sequences of Section 4.2. We begin by giving the homotopy
version of a group acting on a space.

Definition 4.3.1 Given a space X and an H-space (A, m). A (right) action
of A on X isamap ¢: X x A — X such that

1. ¢j1 ~id : X - X, where j; : X — X x A is the inclusion.
2. p(pxid) 2 p(idxm) : X x Ax A— X:

X xAxA pxid X x A
iidxm l(b
X x A ¢ X.

We say that A acts on X by ¢.
We now give a few simple examples. We give others later in this section.

Example 4.3.2

e If GG is a group and if there is an action of G on X with equality instead
of homotopy in Definition 4.3.1, then X is a right G-space (Exercise 3.21).
This concept appears frequently in the literature ([14, p. 54], [49, Chap. 1,
Sect. 12]).

e If X = A and (X, m) is a homotopy-associative H-space, then X acts on
itself. Definition 4.3.1(2) is just the homotopy-associativity of m.

We next show that in a fibration, the loops on the base act on the fiber.
We begin with principal fibrations. Let f : X — Y be a map and let [y =
{(z,w)|z e X, we EY, f(x) =w(0)} be the homotopy fiber of f. Then

QYAIfi>X,

is a fiber sequence, where i(w) = (*,w) and v(z,w) = z for w € Y and
x € X. Recall that for any space Y, the loop space £2Y is a grouplike space
with multiplication m : 2Y x 2V — 2Y, and we write m(w,v) = w + v, for
w, v € 2Y. More generally, if w € EFY and v € 2Y, then w + v € EY.

We define a map ¢¢ : Iy x 2Y — I; by ¢o((z,w),v) = (z,w + v), for
(z,w) e I; and v e Y.

Proposition 4.3.3
1. The map ¢o : Iy x 2Y — Iy is an action of 2Y on I;.
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2. The following diagram commutes

%o

IfXQY If
P
Ip— X

where py : Iy x £2Y — I is the projection.

3. The following square diagram is commutative and the following triangular
diagram is homotopy-commutative,

QY x QY — > 0Y and () R
\Lixid , \Lz le /
Ip x QY - I Iy x QY,

where jo is inclusion into the second factor.
4. If the square

P
X' ! Y’

is commutative and ¥ : Iy — Iy is defined by ¥(z,w) = (a(x),bw), for
(z,w) € Iy, then the square

Ipxv — % .,

l?x()b J{W
U

Ipx Qv — % 1,

is commutative, where ¢o and ¢f, are the actions.

Proof. (1) Let jy : Iy — Iy x £2Y be the inclusion and let (z,w) € Iy. Then
poj1(z,w) = do((z,w), *) = (z,w + *),
and so ¢oj1 >~ id. Next if (z,w) € Iy and A, p € £2Y, then
$o(¢o x id)((z,w), A, 1) = (2, (w + A) + )

and
do(id x m)((z,w), A, 1) = (z,w + (A + ).

Hence ¢g(¢g x id) =~ ¢o(id x m).
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(2) and (3) The proofs are straightforward and hence omitted.
(4)
Yo ((z,w),v) = ¥(z,w + 1)

for (z,w) € Iy and v € 12Y. O

We next show how to define an action for any fibration F—sgp-"'.B.
Recall from Proposition 3.5.10 and Remark 3.5.11 that the map 5 : F' — I,
which is given by (x) = (j(x), #) for € F is a homotopy equivalence. Then
we define a map ¢ : F' x 2B — F' as the composition

;i —1
FxoB S 1 xoB-2>1, 2 LR

where ¢q is the action above and 87! is a homotopy inverse of f3.
Theorem 4.3.4

1. The map ¢ : F x 2B — F' is an action of 2B on F.
2. The following diagrams are homotopy-commutative

2B x QB—™ 0B and 2B ¢ F
iﬁxid , ia lh/
F x 2B F F x 2B,

where 0 : 2B — F is the connecting map (Definition 4.2.18) and jo is
inclusion into the second factor.

3. If FF'—~E'—2 > B’ is another fibration and there is a commutative di-
agram

F E B

ld l lb
jad s E v B,

then the following diagram is homotopy-commutative

¢

Fx2B——F

ldx()b ld
d)l

F' x QB F'

where ¢ and ¢' are the actions of the two fibrations.
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Proof. Since 8 : F — I, is a homotopy equivalence and ¢ = 37 ¢ (8 x id)
and 0 = B 1i, the proofs of (1) and (2) follow easily from Proposition 4.3.3.
For (3) we first note that the maps a and b determine a map ¥ : I, — Iy
defined by ¥(z,w) = (a(z),bw), for z € F and w € EB. Then it is easily
checked that W3 = /3'd, and so the squares in the following diagram

¢
— <o Ty
F'x QB T I, x 28 o 1 pu F
ldx()b leQb J{w id
1’ i ! 1—1

are homotopy-commutative. Therefore
do = dB™ o (B x id) = g (8 x id)(d x 2b) = ¢'(d x 2b).
This completes the proof. m]

The map ¢ in Theorem 4.3.4 is sometimes referred to as the holonomy map
or the holonomy action.

For the rest of this section we give the dual theory of coactions. These
results follow easily by straightforward dualization, and so we state only the
main results and omit their proofs.

Definition 4.3.5 Given a space Y and a co-H-space (B, c). A (right) coac-
tion of B onY isamap ¢ : Y — Y v B such that

1. ¢1¢ ~id, where ¢; : Y v B — Y is the projection.

2. The following diagram is homotopy-commutative

% v YvB

lw J{idvc
P vid

YvB——Y v Bv B.

We say that B coacts on Y.

We begin by defining a coaction for a principal cofibration. Let f: X — Y
be a map and consider the cofiber sequence

y—tso;—tsyx,

where [ is the inclusion and ¢ is the projection. We define a map o : Cy —
Cy v ZX by ¢oly) = ({y), #) and
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(z,2t),%)  if0o<t
Yol, t) = {(*,@,21; —1))if £ <t

forxre X,yeY, and te [.

A o
[\

Figure 4.1

Proposition 4.3.6 For any map f: X — Y, the map ¥ : Cy — Cy v XX
defined above is a coaction.

For an arbitrary cofibration A—-—=X —p>Q, the map o : C; — @ which
is given by a{a,t) = * and alz) = p(z), fora € A, x € X and t € I, is a
homotopy equivalence (Proposition 3.5.4 and Remark 3.5.5). Then we define
amap ¢ : Q — Q v YA as the composition

Q- v nAil gy A

Theorem 4.3.7
1. The map ¥ : Q — Q v YA is a coaction of XA on Q.

2. The following diagrams are homotopy-commutative

P

27

Q Qv XA and Q YA
J{n \L("vid iw /
YA—F SYAVEA Qv YA,

where 0 : Q — XA is the connecting map of the cofibration (Definition
4.2.13) and qo is the projection.

3. If A'#X’L>Q’ is a cofibration and there is a commutative diagram
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A : X Q
T
A ! X’ ! Q'

then the following diagram is homotopy-commutative

O— Y L QvxA

lc ix

Q————=Q v IA,

where ¢ and 1" are the coactions of the two cofibrations.

4.4 Operations

In this section we show how the actions and coactions of the previous section
lead to operations of one homotopy set on another. We note that several
authors use the terms “action” and “operation” interchangeably. However
we attempt to use the word “action” to apply only to spaces.

Definition 4.4.1 Let S be a based set with a binary operation (denoted
+) and two-sided identity 0. We say that S operates on a set V if for every
s € S and x € V, there is an element z° € V such that (1) 2° = z and (2)
(%)t = 2% for all z € V and s,t € S.

Suppose that (A, m) is an H-space, X is a space, and ¢ : X x A —> X is
an action of A on X. If W is any space and g : W — X and a : W — A are
any maps, then define g* : W — X to be the composition

¢

A X xA X

gxa

w W x W

)

where A is the diagonal map. If ¢ ~ a’ : W — A with homotopy a; and
g~¢ :W — X with homotopy g¢;, then g% ~ ¢’* with homotopy gyt Thus
there is a function [W, X] x [W, A] — [W, X] defined by

(o)) = [g"] € W, X],
for [g] € [W, X] and [a] € [W, A].

Proposition 4.4.2 The function [W, X] x [W, A] — [W, X] defined above is
an operation of [W, A] on [W, X].
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Proof. (1) Let p=[f] e [W,X]and 0 = [«] € [W, A],let p; : W xW — W be
the projection onto the first factor, and let j; : X — X x A be the inclusion.
Then in the diagram

A W x W ke X x A

\Lpl le o
f

W——m"—X

w

the top line is f* : W — X (i.e., * operating on f), the square is commutative
and the triangle is homotopy-commutative by Definition 4.3.1. Thus f* ~
fp1A = f,and so p° = p.

(2) Let p = [f] € [W,X] and o = [a], 8 = [b] € [W, A]. Then in the
following diagram

Axid fxaxb

W—Low x WL W x W XxAx A x x4

\Lidxm ld)
¢

XxA—2 oA

the top line is (f®)® and the triangle is homotopy-commutative by Definition

4.3.1. Therefore
(f*)" =~ ¢(f x m(a x b))(A x id)A

9(
fomwX)XﬂXA)
= o(f x (a+b)A

= [0,

and so (p®)? = path. o

Next we let f : X — Y be any map and consider the principal fiber
sequence

QY#If*U>X.

By Proposition 4.3.3, there is an action ¢qg : Iy x 2Y — I;. This yields an
operation of [W, 2Y] on [W, If], for any space W.

Lemma 4.4.3 Ifi, : [W, QY] — [W,If] and a,~ € [W, 2Y], then

1. dg(a+7) = (is(@)).
2. iy(y) = 0.

Proof. (1) Let o = [a] and v = [¢] and consider the diagram

A iaxc

W x W————1Iy x 2V Iy

Tixid Tz
axc
m

Y x 2Y Y,

w
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where the top line equals (ia)¢. The triangle is clearly commutative and the
square is commutative by Proposition 4.3.3. Therefore

(ia)¢ =i(a + ¢),

and this proves (1).
(2) The proof follows from Part (1) by setting o = 0. O

By Corollary 4.2.16, the following sequence is exact

(1)

W, QX1 W, QY] [ W, 1] W, X,

for every space W. We use the operation of [W,2Y] on [W,If] to obtain
more information about the exactness at [W, I;] and at [V, 2Y].

Theorem 4.4.4

1. Let p,o € [W,If]. Then vi(p) = v«(0) < there exists v € [W, 2Y] with
o=p.

2. Ifv,0 € [W, 2Y], then iy (y) = ix(0) <= there exists e € [W, 2X] with ~
= (£2f)x(€) + 0.

Proof. (1) Let p = [g] and v = [c]. We first show vg® >~ vg. We have that
vg© is the top line of the diagram

W2 W xW—2 o xy— "
-
If—v>X,

where A is the diagonal map. By Proposition 4.3.3(2), v¢y = vp;. Therefore
vg® = vp1(g x ¢)A = vg.

This shows that vy (p?) = v4(p).
We prove the other implication. Recall that Iy is the following pullback

Iy EY

lv f l

X————vY,

where po(l) = 1(0). Now suppose that p = [g], 0 = [h] € [W, I¢] and vg ~ vh.
By the covering homotopy property of the fiber map v, we can replace g by
a homotopic map (still called g) such that vg = vh. Thus

(ug)(w)(0) = (poug)(w) = (fvg)(w) = (fvh)(w) = (pouh)(w) = (uh)(w)(0),



4.4 Operations 133

for every w € W. We then define ¢ : W — Y by

for we W and t € I, so c(w) = —(ug)(w) + (uh)(w). We show g¢ ~ h. We

have
(99)(w) = ((vg)(w), (ug) (w) + c(w))
= ((wg)w), (ug)(w) + (=(ug)(w) + (uh)(w))),
and so ug + (—ug + uh) ~p uh : W — EY for some homotopy F such
that F(w,t)(0) = (fvh)(w). Since h(w) = ((vh)(w), (uh)(w)), it follows that
gczh:WHIf,andsop[C] =o.

(2) We first prove the implication “=". Suppose i4(v) = i4(d). Then for
every v € [W, 2Y],

ix(y+v) = (ix(7)" = (ix(6))" = ix(6 + v),

by Lemma 4.4.3. Therefore with v = —§, we have i,(vy—39) = 0. By exactness,
there exists € € [W, 2Y] such that v = (£2f)«(€) + 4.
Now we prove “<=". Suppose 7 = (£2f)«(€) + 9, for some € € [W, 2X].
Then
i (7) = 05 ((£2f)x(€) +6) = (l*(Qf)*(E))6 =0 = ix(0),

by Lemma 4.4.3. m|

We extend Theorem 4.4.4 to arbitrary fibrations. Let F —2-p-'.B
be a fiber sequence. By Proposition 3.5.10 and Definition 4.2.18, the map
8 : F — I, is a homotopy equivalence such that the following diagram
homotopy-commutes

OoE—2 .o ° .p__J g
|
oE—2 .o ' . .

where 0 : 2B — I is the connecting map. By Section 4.3 there is an action
¢: F x 2B — F defined as the composition

i 1
Fxop 2% xop a1, L o p

Then ¢ determines an operation of [W, 2B] on [W, F], for any space W. Thus
we obtain the following commutative diagram
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2 P i
W, QB — 2 (W, 08— (W, F]— W, E]
~ | By
(% i l v
[W, 2E)] o - (W, 1] : W, E

such that the operation of [W, 2B] on [W, F] in the top line is compatible
with the operation of [W, £2B] on [W, I,,] in the bottom line, that is, B4(x") =
(B (x))", for x € [V, F] and € [V, 2B].

These remarks together with Theorem 4.4.4 give the following theorem.

Theorem 4.4.5 Let F+>EL>B be a fiber sequence with connecting
map 0 : 2B — F. Let ¢ : F x 2B — F be the action with corresponding
induced operation of [W, £2B] on [W, F], for every space W.

1. If x, £ € [W, F], then j«(x) = j«(§) <= & = X7 for some v € [W, 2B].
2. If v,0 € [W,02B], then 0x(7) = 04(0) <= v = (2p)«(€) + 8, for some
e [W, RE].

We conclude this section by briefly considering operations obtained from
coactions.

Definition 4.4.6 Let (B, c) be a co-H-space and ¢ : Y — Y v B a coaction
of BonY. If Z is any space and g : Y — Z and a : B — Z are any maps,
then define ¢g® : Y — Z as the composition

P gva

Y Y v B v

Z N7 Z

)

where V is the folding map. This defines an operation of [B, Z] on [Y, Z] by

[9]l) = [g*] e [Y, Z].

For any map f : X — Y, we have seen in Proposition 4.3.6 that there
is a coaction ¢y : Cy — Cy v X'X. This yields an operation of [XX, Z] on
[Cy, Z], for every space Z. By Corollary 4.2.8, the map f: X — Y gives rise
to the following exact sequence

(Zf)*

— v, 21X, 2]y, 2]y, 2],

Theorem 4.4.7

1. Let p,o € [Cy, Z]. Then I*(p) = [*(0) < o = p?, for some vy € [X X, Z].
2. Let v,6 € [X¥X,Z]. Then ¢*(v) = ¢*(§) = ~v = (X f)*(e) + &, for some
e [2Y, Z].

IfA—'sX *p>Q is any cofibration, then there is a homotopy equiva-
lence a : C; — @ by Proposition 3.5.4 and a coaction ¢ : Q — Q v XA which
is defined as the composition
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a~t Yo avid
Q——=C;,——=C;vYA——Q v YA

This gives an operation of [¥'A, Z] on [Q, Z], for any space Z. We have the
following exact sequence

(Zi)* o

*
= [EX, 7] [P A, Z] &

(@, Z] [X. 2]

by Corollary 4.2.12.

Using «, we map the exact sequence of the cofibration into the exact
sequence of the map i : A — X and obtain the following result from Theorem
4.4.7.

Theorem 4.4.8 Let A—i>X—p>Q be a cofibration and consider the op-
eration of [Y'A, Z] on [Q, Z].

1. Let x,€ € [Q, Z]. Then p*(x) = p*(§) <= £ = X7, for some v € [Y A, Z].
2. Let v,6 € [YA,Z]. Then 0*(y) = 0*(9) < v = (Xi)*(¢) + 0, for some
ce[2X,Z].

4.5 Homotopy Groups II

In this section we discuss the homotopy groups in more detail. We begin with
an alternative characterization of the homotopy groups of a space. We then
introduce and study the homotopy groups of a pair of spaces. After that we
derive exact homotopy sequences which are obtained from two maps whose
composition is trivial.

We adopt the following notation. If f : X — Y is a map and f(A) € B for
A c X and B €Y, then we write f': (X, A) — (Y, B) for the map of pairs
determined by f. The pairs (X, A) and (Y, B) are homeomorphic if there is
a homeomorphism 6 : X — Y such that 6|4 : A — B is a homeomorphism.

Now let I"™ be the n-cube I x I x --- x I (n-factors) and let dI"™ be the
boundary of I"™, the set of all (t1,t2,...,%,) in I™ such that some ¢, =0 or 1
and let the basepoint = of 01" be (1,0, ...,0). For a space X we consider maps
of pairs f: (I",0I™) — (X, {*}) and denote by 7} (X) the set of homotopy
classes of these maps. Two maps f,g: (I",0I"™) — (X, {#}) are homotopic if
and only if f ~ greldI". Clearly there is a homeomorphism from ™ to E™
that carries 1™ onto S™~!, and so the pair (1™, dI™) is homeomorphic to the
pair (E™,S"~1). Thus we could regard 7/,(X) as the set of homotopy classes
of maps (E™, S"~!) — (X, {#}). The pair (E™, S"~!) is homeomorphic to the
pair (EY, S™ 1), where E? is the upper cap of S", therefore we could also
regard 7/, (X) as the set of homotopy classes of maps (E%, S" 1) — (X, {x}).

We set S = (0,0,...,—1) € S", called the South Pole, and N =
(0,0,...,1) € S™, called the North Pole, and recall that = = (1,0,...,0)
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is the basepoint of S™ (as well as of £} and E™). We define a continuous
function k : B} — S™ as follows. Represent the points p € S™ C R+ as
[z,u], where x € S~ ! and —1 < u < 1 is the last coordinate of p, as indicated
in Figure 4.2.

C L2

EY

Figure 4.2

Thus = (1,...,%,) is the point in S"~! determined by the ray from the
origin through the projection of p onto R™. Therefore [z, u] corresponds to
(P1,- -, pn,u) with p; = z;+/1 —wu? for ¢ = 1,...,n. Define k : E — S™ by
k[x,u] = [z,2u — 1], for 0 < u < 1 and z € S"~1. Then k(S"~!) = {S} and
k|(E%? — S™ 1) is a free map that carries E% — S™ ! homeomorphically onto
S™ —{S}. It can be described as follows. The upper cap E? € S™ is stretched
on S™ with N fixed and S" ! € E7 going to S.

Q

STL

Figure 4.3

In order to obtain a map E7 — S™ that carries S™ ! to {+} and is a homeo-
morphism E? — S™ 1 =~ S — {«}, we compose k with a rotation p of S™. If
we define p by p(t1,ta,. .., tnytns1) = (—tny1,to, ... by, t1), then p carries S
to #. Thus we have the map h = pk : E" — S™ that carries S"~! onto {x}
and maps E7 — S"~! homeomorphically onto S™ — {+}. Now h determines a
map of pairs b’ : (B, S"71) — (8™, {x}).

Proposition 4.5.1 For all spaces X and n = 1, the function 6 : m,(X) —
m (X) defined by O] f] = [fR] is a bijection.
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Proof. We first show that 6 is one—one. Suppose f,g: S™ — X and fh' ~p
gh' : (E%,S"') — (X,{x}). Since h is an identification map, so is h x
id : ET x I — S™ x I (Appendix A). Therefore F' : E? x I — X induces
G : 8™ x I — X. Hence f ~¢g g, and so [f] = [g]-

To show 6 is onto, let I : (E",S") — (X, {#}) be a map. Then [ induces
amap [ : S" — X such that [h' = [ Thus 0[{] = [I]. O

Next we see that this alternative characterization of homotopy groups gives
rise to an alternative definition of addition.

Remark 4.5.2 If f, g : (I", 0I") — (X, {#}), then define f+'g : (I",0I") —
(X, {}) by

’ _ flti,ta, ..., 2t,) if 0<t, < %
(f +' 9)(t1 o, tn) = {g(tl,h,...ﬂ if L <t, <1,
for (t1,t2,...,t,) € I. Clearly this induces a binary operation on =/, (X)

denoted +'. Then O(a+ ) = 0(a))+'0(5) by Exercise 4.7. Because of this and
Proposition 4.5.1, we drop the prime in 7}, (X) and 4+’ and regard the group
m(X) as homotopy classes of maps S™ — X, as homotopy classes of maps
(I™,0I™) — (X, {#}), or as homotopy classes of maps (E™, S"!) — (X, {#}).

We next study the relative homotopy groups, that is, the homotopy groups
of a pair of spaces. These are generalizations of the homotopy groups and are
similar to the relative homology and cohomology groups. For a pair of spaces
(X, A), the relative homotopy groups give information on the homotopy ho-
momorphism induced by the inclusion map A — X.

Now let X be a space and A € X a subspace. We denote by E(X; A, {*})
the subspace of the path space EX consisting of paths that begin in A and
end in {x}. Clearly F(X; A, {#}) is just the homotopy fiber of the inclusion
map A — X.

Definition 4.5.3 For A € X and an abelian group G, we define the nth
relative homotopy group of the pair (X, A) with coefficients in G by

7TTL(X’A7G) = Tn—1 (E(X7A’ {*})7G)a
for n = 3. When G = Z, we have
(X, A) = mp1 (E(X; A4, {#})),

for n > 1. We refer refer to the m, (X, A) for n > 1 as relative homotopy groups
even though 7 (X, A) is in general just a based set. A map [ : (X, 4) —
(Y, B) of pairs induces a map F(X;A,{+}) —» E(Y;B,{*}) and hence a
homomorphism f, : m,(X, 4;G) — 7, (Y, B;G), forn = 3 (n = 2, if G =
7). Furthermore, the induced function f, : m (X, A) — 71 (Y, B) is a based
function and is called a homomorphism.
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We can interpret relative homotopy groups with coefficients as follows.
If « = [a] is an element of m,(X,A4;G), then ¢ : YM(G,n — 1) =
M(G,n) — E(X;A,{*}). By taking the adjoint of a we obtain a map of
pairs @ : (CM(G,n—1), M(G,n—1)) - (X, A). Clearly we may then regard
T (X, A; G) as homotopy classes of maps (CM(G,n — 1), M(G,n — 1)) —
(X, A). In the case G = Z, we have M(Z,n—1) = S" ! and CS"! =~ E"
(proof of Proposition 2.3.9), and so we may regard the relative group , (X, A)
as homotopy classes of maps (E™, S"~!) — (X, A).

We give another interpretation of the relative homotopy groups with Z
coefficients. Regard I"~! C I™ by identifying I"~! with I"~! x {0} < I"™. Let
Jn=1 < I" be the set of all (t1,ts,...,t,) € I"™ such that either ¢; = 0 or 1,
for some ¢ =1,2,...,n—1,or t, = 1.

I’n

Shaded face is I™~1, union

of other faces is J7*~1

Figure 4.4

Note that J» 1 = (31" ! x I) u (I"! x {1}) and I" ' v J" ! = oI,
where 01"~ is the boundary of I" =1 If f, g : (I, I"71, J"1) — (X, A, {+}),
then f ~ g means that there is a homotopy f; between f and g such that
fUI"Y) € A and £,(J771) = (s},

Remark 4.5.4 If (X, A) is a pair of spaces and n > 1, then there is a bijec-
tion of 7, (X, A) with the set of homotopy classes of maps (1™, ["~1, J*~ 1) —
(X, A, {}). The bijection is given as follows. Assume that f : (I""1 0I" 1) —
(E(X; A, {#}),{*}). Then we consider the adjoint f : I" = I""! x [ — X
of f. Clearly f(I"! x {0}) € A and f(I" 1 x {1}) = {+} = f(oI"* x I),
and so f : (I",I"=! J"=1) — (X, A,{}). Then the function p defined by
u[f] = [f] is the desired bijection. For details, see [41, pp. 17-19].

We next obtain an exact sequence for relative homotopy groups. By Propo-
sition 3.3.2, the sequence of spaces

0X——=E(X; A, {x})—"=A4



4.5 Homotopy Groups II 139
is a fiber sequence, where ¢o(w) = w(0), for w € E(X; A, {*}). By applying
Corollary 4.2.19(2) to this fibration, we have the following exact homotopy
sequence of the pair (X, A) with coefficients in G

—— 1 (X, A4 G) —— (A G) —— (X5 G) —— (X, 4, G) ——

c = m3(X, A G) ——— m2(4; G) —— (X G).

For G = Z we can adjoin the following exact sequence to the preceding one

(X, A) ——=m1(A) m(X) m (X, A) mo(A) mo(X).

In general, the last three terms are not groups and the previous three terms
are groups that are not necessarily abelian. Let the boundary map in this lat-
ter sequence be denoted by 0, : m, (X, A) = m,_1(A). If we regard 7, (X, A)
as homotopy classes of maps f : (E", S"™!) — (X, A), then by Exercise 4.16,
Onlf] = [fIS"71].

Furthermore, if g : (X,A) — (Y,B) is a map, then g gives rise to a
commutative diagram of maps from one fiber sequence to another

QX ——=E(X; A, {x})—=A
Qg Eg igA

QY —=E(Y; B, {#})—=B,

and hence a map from the exact homotopy sequence of the pair (X, A) into
the exact homotopy sequence of the pair (Y, B).

We study the relative group in more detail. This leads to a proof of Lemma
4.5.7, a generalization of Lemma 2.4.5, which was stated without proof.

Lemma 4.5.5 Let (Y, B) be a pair of spaces and let f : (E™, S"~1) — (Y, B)
represent an element o € 7, (Y, B). Then a = 0 if and only if there exists a
map g : (E™,S" 1) — (Y, B) with g|S™ ! = f|S™ 1, f ~ g rel S* 1, and
g(E™) € B.

Proof. Suppose that o = 0. We first define a function F': E™ x I — E" x [
by
[ (m/(1=t/2),t) fO< || <1—1t/2
Pt = { e ) e s i o

for x € E™ and t € I. If E}* denotes E™ x {t} € E™ x I, then Figure 4.5
illustrates the image of E}* under F.

Clearly F|EY = id and F maps {z € E}'||z] < %} to E and maps
{v e B ||z| = 3} to S" P x I If f ~¢ «: (E",S") — (Y, B), then set
g(z) = GF(z,1) for x € E™. Thus g(E™) € B and f ~gr g rel S" 1.
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F|ED t
| 1 —
0
Ep} E"™ x I
Radius of inner ball
-1t
2
Figure 4.5

Conversely suppose f ~p g rel S"~! and g(E™) € B. Define a homotopy
G:E"xI—>Y by

(H(xz,2t) if0<t<1/2

forx € E™ and t € I. From t = 0 to ¢ = 1/2 the homotopy G is just the
homotopy H and from ¢t = 1/2 to ¢t = 1 the homotopy G is g on the line
segment in E™ from x to . Then f ~g * : (E", 8" 1) — (Y, B). O

This lemma plays a key role in the following result.

Lemma 4.5.6 Let e : B — Y be a map such that ey : m_1(B) = m_1(Y)
is @ monomorphism and ey : 7p(B) — 7 (Y) is an epimorphism, for some k.
Leti: S¥=1 — E* be the inclusion map and leta : E¥ —Y andb: S*~! - B
be maps with ai ~g eb for some homotopy H : S*~1 x I -Y,

Sk—l b—> B

Ek =

Then there exists a map b:E¥ > B anda homotopy J : E¥ x I —'Y such
that bi = b, a ~; eb, and J|S*~' x I = H.

Proof. We can replace e by the inclusion of B into the mapping cylinder M,
of e (Definition 3.5.1 and Proposition 3.5.2), and so can assume that e is an
inclusion map. Then the hypothesis on e, and the exact homotopy sequence
of the pair (Y, B) imply that 7 (Y, B) = 0. Write H (z,t) = h¢(z) and consider
the homotopy-commutative square above. Because i is a cofibration, there is
a homotopy k; : E* — Y such that kg = a and k; i = h;. Thus the following
square is commutative
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Skfl b—> B
EF b Y,

and a map of pairs k| : (E¥ S*1) — (Y, B) is determined by k;. Since
[k1] € me(Y, B), it follows that [k7] = 0. By Lemma 4.5.5, there exists a map
b: E¥ - B such that bi = b and k1 ~¢ eb rel SF-1 , for some homotopy
G:EF x I — Y. If K(z,t) = k¢(z), then

a = k(] ~K ]€1 ~a eb.

We then define the homotopy J’ : E¥ x I — Y to be the concatenation of
K and G, that is, J' = K + G (see the discussion before Definition 1.3.3).
Then a ~ b and J'|S*=1 x I = H + F., where F,p, : S*71 x [ — Y is the
stationary homotopy determined by eb : S¥~1 — Y. Clearly H + F,, ~ H rel
SF=Lx oI : S*1 xI — Y and we denote this homotopy by A, : S¥~ I xI — Y.
Define a homotopy I} : S¥=1 x I U E* x 0I - Y by

for z € S¥=1, y e E¥ and s e I. Then we have the diagram

Sk=1 w1 U EF x oI

) I
J

EFx I J Y,

where j is the inclusion. But j is a cofiber map and J'j = Iy. Therefore
J' is homotopic to a homotopy J : E¥ x I — Y such that a ~; eb and
J|S*~1 x I = H. This completes the proof. o

We next prove the lemma which implies the result (2.4.5) that was used
to prove Whitehead’s first theorem 2.4.7. The property that appears in this
lemma is often referred to as the homotopy extension lifting property and
the lemma is called the HELP lemma.

For the proof we recall Zorn’s lemma. Let S be a set with partial ordering
“<”. A subset of S is called a chain if for any two elements a and b in the
subset, either a < b or b < a. If every nonempty chain in S has an upper
bound, (that is, an element greater than or equal to every element of the
chain), then there is a maximal element in S, (that is, an element that is not
strictly less than any element of S) [26, pp. 30-32].
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Lemma 4.5.7 Let (X, A) be a relative CW complex and let e : B —'Y be
a map. Assume that for every k such that there exists one or more relative
k-cells of (X, A), the homomorphism e, : m_1(B) — m—1(Y) is a monomor-
phism and the homomorphism ey : m(B) — m(Y) is an epimorphism. Let
j: A— X be the inclusion and suppose that there are maps f: X — Y and
g:A— B and a diagram

such that eqg ~y fj, for some homotopy L : A x I — Y. Then there exists
amap g : X — B and a homotopy F' : X x I — Y such that gj = g and
ej ~p f, where F|A x I = L.

Proof. We consider the set S of all triples ((X’, A),g’, F'), where (1) (X', A)
is a subrelative complex of (X, A) (Remark 1.5.16), (2) ¢ : X' - Bis a
map such that §'j = g; and (3) F/ : X/ x I — Y is a homotopy such that
eq ~p f|X" and F'|A x I = L. Then S is a set that is partially ordered as
follows: ((X1,A4),q1, F1) < (X2, A), g2, Fo) if X1 € X5, go is an extension of
g1, and Fy is an extension of Fj. Since S satisfies the hypotheses of Zorn’s
lemma, there is a maximal element ((X,,, A), Jm, Fin) in S. We show that
X, = X. Suppose X, is a proper subset of X. Then there is a relative cell in
(X, A) that is not contained in X,,, and we assume that e* is such an open
cell of lowest dimension. If @ : E¥ — X is the characteristic map of this cell
with @|S¥~1 = ¢, then there is a diagram

(z) gm

Sk—l Xm B
o “b X ! Y.

Because e g, ~p,, f|Xm, it follows that € g,¢ ~p, (¢xia) f@i. By Lemma

4.5.6 there exists a map b: E¥ — B such that bi = Jm® and a homotopy
J:E* x I —Y such that eb~; f& and J|S¥~! x I = F,,(¢ x id),

B
) //
-7 fe
! Y.

Bf——————

We define X’ by the following pushout square
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Sl ——— X

|

Ek

and define § : X’ — B as the map of the pushout X’ determined by b and
Gm- Similarly consider the diagram

Sk=1 w1 oxid

\Lixid

EFx1T

where the square is a pushout square (Exercise 3.4) and the homotopy F’
is determined by J and F,. It is then easily verified that F’ is a homo-
topy between eg’ and f|X’. Thus the triple ((X', A),9’,F’) is in S and
((Xms A), Gm, Fin) is not less than or equal to ((X’, A),g’, F'). This contra-
dicts the maximality of ((X,,, A), Gm, Fm). Therefore X,, = X and we set
J=Gm and ' = F,,. ]

Lemma 4.5.6 is a special case of the HELP lemma 4.5.7 which occurs when
the relative CW complex (X, A) = (E*, S*=1). In the proof above, Lemma
4.5.6 was used to prove the HELP lemma.

We next make some additional comments on the HELP lemma 4.5.7. We
first note that this lemma immediately yields Lemma 2.4.5. In the latter
lemma the hypothesis is that dim(X,4) < n and e : B —» Y is an n-
equivalence. This clearly implies the hypothesis of the HELP lemma.

Remark 4.5.8 1. The hypothesis on e, may appear somewhat unwieldy.
However, as noted earlier, if e is an inclusion, then it is equivalent to
the condition that 7 (Y, B) = 0, and if e is not an inclusion, then it is
equivalent to 7 (Me, B) = 0, where M, is the mapping cylinder of e.

2. Tt is possible to prove the HELP lemma without invoking Zorn’s lemma.
This is done by defining the map g and the homotopy F' inductively
over the skeleta of (X, A). If this has been done on the (k — 1)-skeleton
(X, A)*=1 then the extension to each relative k-cell is carried out exactly
as in the proof of the HELP lemma above. This defines the map and the
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homotopy on the k-skeleton (X, A)*. These functions can then be put
together to yield the desired map ¢ and homotopy F.

3. The HELP lemma can be used to give a proof of the cellular approxima-
tion theorem. We sketch the proof. We are given a map f : (X, A) —
(Y, B) of relative CW complexes. We construct a cellular approxima-
tion g : (X,4) — (Y,B) of f by induction over the skeleta (X, A)™.
Assume that a map g,_1 : (X,4)" ! — (Y,B)" ! exists such that
f|(X7 A)n_l = jn—lgn—l : (X’ A)n_l - }/a where jn—l : (K B)n_l - Yis
the inclusion. We then have the diagram

(X, A" L2 (v, By s (Y, B)”

l |
FIX,A)"

(X, A)n Y,

where i,,_1 is the inclusion. Since j,, 1 = jnin_1, the diagram is homotopy-
commutative. Therefore, to apply the HELP lemma to this diagram and
obtain g, : (X, 4)" — (Y, B)", we need 7, (Y, (Y,B)™) = 0. This is true
but the proof is technical and we do not give it. We refer to [91, p. 73] or
14, p. 207].

Next we derive a useful corollary of the HELP lemma.

Corollary 4.5.9 Let j: A - X, f: X - Y, g: A—> B, ande: B—>Y be
maps such that eg = fj. Assume that e is a fiber map with fiber F

g

B

7z

b

J // e
-

-
_—

1. If (X, A) is a relative CW complex with inclusion map j and wp—1(F) =0
for every k for which there exists one or more relative k-cells of (X, A),
then there exists a map g : X — B such that §j = g and eg = f.

2. If j is a k-equivalence and 7;(F) = 0, for i = k, then there exists a map
g: X — B such that §gj ~ g and eg ~ f.

Proof. (1) The condition 7 1(F) = 0 is equivalent to the condition that
ey : Tp—1(B) = m—1(Y) is a monomorphism and ey : 7, (B) — 7 (Y) is an
epimorphism by the exact homotopy sequence of a fibration. Furthermore if
we let M : A x I — B be the stationary homotopy defined by M(a,t) = g(a),
forae Aand te I, then L =eM : A x I — Y is a (stationary) homotopy
between eg and fj. Therefore by the HELP lemma 4.5.7, there exists a map
go : X — B such that gpj = g and a homotopy F : X x I — Y such that
ego ~r [, where F|AxI = L.If we write m(a) = M(a,t) and fi(z) = F(x,t)
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for a € A and x € X, then em; = f;j. By the CHEP (Corollary 3.3.6) applied
to the diagram

A B
| =]
7 e
X €go v,

there is a homotopy g; : X — B of go such that g;j = m; = ¢g and eg; = f;.
Then g = g1 : X — B is the desired map.

(2) By Corollary 2.4.10, we replace j : A — X by an inclusion i : A — K,
where (K, A) is a relative CW complex with relative cells in dimensions >
k + 1. We then apply (1). O

Corollary 4.5.9(1) also follows from the obstruction theory developed in
Chapter 9 (Exercise 9.1).

We next discuss the Hurewicz homomorphism for relative homotopy
groups. We choose a generator A\, € H,(I"™, dI") =~ Z. Then we define the
function

hy t (X, A) > Hy (X, A)

as follows. If @ = [f] is an element of the relative homotopy group m, (X, A),
then the map f : (I", 1" ' J" 1) — (X, A, {*}) determines a map f :
(I™,0I™) — (X, A). This latter map induces fy : H,(I",0I") —» H,(X,A),
and we set hy,(a) = fg(\n). Then A, : 7, (X, A) - H,(X, A) is a homomor-
phism for n > 2 (Exercise 4.14) called the (relative) Hurewicz homomorphism.
Clearly if g : (X, A) — (Y, B) is a map of pairs, then the following diagram
is commutative
(X, A) —2 > 1, (Y, B)

where h,, and h,, are nth Hurewicz homomorphisms for (X, A) and (Y, B),
respectively.

We relate the Hurewicz homomorphism of the pair (X, A) to the Hurewicz
homomorphism of A. Recall that the definition of the Hurewicz homomor-
phism hl,_; : m,—1(A) — H,_1(A) in Section 2.4 requires the choice of
a generator v, 1 € H, 1(dI"). We choose \, € H,(I",0I") and 7, 1 €
H,,_1(0I"™) with the property that A, (\,) = vn_1, where A,, : H,(I"™,0I") —
H,,_1(0I") is the boundary homomorphism in the exact homology sequence
of the pair (I, 0I™). The proof of the next lemma is then straightforward,
and hence omitted.
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Lemma 4.5.10 The following diagram commutes

N
Cn

(X, A) Tn_1(A)

lhn \Lh;ll

Hn(Xv A) = anl(A)z

where 0, and A, are the boundary homomorphisms in the exact homotopy
sequence of a pair and the exact homology sequence of a pair, respectively.

We now describe the adjoint isomorphism Ry : 7, 1(2X) — 7,(X) using
the path-space fibration.
Lemma 4.5.11 Let
NX —=EX—'5X

be the path-space fibration andp’ : (EX, 2X) — (X, {#}) be the corresponding
map of pairs. Then the following diagram is commutative

A

Cn

m(EX, 2X) Tn_1(02X)
\Lp'* —
Rk
(X)),
where 0,, is the boundary homomorphism.
Proof. The proof follows from Exercises 4.2 and 4.24. |

Then Ky = pl0;, ! since 0, is an isomorphism and this suggests that we study
the homology analogue of the homomorphism p/, 0, .

Definition 4.5.12 Let 2X —=EX—2>X be the path-space fibration
and consider the homomorphisms

’

H,(X;G) <= H,(EX, 2X;G) —> H,_,(2X;G),

where A,, is the boundary homomorphism in the exact homology sequence
of a pair and p’ : (EX, 2X) — (X, {*}) is the map of pairs obtained from p.
Since EX is contractible, A,, is an isomorphism. Define the homology suspen-
sion to be the homomorphism 0,1 = p,, AL : H,_1(2X;G) - H,(X;G).

The term “homology suspension” is well established for this homomorphism,
even though it is not directly related to the suspension. In Lemma 6.4.7 we
give conditions for o,,_1 to be an isomorphism. For now we note its relation
to the Hurewicz homomorphism. The proof follows from Lemma 4.5.10.
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Lemma 4.5.13 For any space X, the following diagram is commutative

Tp-1(£2X) 7 (X)
S
Hop 1 (2X) —2= = H,(X),

where hy, and hl, are Hurewicz homomorphisms.

We have seen in previous sections of this chapter that an important role
was played by certain maps called a and 3 assigned to a sequence

x—Loy_9.7

If this sequence is a fiber sequence, then 3 : X — I, is a homotopy equivalence
(Proposition 3.5.10 and Remark 3.5.11). If the sequence is a cofiber sequence,
then o : Cy — Z is a homotopy equivalence (Proposition 3.5.4 and Remark
3.5.5). We next define these maps more generally and introduce two other
closely related maps. Let

x—t.oy 2.7

be a sequence of spaces such that gf = #. Consider the homotopy fibers I
and I, of f and g

If Ig
x— 1!t vy 9 .z

where v and w are projections.

Definition 4.5.14 We define two excision maps as follows: 3 : X — I, is
given by 5(z) = (f(x), =), for x € X and v : Iy — 27 is given by v(z,1) = g1,
for (z,1) € Iy.

Next note that v3 = f and vj = (2g,

X and Yy

1)
N AN
Ig ey If LA N7,

where j is the inclusion. By Corollary 4.2.17 we have the following diagram
with exact rows
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Lk

e e (V) —2 e 1 (022) e (1) — e (V) ——

where 7/, is the composition

i1 (V) === 1, (2Y) 2 (1),
g% is the composition

o1 (V) —2= 741 (2) —> 7 (022),

and k : 2Z — I, is the inclusion.

Proposition 4.5.15 In the above diagram with exact rows, the first and third
squares are commutative, and the second square is anticommutative, that is,

Bawy = —kyys.

Proof. Because vf3 = f and vj = {2g, the first and third squares are commu-
tative. We sketch the proof that the second square is anticommutative. Let us
write a = pw, b = kvy : Iy — I,. Then a(x,l) = (f(x), *) and b(x,l) = (*,91),
for (z,1) e Iy. Let v: I, - Y and u: I; — EZ be the two projections of the
pullback I; and w: Iy — X and ¢t : [y — EY be the two projections of the
pullback Iy. If [¢] € 7, (1), then

u(ag + bop) = =+ (Eg)t¢p and v(ad + bd) = fweo + =.

Now define 0 : Iy — I, by 6(z,l) = (f(z),Eg(l)), where (x,l) € I;. Then
ubp = (Eg)te and vl = fwe, and from this it follows that a¢ + bgp ~ 0¢.
Next we define a homotopy F': Iy x I — I, such that § ~p . For a path
l e FY and s € I, let I5; be the path [ linearly reparametrized so as to
start at [(s) and end at [(1) = =, that is, [;1(¢) = [((1 — ¢)s + t). Then
we set F((x,1),s) = (I(s),gls1), for (z,1) € Iy and s € I, and so F is a
nullhomotopy of . It follows that a¢ +b¢p ~ *, and thus a¢ ~ —b¢. Therefore
Brwy[¢] = —kxyx[0], for all [¢] € m-(1f). =

Corollary 4.5.16 If n < o, then B : X — I, is an n-equivalence <= v :
Iy — 27 is an n-equivalence.

Proof. The proof is an immediate consequence of Proposition 4.5.15 and the
five lemma (Appendix C). =

Next we consider X*f>Y*g>Z with gf = = in the case when f is
an inclusion map. Then we identify Iy with E(Y; X, {*}), the space of paths
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in Y that begin in X and end at {«}, and so m,(I;) = m,+1(Y,X). Let
v : Iy — 2Z be the excision map and let ¢’ : (Y, X) — (Z, {*}) be the map
of pairs determined by g.

Lemma 4.5.17 The following diagram is commutative for all n = 0,

T (If) ————— 11 (Y, X)

l’y* lg;‘

T (27) ——————=m,.1(2).
Proof. This follows from the definition of ~. |

The next result is an immediate consequence of the previous lemma,
Proposition 3.5.10, and Corollary 4.5.16.

Proposition 4.5.18 If F—>E-"-B isa fiber sequence and if p' :
(BE,F) — (B,{*}) is the map of pairs obtained from p, then p', : m.(E, F) —
m(B) is an isomorphism for all r > 1 and a bijection for r = 1.

Remark 4.5.19

1. We observe that Proposition 4.5.15 holds for homotopy groups with coeff-
ficients. For the proof we simply replace the sphere by a Moore space.

2. Proposition 4.5.18 is often proved directly as a consequence of the defini-
tion of a fibration (e.g., see [37, pp. 83-84]).

We next briefly comment on the dual results. Let

xt.oy 2.7

be a sequence of spaces such that gf = *. We consider the mapping cones
Cyand Cy of fand g

X

where k and [ are inclusions.

Definition 4.5.20 We define excision maps as follows: o : Cy — Z by
alyy = g(y) and alz,t) = # and 0 : X — C, by &z,t) = {(f(x),t), for
reX,yeY, and tel.

All of these excision maps play an important role in the sequel. They are
used to prove the classical theorems in Section 6.4. With some modifications,
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the results on the excision maps  and v dualize to the maps o and J. We
state two of these without proof. The first is the dual of Proposition 4.5.15.
Consider the sequences of spaces

Y 2> C "> 35X and Z—>Cy——>3Y
and the corresponding diagram of cohomology groups
&3

q

*
= Y G) - H(Cyi G) L HT(Z,G) — = H™(V;G) —— - -

O T
f/* *

o HTUY;G) - HY(ZX, Q) L HT(Cr G) e HT(YG) —
where ¢'* is the composition
~ *
H™-YY;G) —= H"(XY;G) —— H"(C,; G)
and f'* is the composition

* ~
H(Y;G) > B (X G) —== H'(£X:0).
Proposition 4.5.21 In the preceding diagram the rows are exact, the first
and third squares are commutative, and the second square is anticommutative.

We give a definition analogous to n-equivalence.

Definition 4.5.22 A map f: X — Y is called a cohomological n-equivalence
if for every abelian group G, the induced homomorphism f* : H (Y;G) —
H'(X;@G) is an isomorphism for i < n and a monomorphism for i = n.

Corollary 4.5.23 If n < o0, then o : Cy — Z is a cohomological n-
equivalence <= 0 : XX — Cy is a cohomological n-equivalence.

Finally, we mention that we are following [40, p.13] in calling these maps
excision maps.

Exercises

Exercises marked with (*) may be more difficult than the others. Exercises
marked with (f) are used in the text.

4.1. (x) Let F#ELB be a fibration and let A : S — E! be a
path lifting map (Exercise 3.10). Let iy : 2B — S be the inclusion into
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the second factor and let p; : Ef — E be defined by p;(I) = I(1). Define
A1 = p1Aig : 2B — E and note that A; induces A1 : 2B — F. Prove that A\;
is homotopic to the connecting map 0 : 2B — F' (Definition 4.2.18).

4.2. () (f) For the path space fibration 2B ——=FEB——=B, prove that
the connecting map 0 : 2B — 2B is homotopic to —id : 2B — 2B.

4.3. (x) Let K be a CW complex and L € K a subcomplex. Consider the
cofiber sequence L - K — K/L and let 0 : K/L — XL be the connecting
map. Let i : K/L — CK/L be the inclusion. Prove the following.

1.CK/L ~ XYL.
2.0 > %+ &= ] >~ %,

3. YL is a homotopy retract of YK <= i ~ .

p1

4.4. () () Let X EyX X be the path space fibration where
EpX consists of paths [ in X with [(0) = # and py(I) = I(1). Prove that the
action ¢ : 2X x 22X — 2X of the loops of the base on the fiber is homotopic
to the loop space multiplication m of 2.X.

4.5. () Let F —2 - E—" - B be a fiber sequence. Prove that if B is con-
tractible, then j is a homotopy equivalence.

4.6. Let Oxy : 2X x 2Y — 2(X xY) be the homeomorphism defined by
Ox vy (w,v)(t) = (w(t),v(t)), for we 22X, ve Y, and t € I. Furthermore, let
(A,m) be an H-space and ¢ : X x A — X an action of A on X. Prove that
(2¢)0x 4 is an action of (24, 1) on 2X, where p: 2A x 2A — QA is the
loop-space multiplication. (Note that p ~ (£2m)04. 4.)

4.7. (%) (f) For each ¢ = 1,2,...,n, define a binary operation on 7/ (X) by
setting [f] +i [9] = [f +i g, where

] _ f(tl,...,in,...,tn) if
(ot ot ={See)

’L

//\ //\
//\ //\
a4

7, )

= O

for f,g: (I",0I") — (X, {#}). These induce n binary operations in 7, (X).
Prove that each of these operations coincides with the standard binary oper-
ation in 7, (X) (obtained by regarding S™ as a co-H-space).

4.8. m,(X, A) consists of homotopy classes of maps (I, I"~! J*=1) —
(X, A, {#}). If f and g are two such maps, define f +; g: (I", [" 1, J" 1) —
(X, A, {=}) by

. 2t t,) Ot <
(f+’g)(“"”’t”)‘{g(tl,...,%i—l, )i <<,
for i =1,...,n— 1. This induces n — 1 binary operations on m, (X, A). Prove

that these binary operations all agree with the given operation on 7, (X, A).
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4.9. Regard {+} as a subspace of X. Show that the relative homotopy group
T (X, {#}) is isomorphic to m,(X).

4.10. Let K be a CW complex and let L € K be a subcomplex with inclusion
map i : L — K. Prove that if 7 induces isomorphisms of all homotopy groups,
then L is a strong deformation retract of K.

4.11. Given maps f : X —» Y and f' : X' - Y'. A map (of maps) from
f to f"is a pair (u,v), where u : X — X’ and v : Y — Y’ are maps such
that f'u = vf. A homotopy of maps is a pair of homotopies (u, v;), where
u: X > X and vy : Y - Y/

Ut

X/

o

Ut
>y’

such that f'u; = vy f, for every t € I. Define a set H"(X, A; G) using homo-
topies of maps, where A is a subspace of X and G is an abelian group. Prove
that there is a bijection of H™(X, A; G) onto H"(C;; G), where i : A — X is
the inclusion map. Consider the dual result.

4.12. (T) Establish the claim made in the proof of Lemma 4.5.6 that it suffices
to consider the case when e is an inclusion.

4.13. (f) Verify the assertion in Lemma 4.5.6 that J’ is homotopic to J such
that a ~; eb and J|S*~1 x I = H.

4.14. (=) () Prove that h,, : m,(X, A) —» H,(X, A) is a homomorphism for
n = 2.

4.15. In the proof of Proposition 4.5.15 show that a¢ + bop ~ 0¢.

4.16. (1) Using the characterization of the relative homotopy group m, (X, A)
as homotopy classes of maps (E™, S"~1) — (X, A), show that the boundary
homomorphism 8, : 7, (X, A) — m,_1(A) satisfies d,,[f] = [f|S" ']

4.17. Suppose that a map f: X — Y is factored as

X fi M fa Y,’

where f1 is an inclusion and f; is a homotopy equivalence. Prove that there
exists a map 6 : My — M such that |X = idx and 6, : m,(Ms, X) —
(M, X) is an isomorphism for all n.

4.18. If GG is a topological group and H is a subgroup, prove that the second
relative homotopy group (G, H) is abelian.
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4.19. (=) If A is a subspace of X and A is contractible in X (see Definition
1.4.3), then prove that

(X, A) = 7, (X) @ mp—1(A),

for n = 2. (For n = 2, you may use the fact that the image of m(X) —
mo(X, A) is contained in the center, which is proved in Corollary 5.4.3.)

4.20. Let the isomorphism 7, 1 : H, 1(X) — H,(X'X) be taken as the
composition

-1

A 7

where A, is the boundary homomorphism in the exact homology sequence
of a pair and ¢ : CX — XX is the quotient map. Prove that for any space
X, the following diagram is commutative

DI
Tno1(X) — > 71, (X X)

Tn—1

H, 1(X)—— H,(XX),

where h, and h] are Hurewicz homomorphisms and X, _; is defined by
Yn-1[f] = [2f]- (For this problem, it is necessary to choose compatible
generators v,_1 € H,_1(S"!) and v, € H,(S™).)

4.21. For a space X, define 7,1 : H, 1(X)— H,(XX) as in Exercise 4.20.
Let f: XX — Y and let f : X — 2Y be the adjoint of f. Show that the
following diagram is commutative

7Tn—1(X) — n—l(X) 4>HH(EX)

o B

Tn—1(£2Y) T (Y) H,(Y),

where K, is the adjoint isomorphism and the unmarked arrows are Hurewicz
homomorphisms.

4.22. (1) Let X be a space, let A and B be subspaces and set C = A n B.
Then (X; A, B) is called a triad and we define the triad homotopy groups by

7'rn()(a‘LLB) = Trn—l(E(X;Ba {*})7E(A7 C7 {*}))7

for all n > 2 (when n = 2, this is a based set).
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1. Prove that m,(X; A, B) consists of homotopy classes of maps f: I" — X
such that f(t1,...,t,) € Aif t,—1 =0, f(t1,...,t,) € Bif t, = 0, and
f(tl,...,tn) =% if (tl,...,tn) € 0I™ with tn—1 # 0 or tyn # 0.

2. Prove that the following is an exact sequence.
——Tp1(X;A,B) ——=7,(A,C) —— 7, (X, B) ——7m,(X; A, B) ——

This is called the exact homotopy sequence of a triad.
3. Prove that m,(X; A, B) @ m,(X; B, A).

4. If A€ B <€ X, then show that the following sequence is exact.
—— 7, (B, A) ——= 7, (X, A) —— 7, (X, B) ——=m,_1(B,A) ——

This is called the exact homotopy sequence of a triple.

4.23. Let
f

X—=y-2s7
be a sequence of spaces such that gf = *andlet o : Cy — Zand vy : Iy — 27
be excision maps. Define a map 1 : Iy — (2C; such that the following diagram
is anti-homotopy-commutative

Iy il nz
in /
Na
0C;.

State and prove the dual result.

4.24. (+) (1) Let F—2>E—"5B be a fiber sequence. Let p’ : (E,F) —
(B, #) be the map of pairs determined by p, let 0, : m,(E, F) — m,_1(F)
be the boundary homomorphism in the exact homotopy sequence of the pair
(E,F), and let 04 : m,(B) — m,—1(F) be the homomorphism induced by
the connecting map ¢ : 2B — F' of the fibration. Prove that the following
diagram is anticommutative




Chapter 5
Applications of Exactness

5.1 Introduction

In this chapter we give some diverse applications of the material in Chapter
4. In Definition 2.5.10 we defined the (homotopical) cohomology groups with
coefficients as H"(X;G) = [X,K(G,n)]. When G = Z, we refer to these
groups as ordinary cohomology groups or integral cohomology groups. Analo-
gously, the homotopy groups with coefficients are m,(X;G) = [M(G,n), X]
(Definition 2.5.6). When G = Z, these are just the homotopy groups of X.
In the first section we present two universal coefficient theorems. The first
expresses cohomology with coefficients in terms of ordinary cohomology, the
tensor product, and the torsion product. The second expresses homotopy
groups with coefficients in terms of the homotopy groups, Hom, and Ext. In
the next section we show that the cohomology groups of a CW complex are
naturally isomorphic to the singular cohomology groups of the complex. This
is done by a simple inductive argument over the dimension of the complex.
In Section 5.4, we study the action of [W, 2B] on [W, F], when F - E — B
is a fiber sequence and W is a co-H-space. We also give conditions for certain
fibrations and cofibrations to be trivial. For the Hopf fibrations this implies
that the loops on an F-projective n-space is equivalent to the product of
S4=1 (the fiber) and the loops on SH™*D=1 (the total space). In Section
5.5 we consider the space of free maps M(X,Y) of X into Y and show that
the evaluation fiber sequence YX — M(X,Y) — Y yields an operation of
[W, 2Y] on [W,YX], for any space W. This operation is needed for com-
paring based and free homotopy classes. By taking W = S° and X = 5",
we obtain an operation of m(Y’) on m,(Y). We discuss several characteri-
zations of this operation, extend it to relative homotopy groups, and prove
that the homomorphisms in the exact homotopy sequence of a pair are all
m-homomorphisms. In the last section we calculate some homotopy groups of
spheres, Moore spaces, topological groups, Stiefel manifolds, and Grassman-
nians. Our computational methods include the exact homotopy sequence of a

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 155
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fiber sequence, the truncated exact homotopy sequence of a cofiber sequence,
and the Freudenthal suspension theorem.

5.2 Universal Coefficient Theorems

We assume some familiarity with the tensor product A ® B and the group
of homomorphisms Hom(A, B) of two abelian groups A and B. In addition,
we refer to basic facts about the torsion product Tor(A, B) = A « B and the
group of extensions Ext(A, B), that can be found in Appendix C.

We begin by noting the following extension of Proposition 2.5.9 which is
an immediate consequence of Lemma 2.5.13.

Lemma 5.2.1 If G and H are abelian groups and f,g : K(G,n) — K(H,n)
are two maps, then fy = gs : T (K(G,n)) = G > mp(K(H,n)) = H,yn>1,
if and only if f ~g.

Next we define a homomorphism of the universal coefficient theorem.

Definition 5.2.2 For a space X and an abelian group G, we define a
homomorphism « = ag : H'(X) ® G — H"(X;G) as follows. Given
[/l e H*(X) = [X,K(Z,n)] and v € G, then v induces a homomorphism
0, : Z — G defined by 6,(1) = v. By Proposition 2.5.9 and Lemma 5.2.1,
6, determines a unique homotopy class [¢+] € [K(Z,n), K(G,n)] given by
e = O 5 (K (2, ) = T (K (G ). We set a([f]®7) = [0 ],

XL K@) 2K (G, n).

Then « is a well-defined homomorphism (Exercise 5.1).

We need the following elementary fact in our proof below. If [ : K(G,n) —
K(H,n) induces the homomorphism A : G — H on n-dimensional homotopy
groups, then the following diagram commutes

H'(X)® G—22* _gn(X)@H
=
H™ (X3 G)——*——=H"(X; ),

where [, is the coefficient homomorphism induced by .

Lemma 5.2.3 If F is a finitely generated, free-abelian group, then ap :
H"(X)®F — H"(X; F) is an isomorphism.

Proof. Let F = 7Z and consider az : H*(X)® Z — H"(X). Thus az([f] ®
1) = [f] because ¢1 = id. Therefore ay is an isomorphism. Now let F' have
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rank k, so that F' is the direct sum of k copies of Z, and we write F' =~
@, Z. Then HY(X)®F = @, (H"(X)®Z) and K(F,n) = K(Z,n) x --- x
K(Z,n) (k factors), and so H"(X; F) = @, H"(X) by Corollary 1.3.7. The
commutativity of the diagram

H"X)®F —= @, (H"(X)®1Z)

\LQF ”\L@k Qaz,

H™(X;F) —=— @, H"(X)
then completes the proof. m]

Theorem 5.2.4 (universal coefficient theorem for cohomology) If X is a
space, G a finitely generated abelian group, and n = 1, then there is a ho-
momorphism B : H"(X;G) — H""1(X) « G and a short exact sequence of
groups

0— = H"(X) ® G—2 > H"(X; G)—2 = H"*1(X) # G—0,
forn > 1.

Proof. Write G = F/R, where F is a finitely generated, free-abelian group
and R is a subgroup. Let ¢ : R — F be the inclusion and v : FF — G the
projection. By Proposition 2.5.9(2), there exists a map ¢ : K(F,n+ 1) —
K(G,n + 1) such that ¢« = v : mp11 (K(F,n + 1)) » m01(K(G,n + 1)). By
Proposition 3.5.8, we may assume that ¢ is a fiber map. Thus we have a fiber
sequence

W—>K(Fn+1)—=K(G,n+1),
for some space W. Applying Corollary 4.2.19 to this fibration, we see that

[0 flEnt1
”l(W)_{Rifzan.

Therefore K(R,n + 1)#>K(F, n+ 1)*q>K(G, n + 1) is a fiber sequence
and iy : T4 (K(R,n+ 1)) — mpe1 (K (F,n + 1)) is the inclusion ¢ : R — F.
By Corollary 4.2.19, for any space X, the following sequence of groups is
exact

H™(X; R)— = H'(X; F) 2= B (X; G)— = B+ (X R)— = B (X ).
This gives the short exact sequence

HY(X;F) 4 o
H™(X;
i H"(X; R) (X;6)

Im 0, 0,
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where ¢}, and 0} are determined by ¢, and 0y, respectively. Now Keri, =
Im @, where i, : H"**(X;R) - H""}(X; F), and we show that Keri, =
H™1(X) = G. For this consider the commutative diagram

id®e

Hn+1(X)®R Hn+1(X)®F
= | &R = |af
H"(X; R)— = H"(X; F).
Since 0 R—s>F">@G 0 is a free resolution of G,

Keri, = Ker(id®¢) = H"™1(X) « G
by Appendix C. We define 5 to be the composition

A1
Ox

H"(X; @) Keriy—>H"1(X) * G.

We next show that there is an isomorphism

H™(X; F)
ixH"(X; R)

0: H'(X)®G
such that the following diagram commutes

H"(X)®G = H"(X; Q)

N\La /
H™(X; F) T
i« H"(X;R)

Consider the diagram with exact rows

id®e id®v

H"(X)®R H'(X)®F H"(X)® G—>0
|
= | ar = |ar |0
: (X F)
n . L n . T )
H™(X; R) H"(X;F) T

where 7 is the projection onto the quotient group. Since the left square is
commutative, there exists an isomorphism 6 such that 0 (id ® v) = 7ap.
Furthermore, it is easily checked that o = ¢/, . Thus « is a monomorphism
and

Ima = Img), = Ker 0, = Ker .

This completes the proof. m]
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Remark 5.2.5 Theorem 5.2.4 has been proved in [83, p. 246] and elsewhere
by purely algebraic methods. In fact, the result in [83] is more general than
Theorem 5.2.4 in that (1) the hypothesis is that either G or the homology
groups of X are finitely generated; and (2) the exact sequence splits.

We next consider the dual theorem for homotopy groups with coefficients
™ (X;G) = [M(G,n), X], where M(G,n) is the Moore space defined in
Lemma 2.5.2. Recall that M (G, n) has been constructed relative to a choice
of presentation of G.

Definition 5.2.6 Let X be a space, G an abelian group, and n an integer
greater than 1. If [f] € m,(X;G), then fy : G = 1, (M(G,n)) — 7, (X).
Thus there is a function n = ng : 7,(X; G) —» Hom(G, 7, (X)) defined by
N[f1 = f«. It can be shown that » is a homomorphism (Exercise 5.3).

Lemma 5.2.7 The homomorphism np : m,(X; F) — Hom(F,7,(X)) is an
isomorphism if F is a free-abelian group.
STL

Proof. For some set A, we have M(F,n) = \/ ., S, where S} is the n-
sphere. Let i, : S — M (F, n) be the injection into the ath copy in the wedge.
Then {[io] | @« € A} € 7, (M(F,n)) = F is a basis for F' by Lemma 2.4.17.
If f,g: M(F,n) - X are maps such that f, = gy : mp(M(F,n)) — m,(X),
then fi[ia] = g«[ia]. Hence fi, ~ gia,, so [ ~ g. Therefore np is one—one.
If ¢ : F - m,(X) is a homomorphism, then ¢[i,] = [fa] € T (X), for
some f, : S — X. Then the f, determine f : M(F,n) — X such that
fe = :mp(M(F,n)) - m,(X). Therefore np is onto. =

Corollary 5.2.8 The homomorphismn : [M(F,n), M(F',n)] - Hom(F, F")
is an isomorphism if F and F' are free-abelian groups.

Theorem 5.2.9 (universal coefficient theorem for homotopy) [40, p. 30] For
any space X, abelian group G, and integer n = 2, there exists a homomor-
phism & : Ext(G, m,11(X)) = 7.(X;G) such that the following is a short
exact sequence of groups

0—Ext(G, g1 (X)) — o n (X; G)— > Hom(G, 7 (X)) —0.

Proof. We sketch the proof. The group G has a presentation given by a short
exact sequence

0 R—>F—2>G 0,

where R and F are free-abelian. By Corollary 5.2.8, ¢ determines a map
i: M(R,n) - M(F,n) such that i, = ¢ : m,(M(R,n)) — m,(M(F,n)).
Then by Lemma 2.5.2, M(G,n) is the mapping cone of ¢ with inclusion
j: M(F,n) - M(G,n). By Corollary 4.2.8, we have the exact sequence of
groups

*

Tt (X3 F) =41 (X R) o (X @) =1 (X F) =, (X R)
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which yields the short exact sequence

7Tn+1(X;R) o' j,* .
(X5 G Ker* 0,
i (X F) T ( ) erd

where j * and @* are induced by j* and 8*, respectively. Using Lemma 5.2.7,
we see that there is an isomorphism 6 : Keri* — Hom(G, m,(X)) such that
05 * = 1. Also using Lemma 5.2.7 and the definition of Ext (Appendix C),
we see that
Tn+1 (Xa R)
i*ﬂ-nJrl (X7 F)

This completes the sketch of the proof. O

~ Ext(G, T (X))

Remark 5.2.10

1. In general the exact sequence in Theorem 5.2.9 does not split. See [39,
p. 463] for an example. However, the exact sequence is natural with respect
to homomorphisms induced by maps of spaces and to homomorphisms
induced by a coefficient homomorphism.

2. There are other universal coefficient theorems besides the two given in
this section. One gives homology with arbitrary coefficients in terms of
integral homology and another gives cohomology with coefficients in terms
of integral homology. These are discussed in Appendix C. In addition, there
is a universal coefficient theorem for homotopy with coefficients which is
different from Theorem 5.2.9. This gives homotopy groups with coefficients
in terms of the ordinary homotopy groups and the functors tensor and tor
(see [75]).

5.3 Homotopical Cohomology Groups

The purpose of this section is to prove the result stated in Remark 2.5.11
that the nth homotopical cohomology group of a CW complex X with coeffi-
cients in an abelian group G, namely, H"(X; G) = [X, K(G,n)], is naturally

isomorphic to the n-th singular cohomology group Hf,,(X;G).
We first define the basic class. If K = K(G,n) then p : Hj (K;G) —

Hom(H,(K),G), the epimorphism of the universal coefficient theorem for
cohomology (Appendix C), is an isomorphism because H,_1(K) = 0. By
Exercise 2.34, the Hurewicz homomorphism h : m,(K) = G — H,(K) is an
isomorphism.

Definition 5.3.1 The nth basic class in singular cohomology (or nth funda-
mental class) b, € H? (K;QG) is defined by u(b,) = h~! € Hom(H,(K), G).

sing

Recall that in Section 2.5 there is a homomorphism p = px : H*(X;G) —
H* (X;G) defined by

sing
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plf1 = f*(bn) € H,\o (X5 G),
where [f] € [X, K].

Theorem 5.3.2 If X is a CW complex, then p = px : H"(X;G) —
HY (X;G) is an isomorphism.

sing

We discuss some preliminaries before beginning the proof. As earlier, let
g : (X,A) — (Y,B) denote the map of pairs determined by g : X — Y
such that g(A) € B. We also consider cones CoX = X x I/X x {0} u {#} x
I and path spaces FoX = {1/|z/ e X!, v(0) = #}. For any space A, the
cohomology suspension w : A;G) — HI 1(02A;G) is defined as the

Slng ( sing
following composition

(A4:G) 2 HY (EoA, 24:G) 24 5 1(04. G),

@mg sing sing

where p : EgA — A with p(I) = I(1) and 64 : H' }N(RA;G) —

sing

HE,.(EoA, 24;G) is the coboundary homomorphism in the exact singular

cohomology sequence of the pair (EgA, 24). If A = K = K(G,n) so that
w: HY (K;G) — Hi-HNK;G), then it follows that

sing sing
W(bn) =bp_1 5

where 7, (K) = 7,—1(£2K) via the adoint isomorphism (see Lemma 4.5.11).
We next present two lemmas for the proof of Theorem 5.3.2.

Lemma 5.3.3 If f : Y X — Y is a map, then there exists a map f: CoX —
EoY such that the following diagram commutes

X : CoX 1 X
iN(f) if lf
Yy ! EyY z Y,

where p and q are projections, i and j are inclusions, and k(f) is the adjoint

of f.
Proof. Let f<x, sHY(t) = fx,sty, for v € X and s,t € I. |

Lemma 5.3.4 If K = K(G,n) and q : CoX — XX is the projection, then
the following diagram commutes

[£X, K] N [X, 2K]
\LPEX ipx
HI (XX G) HHglng(CoX X:G) <X H;ngl(X Q),
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where 0x 1s the coboundary homomorphism in the exact singular cohomology
sequence of the pair (Co X, X).

Proof. If [f] € [¥ X, K], then

since the diagram

H'=Y(0K;G) 225 B (BoK, 2K;G)

sing sing
lﬁ(f)* lf’*
n Ox n
Hsmgl (X G) > Hsmg (COX, X7 G)

is commutative, where f: CoX — EyK is the map of Lemma 5.3.3. But
¢ pex[f1=q"f*(bn).
Since fq = pf by Lemma 5.3.3, dxpxr«[f] = ¢*psx[f]. =

Now we prove Theorem 5.3.2.

Proof. We first prove the result when X is finite-dimensional by showing by
induction on dim X that px is an isomorphism. Let X? be the ith skeleton of
X and denote px: : H*(X% G) = [X, K(G,n)] —» H? (X% G) by p;. If X

sing

is one-dimensional, then X =\/ Sl and there is a commutative diagram

acA

Q%

(ia)

[ a9, K]

\ana

H smg( G)a

[Va Sa K]

lpl

smg \/

11

D*

11

where K = K(G,n), pa = psi, p1 = Py, st,ia : S& =\, Sa is the inclusion
and (i%) is the map into the product determined by the ¢%. Note that we are
dealing here with direct products of groups (not direct sums) Both (i) are
isomorphisms, therefore to show p; an isomorphism, it suffices to show that
pa i [Sh, K] — H},.(S5;G) is an isomorphism. If n > 1 both groups are
trivial, so we assume that n = 1. We consider the diagram
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[Sng] - Hsling(Sé;G)

- lﬂ

Hom(ry(S2), G) <" Hom(Hy(S}), G),

where 7, assigns to a homotopy class the induced homomorphism of funda-
mental groups, u is the epimorphism of the universal coefficient theorem and
h* is obtained from the Hurewicz homomorphism h : 71 (SL) — H;(S}). It
is easily checked that the diagram is commutative. Since p, h*, and 7, are
isomorphisms (for the latter, see Proposition 2.5.13), it follows that p, is an
isomorphism. This establishes the induction for dim X = 1. Now suppose
that the result holds for all CW complexes of dimension < ¢ — 1. If X is
i-dimensional, then X = X?. We consider the coexact sequence

i . j . i b)) .
\/,8 Szﬁfl L xi-1 *J> Xt *q> 2(\/['3 SE 1) i> EXzflv

where ¢ is determined by the attaching maps, j is the inclusion, and ¢ is the
projection. This gives rise to a map of exact sequences

* * -k ES
(Exi-1, K12 (24, K- X, K] (X1, K2 [A, K]

ip lp’ J{m \Lpi—l lp”
(Zp)* * i* o*

HP (DX 1) == H (D A)——H2 (X ') ——H (X '~1) ——H['(A),
where A = \/, Sg’l and HJ'(Y') denotes Hj . (Y;G), for any space Y. By
the inductive hypothesis, p;_1 and p” are isomorphisms. By Lemma 5.3.4
and the inductive hypothesis, p and p’ are isomorphisms. By the five lemma,
p; is an isomorphism. This completes the induction and proves the theorem
for finite-dimensional complexes. If X is an arbitrary CW complex, then the

inclusion map i : X" — X induces an isomorphism i* : Hs"i'ng(X;G) —
HZ, (X" G). Moreover, i* : [X, K(G,n)] — [X""', K(G,n)] is an iso-
morphism by Proposition 2.4.13. It now follows that p : [X, K(G,n)] —
HE . (X;G) is an isomorphism. =

5.4 Applications to Fiber and Cofiber Sequences

We begin this section by investigating the operation of [W, 2B] on [W, F],
when W is a co-H-space and F' — E — B is a fiber sequence.

Proposition 5.4.1 Let F*j>E*p>B be a fibration with action ¢ : F' X
2B — F and resulting operation of [W, 2B] on [W, F]. If (W, c) is a co-H-
space and o, € [W, 2B] and u,v € [W, F], then
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(u+ ’U)a+ﬁ =u® + 07,
where + denotes the binary operation obtained from the comultiplication c.

Proof. Let a = [a], f = [b], v = [f], and v = [g]. Then it is easily checked
that the following diagram is commutative

W—2 Wk W (W W) x (W W)
c (fvg)x(avb)
Wy W (Fv F) x (2B v 2B)
Av A VxV
(W x W) v (W xW) Fx 2B
(xa)v(gxb) 6
(Fx QB)v (FxQB) 2% pyF v F.
Therefore
(f+9)**" = d(V x V)((f v g) x (avb))(cxc)A
= V(¢ v o)((f xa)v(gxb)(AvAec
= fo+ gt
This completes the proof. o

Corollary 5.4.2 Assume the hypothesis of Proposition 5.4.1 and let 0y :
[W, 2B] — [W, F] be induced by the connecting map 0 : 2B — F. Then

1. v* = 0y () + v, for all € [W,2B] and v € [W, F].
2. uP =u+04(B), for all B e [W,2B] and u € [W, F].

Consequently each element of Im 0y commutes with each element of [W, F'].

Proof. Let a = [a] € [W, 2B] and 0 = [#] € [W, F] and consider the diagram

A Wx W —*" _ Fx0B ¢ F

2B

w

which is homotopy-commutative by Theorem 4.3.4(2). Therefore 0% = 04 ().
We now prove (1) by setting v = 0 and 8 = 0 in Proposition 5.4.1. We prove
(2) by setting v = 0 and o = 0. The last assertion of the corollary follows
from (1) and (2). O

This corollary has the following corollary.
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Corollary 5.4.3

1. If Flop Y.Bisa fibration, then the image of 0y : mo(B) — w1 (F)
is contained in the center Z(m(F)) of m(F).

2. In the exact homotopy sequence of the pair (X, A),

7T2(X) ] WQ(X,A) 71'1(A) e

Im j is contained in the center Z(ma(X, A)), where the homomorphism j
is induced by the inclusion (X, {#}) — (X, A).

Proof. (1) is a special case of the previous corollary. For (2), let i : A — X
be the inclusion and apply (1) to the mapping path fibration I; —» E; — X,
where I; = E(X; A, {+}). o

We next consider when a principal fibration is trivial.

Proposition 5.4.4 Let f: X — Y be a map and let QY$1f$X be
the principal fiber sequence induced by f. Then the following three statements
are equivalent.

1. f ==

2. v has a homotopy section.

3. There is a homotopy equivalence 8 : X x 2Y — I such that the following
diagram is homotopy-commutative

Xxoy—2 o

where jo is the injection and py is the projection.

Proof. Consider the exact sequence

[X, Ip] —[X, X] —[X, Y],

If f ~ #, then vy is onto. Thus there exists s : X — Iy such that vs ~ id.
Therefore (1) = (2). If v has a homotopy section s, then vs ~ id. Hence
# ~ fvs ~ f. This shows that (1) and (2) are equivalent.

Next we show that (2) = (3). Assume that v has a homotopy section
5: X — Iy and define 0 to be the following composition
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sxid

X x 0y oy,
where ¢ is the action of 2Y on Iy defined in Proposition 4.3.3. Then it fol-
lows from Proposition 4.3.3(2) and (3) that the diagram of Proposition 5.4.4
is homotopy-commutative. We next show that 6 is a homotopy equivalence.
If A and B are any spaces, then p: 7,.(A) @ m.(B) — 7,.(A x B) defined by
oy B) = jrae(a) + joux(B), where j3 : A > A x B and j, : B — A x B are
the injections, is an isomorphism by Section 2.4. Hence there is a diagram

sy @id

(X)) @ 1 (2Y) (1) @ (2Y)

=|H ~|p
(sxid) s [

(X x 2Y) m(l; x QY) —2 > 7, (IF),

with vertical arrows isomorphisms, where A(«a, §) = « +i4(8). The square is
commutative and, because ¢gj; =~ id and ¢gj2 =~ 7, the triangle is also com-
mutative. Thus O pu(a, B) = sye(a) + iy (5) for o € m-(X) and 8 € 7,.(02Y).
Since vys4 = id, a straightforward argument shows that 6, is an isomor-
phism. Therefore # induces isomorphisms of homotopy groups. It now follows
from Whitehead’s first theorem 2.4.7 that 6 is a homotopy equivalence. This
proves that (2) = (3).

For the opposite implication, we assume that 6 exists and define s as the
composition

Xl xxv—2ar;.
Then s is a homotopy section of v. ]
As a consequence, we obtain a result about fibrations whose fiber is con-
tractible in the total space.
Corollary 5.4.5 Let F—>E-"-Bbea fibration with i ~ «. Then

1. 2B~ F x (2F.
2. F is an H-space.

Proof. (1) Consider the principal fibration 2E——=I,——F'. By Proposi-
tion 5.4.4, I; ~ F' x 2E. By Proposition 3.5.10, the excision map 3 : F' — I,
of the given fibration is a homotopy equivalence. By Corollary 4.5.16, ~ :
I, — 2B is then a homotopy equivalence. Thus 2B ~ F' x 2F.

(2) By Part (1), F' is a homotopy retract of the H-space 2B. By Exercise
2.2, I is an H-space. ]

In Chapter 8 we need the dual of Corollary 5.4.2. We therefore state it
and leave the proof as an exercise (Exercise 5.5).
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Proposition 5.4.6 Let A—i>X*q>Q be a cofibration with coaction v :
Q — Qv YA and resulting operation of [XA,Z] on [Q,Z]. Let (Z,m) be
an H-space and let 0% : [Y A, Z] — [Q, Z] be induced by the connecting map
0:Q — YA. Then

1. v* =0*(a) + v, for alla € [¥A, Z] and v e [Q, Z], and

2. uP =u+ 0*(B), for all Be [YA,Z] and u e [Q, Z],

where + denotes the binary operation obtained from the multiplication m.
Consequently each element of Im 0* commutes with each element of [Q, Z].

We next note that there are obvious duals to Proposition 5.4.4 and Corol-
lary 5.4.5, and we state without proof the result which is dual to Corollary
5.4.5.

Corollary 5.4.7 Let A—j>X—q>Q be a cofibration with q ~ = and let
Q be simply connected. Then

1. YA~Q v XX.

2. @ is a co-H-space.

We conclude this section by illustrating Corollaries 5.4.5 and 5.4.7. We
first apply Corollary 5.4.5 to the Hopf fibrations.

Example 5.4.8 Consider the Hopf fibrations of Proposition 3.4.1
Sdfl J ; Sd(n+1)—1 p ~FP",

where F is the real numbers, the complex numbers, or the quaternions, d =1,
2, or 4, respectively, and FP™ is the F-projective n-space. Since j ~ * by
Proposition 2.4.18, we apply Corollary 5.4.5 to conclude that

QFP™ ~ §%°1 x g1
in each of these three cases. In addition, the result holds for the fibration
S? - 5 515 N 58

obtained from the Cayley numbers (see Example 3.4.5), and so £25% ~ S7 x
2815,

Remark 5.4.9 If f — > F—"+ B is a fiber sequence with i ~ %, then
by Corollary 5.4.5, 2B ~ F x 2F, and F is an H-space. Thus 2B and
F x Q2F are H-spaces, and it is reasonable to ask if there is a homotopy
equivalence between them which is an H-map (such an equivalence is called
an H-equivalence). For the fibrations considered in Example 5.4.8, the answer
has been given by Ganea [34].
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We next give some definitions.

Definition 5.4.10 Let j : X vY — X x Y be the inclusion map. The smash
product X AY of X and Y is defined to be C;, the mapping cone of j and the
inclusion is denoted by [ : X xY — X A Y. If X and Y are CW complexes,
j is a cofiber map. Then X A Y can be identified with X x Y/X v Y and
[ can be identified with the quotient map ¢ : X xY — X xY/X v Y. The
flat product of X and Y denoted by X bY is defined to be I;, the homotopy
fiber of j. Then v : X»Y — X v Y denotes the projection. Clearly X bY =
E(X xY; X vY, {+}), and so m, (X DY) =7, 1 (X x YV, X vY).

Lemma 5.4.11
1. Themap Xj: X(X vY)— X(X xY) has a homotopy retraction.
2. The map 2j : 2(X vY) — 2(X xY) has a homotopy section.

Proof. The proofs of the two statements are dual to each other, so we only
prove (1). We begin by fixing notation. Let p; : X XY — X, py: X xY - Y]
g :XvY - X and ¢o: X vY — Y be the projections and let i; : X —
XvY ig: Y 5 XvY 1 : XX > XX v2YY and 15 : VY - VX v Y
be the injections. If p : XX v XY — X(X v Y) is the homeomorphism

given by p(Ca, 1), +) = ((,%),6) and u(s,<y, D) = ((x,9),t), for all o € X,
yeY,and ¢t € I, then pu; = Yy and pee = Yis (Exercise 2.11). Now define
r: XX xY)-> XX VvY)byr=Xi1Xp + XizXps. Then

rXj = X(iip1j) + X(iap2j).

Therefore to show rXj ~ id, it suffices to prove that r(Xj)u ~ u, that is,
rX X, ~ Xiyg, for k =1,2. But

rX X, = E(ilqlik) + E(ig(]gik)
- Yinif k=1
T Yigif k=2,

because qiir = id and qpi; = *, for k # [. O

This leads to a splitting of the suspension of a product and of the loop
space of a wedge.

Proposition 5.4.12
1. For any spaces X and Y, there is a homotopy equivalence
X xY) 2 XX AY)vEYXVY)
which is given as the composition

SXXY) =X xY)vIX xY)ZLY(X AY) v E(X vY),



5.5 The Operation of the Fundamental Group 169

where ¢ is the comultiplication of (X xY) and r is the homotopy retrac-
tion of X7.

2. For any spaces X and Y, there is a homotopy equivalence
RIXHY)x (X xY)~2(X vY)
which is given as the composition

NuXxs

QXIYV)x X xY)"ZLQ(X vY) x 2(X vY) =X vY),

where m is the multiplication of 2(X vY) and s is the homotopy section
of £25.

Proof. We prove (1). Because X A'Y = (), there is a cofiber sequence

XxY =X AY—L2-3(X vY)
and a resulting exact sequence

[D(X x V), 9(X v V22 [0(X v Y), DX v V)]-2m[(X A Y), D(X v V)],
Since Xj has a homotopy retraction, (Xj)* is onto. Thus [p] = p*[id] = 0,
and so p ~ %. By Corollary 5.4.7, (X xY) and X(X AY) v X(X vY) have
the same homotopy type. It is easily verified that the homotopy equivalence
is as stated in the proposition. Assertion (2) of the proposition is proved
similarly. ]

5.5 The Operation of the Fundamental Group

In this section we study the operation of the fundamental group on homotopy
groups and on homotopy sets. The operation of the fundamental group also
appears in the statement of the Hurewicz theorem (see Theorem 6.4.21) and
in the construction of the Postnikov decomposition. We obtain the operation
from the action of the loops on the base on the fiber in a certain fibration
which we next consider.

If X and Y are spaces, then we denote by YX the space of based maps
from X to Y with the compact—open topology. We now need to consider free
maps between based spaces, and so we introduce the following notation.

NOTATION The space of all free maps from the space X to the space Y
with the compact—open topology is denoted by M(X,Y). The set of all free
homotopy classes [X,Y |tree is denoted in this section by (X,Y ). The basepoint
of M(X,Y) is the constant map = : X —'Y.
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We show next that there is a function 7 : M(X,Y) — Y which is a
fibration. This is a consequence of a more general result. Before stating this
proposition, we discuss some preliminaries. If f : W — M(X,Y) and g : X x
W — Y are functions such that f(w)(z) = g(x,w), for all w e W and z € X,
then f and g are adjoint. If W is locally compact, then f is continuous if and
only if ¢ is continuous (Appendix A). However, as we indicate in Appendix A,
it is possible to get rid of this hypothesis, and so in this section we will ignore
this assumption. Now suppose f : W — M(X,Y) and f' : X - M(W,Y)
are such that f(w)(z) = f'(x)(w). Therefore f and f’ are essentially double
adjoints of each other, and so f is continuous if and only if f’ is continuous
for spaces X, Y and W.

Proposition 5.5.1 Ifi : A — X is a free cofiber map, then the map m :
M(X,Y) > M(AY) defined by w(f) = fi for fe M(X,Y) is a fiber map.

Proof. Let W be aspace, let g : W — M(X,Y) beamap, andlet F: WxI —
M(A,Y) be a (based) homotopy such that F(w,0) = w(g(w)) for w € W.
Then ¢’ : X — M(W,Y) is continuous and ¢'(X) € YW, so we regard ¢’ as
a continuous function from X to YW, Similarly F determines a continuous
function F': A x I — YW with F’(a,0) = ¢'(i(a)), forae A. Buti: A — X
is a free cofiber map, and so there is a free homotopy G’ : X x I — YW of ¢’
such that G'(i x id) = F'. Then the function G : W x I — M(X,Y) defined
by G(w,t)(x) = G'(x,t)(w) is the desired based homotopy of g that covers
F. |

We apply this to the case when A = {«} is the base point of the CW complex
X and Y is a based space. Since M ({#},Y) = Y, we have a fiber sequence

yX —= M(X,Y) ">,

)

where 7(f) = f(*). By Theorem 4.3.4, there is an action ¢ : YX x QY — VX,
For any space W, this determines an operation

[W,Y¥] x [W, Y] — [W, Y], (%)

Lemma 5.5.2 There are bijections
1 pmo(YX) - [X,Y].
2. v:imp(M(X,Y)) = <X, Y).

Proof. The proofs of the two assertions are similar, therefore we only prove
(1). Let S° = {—1, 1} with basepoint 1. If f : S —» YX then f(—1): X - Y.
If f~pg:S°—YX then G: X x I - Y defined by G(z,t) = F(—1,t)(z),
for x € X and t € I, is a homotopy between f(—1) and g(—1). Thus there is
a well-defined function p : mo(YX) — [X,Y] given by u[f] = [f(=1)]. It is
easily checked that p is a bijection. m|
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We take W = S in (x) and recall that as groups mo(2Y) = 71 (Y) (Exercise
2.24). Thus there is a function [X,Y] x m(Y) — [X,Y]. We then have the
following definition.

Definition 5.5.3 For any spaces X and Y, the above operation of 7 (Y")
on [X,Y] is called the operation of the fundamental group m(Y) on the
homotopy set [X,Y]. For ue [X,Y] and a € m1(Y), the operation of o on u
is denoted u-a € [X,Y]. If we set X = S™ for n > 1, we obtain the operation
of the fundamental group m (Y') on the nth homotopy group m,(Y).

The following properties hold (see Definition 4.4.1):

o u-0=u,foruel[X,Y].

o (u-a)-B=u-(a+p),foruel[X,Y]and o, 8 € m (Y).

e If h:Y — Y’ is amap, then hy(u-a) = hy(u) - hye(a), for u e [X,Y] and
Oé€7T1(Y).

e The diagram

mo(YX) —F o (M(X,Y))

X l”
[X,V] —————(X.Y)
is commutative, where i : YX — M (X,Y) is the inclusion function and 6 is
the function that assigns to the homotopy class of a map, its free homotopy
class. Since p and v are bijections, we have the following consequence of
Theorem 4.4.5.

e O(u) = 0(v) if and only if there is an « € m1(Y") such that v = u-«. Let X
be a CW complex, let Y be a path-connected space, and let [ X, Y]" be the
orbit space of the operation of 71 (Y") on [X,Y]. Then # induces a function
0 [X,Y] - (X,Y). Because 0 is onto (Exercise 2.25), it follows that

e 0:[X,Y] — (X,Y)is a bijection. In particular, if the operation of 71 (Y")
on [X,Y] is trivial, then 0 : [X,Y] — (X,Y) is a bijection. In this case,
two based maps X — Y which are freely homotopic are based homotopic.
This holds, for example, if Y is simply connected or if Y is an H-space
(Lemma 5.5.6). We note that if the operation of m1(Y") on 7, (Y) is trivial,
then 6 : m,(Y) — (8™, Y) is a bijection.

An alternative definition of the operation of the fundamental group on the
homotopy set in terms of covering spaces is given in [23, p. 157]. Another def-
inition of this operation using loop spaces and conjugation in groups appears
in [67, p. 330].

We next give a more concrete description of the operation of 71 (Y’) on
[X,Y]. Let g : X - Y be amap, let a : (I,0I) — (Y,{x}), and let g U a :
X x {0} U {x} x I > Y be the function that is g on X x {0} and a on {x} x I.
Since {#} € X is a subcomplex, X x {0} U {*} x I is a retract of X x I by
Proposition 1.5.13. Thus g u a extends to a function G : X x I — Y and we
define the map G, : X > Y by go(2) = G(z,1). Ufg~p ¢ : X > Y anda ~4
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a':(I,0I) — (Y,{#}), we show that g, ~ ¢/, : X > Y. Let G’ : X xI - Y be
the function used to define g/,. We assume that X is a CW complex and so
the inclusion X x 0l u {*} x I — X x I is a cofibration. By Proposition 1.5.13,
there is a retraction X x I x I — (X x I x{0}) u (X x I x I)u ({#} x I x I).
Now define H' : (X x I x {0}) U (X x 0l xI) u ({#} x I xI) > Y by

L(z,s) if t=0 andx e X
’ _ ) G(z,t) if s=0 andze X
H'(w,5,t) = "(z,t)if s=1 and z € X
A

(t,s) if =+ and s,te I

G/
A
G
I

I

L
X
X xIxI

Homotopy H: L on bottom face, G on front face,

G’ on back face, A on right face

Figure 5.1

Let H : X x I xI — Y be an extension of H' (see Figure 5.1). Then
K : X xI — Y defined by K(z,s) = H(z,s,1) is a homotopy between g,
and g,,. Thus if & = [a] € m(Y) and v = [g] € [X,Y], then there is a
well-defined element u * a = [g,] € [X,Y].

We show that this operation agrees with the one in Definition 5.5.3.

Proposition 5.5.4 For alla e m(Y) and ue [X,Y],
u-a=u*a.

Proof. According to Theorem 4.3.4, the action ¢ : YX x 2Y — YX of the
fibration
yX —= MX,Y) ">V

is obtained as follows. Let I be the homotopy fiber of 7, let 8 : Y X — I be
the excision map which is a homotopy equivalence, and let ¢ : I, x 2Y — I
be the action of Proposition 4.3.3. Recall that 5(g) = (g, #), for g € YX, and
o((g,v),w) = (g9,v + w), for (g,v) € I, and w € Y. Then the action 1 is
defined by the homotopy-commutativity of the diagram
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YX x QY yX
lﬁxid lﬁ

@
I, x 2 I..

Then we define maps p,o,7: YX x QY — I, by

p(g,w) = (g,* +w),
o(g,w) = (Ju, *),
7(g,w) = (g,w),

forge YX andwe QV. If r: X x I — X x {0} U {#} x I is a fixed retraction,
we set G = (guw)r: X xI - Y, and so g,(z) = G(z,1), for z € X. Tt
suffices to prove that p ~ o because p ~ 1. Clearly p ~ 7, so we show that
T ~ o. For this, let G : I — M(X,Y) be the adjoint of G : X x I — Y.
Then, with ge YX, we 2V and t € I, we define H : YX x QY x I — I, by
H(g,w,t) = (C:'(t),wt,l), where wy 1 is the path w reparametrized so that it
starts at w(t) and ends at w(1) = =. It follows that 7 ~p o. O

Thus we have two descriptions of the operation of 71 (Y") on 7, (Y), the one
given in Definition 5.5.3 and the one just given with X = S™. We now give
a third description which is frequently used. In this characterization, maps
representing homotopy classes are regarded as defined on (I™, 0I"™).

Let u = [f] € m(Y) and « = [a] € m1(Y), where f : (I",0I") — (Y, {#})
and a : (I,0I) — (Y,{*}). These maps determine a function f v a : I"™ X
{0} U OI™ x I — Y defined by

(fua)(x,0) = f(z) and (fuva)(a’,t) = a(t),

forze I™, o' € 0I™, and t € I. Since I"™ x {0} u 0I™ x I is a retract of I™ x I,
the function f U a can be extended to a function F': I"™ x [ — Y. We define
Ja : (I",0I") = (Y, {#}) by fo(z) = F(z,1).

We next show that the homotopy class of f, depends only on the homotopy
classes of f and a. The proof is similar to the proof of the analogous statement
for the second definition, but we sketch it for completeness. Suppose f ~g
fro(Imorm) —» (Y, {+}) and a ~4 o' : (I,0I) — (Y,{*}). Furthermore, let
F :I"x 1 — Y be any function that is an extension of f u a and let F’ :
I" x I — Y be any function that is an extension of f’ud’. Set f,(z) = F(z,1)
and f!,(z) = F'(z,1). Because I" x dI u dI" x I is a subcomplex of I" x I,
it follows that (I"™ x I x {0}) u (I"™ x 0 x I) u (0I™ x I x I) is a retract of
I"x I xI. Wedefine H:(I"xIx{0})u{I"xdI xI)u((@I"xIxI)—>Y
by
(r,s) if t=0 and z € I"

(z,t) if s=0 and z € I"
F'(z,t)if s=1 and x € I™
A(t,s) if xzedl™,

G
H(x,s,t)= r
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where s,t € I. Therefore there exists a function K : I" x I x I — Y that
extends H. Thus if K’ : I" x [ — Y is defined by K'(z,s) = K(x, s, 1), then
fo~r £l (I™,01") — (Y, {#}). Consequently uo a = [f,] € m,(Y) is well-
defined for a = [a] € 1 (Y) and u = [f] € m,(Y). We note for later use that
we have shown that if F': I" x I — Y is any homotopy which is an extension
of f u a, then the map &k : (I",0I") — (Y, {*}) defined by k(z) = F(z,1) is
homotopic to f,.

We now show that this operation agrees with the earlier ones. We represent
u€ m,(Y) by amap g : S™ — Y and represent a € m(Y) by a : (I,0I) —
(Y, {+}). Then g ua: S™ x {0} U {*} x [ — Y is the function defined above.
Thus g U a extends to a function G : S™ x I — Y and g, : S™ — Y is given
by ga(y) = G(y,1). If b : I — S™ is the continuous function that carries oI™
to {#} and is a homeomorphism from I™ —dI™ to S™ — {*} (see the beginning
of Section 4.5) and f = gh, then f : (I",0I™) — (Y,{*}) also represents u.
Furthermore, if the extension F of f ua: I™ x {0} U dI™ x [ — Y is taken
to be the composition

mx 12 gn 1 G x,

then f,(z) = G(h(z),1) = Jo(h(x)). Therefore f, : (I",0I") — (Y, {#}) and
Ja : S™ — Y represent the same element in 7, (Y), and so u-a = uxa = uoa.

Let us consider the case n = 1. Then a = [a],u = [f] and u -« = [f,] are
all in 71 (YY) and we have

U-o=—o-+u-+ .

This follows at once from Figure 5.2.

1

Figure 5.2
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Thus the operation of « € 71 (Y) on u € 71(Y") is conjugation of u by —«. In
particular, if & € m1(Y) and u,v € 71 (Y), then (v +v)-a=u-a+v-a. We
next see that this holds more generally.

Proposition 5.5.5 If a € m(Y) and u,v € m,(Y), then (u+v)-a=u-a+
v

Proof. Let o = [a], u = [f] and v = [g], where a : (I,0I) — (Y, {*}) and
frg: (I 0I™) - (Y, {}). Let F,G : I" x I - Y be free homotopies such
that for z € I", we have f,(z) = F(z,1), gu(z) = G(x,1), f ~p f,, and
g ~G Ja- Let x = (t1,t2,...,t,) € I" and define F + G : I" x [ - Y by

_ F(2t1at2a-~'atn7t) f0$ 1<%
(F+G)(x’t)_{G(2t1—1,t2,..., tif 1<t <1

Then (F + G)(x,0) = (f + g)(x) and (F + G)(2',t) = a(t), for 2’ € oI and
t € I. Therefore

(f +9)a(@) = (F + G)(x,1) = (fa + Ja)(2)-
Hence (u+v)-a=u-a+v-a. O

Next we consider the operation when Y is an H-space.

Lemma 5.5.6 IfY is an H-complex, then the operation of m1(Y) on [X,Y]
is trivial.

Proof. We assume that the multiplication m of Y has the property that
m(y,*) =y = m(=,y), for all y € Y by Exercise 2.1. If o = [a] € m1(Y) and
u=[f]€[X,Y], then define F : X x I =Y by F(x,t) = m(f(x),a(t)), for
x€ X andt e I. Then F(z,0) = f(z) and F(2/,t) = a(t), forz € X, 2’ € 0",
and t € I, and so F is an extension of f ua. Therefore f,(z) = F(z,1) = f(x),
and so u - a = u. |

Definition 5.5.7 A space Y is called n-simple if the operation of 71 (Y") on
the homotopy group 7,(Y) is trivial, that is, if for every o € m(Y) and
u € m,(Y), we have u - @ = u. The space Y is called simple if Y is n-simple
for every n > 1.

Clearly a space is 1-simple if and only if its fundamental group is abelian. In
addition, every 1-connected space is simple and every H-complex is simple.
Hatcher calls simple spaces abelian spaces [39, p. 342].

For a pair of spaces (X, A), we consider the operation of m1 (A) on 7, (X, A).
Let a = [a] € m1(A) and let w = [h] € 7, (X, A), where h : (I", ["~1 Jn=1) —
(X, A, {+}),and let f = h|I"=1: (I"71 0I""1) — (A, {}). Since I~ x {0} U
oIt xTisaretract of I""1 x I, themap fua: I" 1 x {0} udl" txI— A
extends to F” : I"1 x I — A. Now define F' : I" x {0} u dI" x [ - X by
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h(z) ifxzel™ and t=0
F'(z,t) =% F'(z,t)if ze "' and tel
a(t) if zeJ" ! and tel.

Because I"™ x {0} u dI"™ x I is a retract of I" x I, we extend F’ to a
function F : I" x I — X and define h,(z) = F(x,1), for x € I™.
Then h, : (I", 1", J" 1Y) — (X, A, {#}). We note that h,|I""! = f, :
(I~ 01" — (A, {*}), where h|I"~! = f.

Fl

I
h "

In—l
Homotopy F: h on bottom face, F’ on front face,

a on all other side faces

Figure 5.3

Lemma 5.5.8 If h ~ h' : (I", 1", J" ") - (X, A {+}) and a ~ d :
(I,0I) — (A, {x}), then hq ~ hl, : (I", 1" J"71) = (X, A, {x}).

Proof. This is Exercise 5.16. |

Definition 5.5.9 If (X, A) is a pair of spaces, then there is an operation of
m1(A) on m,(X,A) which is called the operation of the fundamental group
m1(A) on the relative homotopy group m,(X, A). For w = [h] € m,(X, A) and
a = [a] € m1(A), the operation of a on w is w - o = [hy] € T (X, A).

Let m be a group that operates (on the right) on groups G and H and let
0 : G —» H be a homomorphism. If O(u - o) = 6(u) - «, then 6 is called a
m-homomorphism. We consider the case m = m(A). If (X, A) is a pair of
spaces, then 71 (A) operates on 7, (A) and 7, (X, A). In addition, 71 (A) can
be made to operate on 7, (X) by setting

vea=v-ig(a),

where v € m,(X), a € m1(A), and i : A — X is the inclusion map. If we
consider the exact homotopy sequence of the pair (X, A),

e (X, A) e (A) = (X)) =D (X, A) e
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where j : (X, {#}) —» (X, A) is the inclusion map of pairs and 0,41 is the
connecting homomorphism, then each of the groups that appears in the exact
sequence is operated on by 71 (A).

Proposition 5.5.10 iy, js, and 8,41 are m(A)-homomorphisms.

Proof. From the definition of the operation of 71 (A) on 7, (X), it follows that
iy is a m (A)-homomorphism. To show 0, is a 71 (A)-homomorphism, we use
the notation in the definition of the operation of m(A) on m,(X, A). Since
ho It = f,, where f = h|I" !, we have 0, (w - ) = (0,w) - .

Finally we prove that j, is a 71 (A)-homomorphism. Let o = [a] € 71 (A)
and v = [k] € 7,(X). Consider jk : (I",I" 1, J" 1) — (X, A, {+}) and
observe that jk|I"~! = %. Following the definition of the operation of 71 (A)
on 7, (X, A), define the extension F” : ["™' x I - Aof xua: "t x {0} U
oI"~! x I — A by F"(x,t) = a(t). We then proceed as above, extending
F" to F' and F' to F: I" x I — X. It follows that F(z,1) = (jk).(x) and
(jk)a : (I, I I 1) — (X, A, {*}) represents j,(v)-c. On the other hand,
the free homotopy F of k satisfies F'(dx,t) = ia(t), for dx € ¢I"™. Therefore
F(x,1) = kiq(z), for x € I"™, where k;, : (I",0I") — (X, {#}). Because ki,
represents v - «, we have that j, is a 7 (A)-homomorphism. |

5.6 Calculation of Homotopy Groups

In this section we compute some homotopy groups of specific spaces. We
consider a number of different spaces, but in most cases only compute the
first few nontrivial homotopy groups. It is possible to make further computa-
tions with more work, but our purpose here is to illustrate some elementary
methods for determining homotopy groups. Homotopy groups are difficult to
calculate, even for familiar spaces. Part of the difficulty is that the homotopy
groups 7;(X) of any finite, 1-connected, noncontractible CW complex X are
nontrivial for infinitely many values of i (see the discussion after Proposition
5.6.1).
We begin with spheres.

Spheres

We first consider the 1-sphere S, that is, the unit circle in R2. We have
seen in Definition 2.4.14 that there is a function deg: 71(S') — Z which is
an isomorphism by Proposition 2.4.16. Therefore 7;(S*) = Z. For m,(S'),
when n > 1, we consider the exact fiber homotopy sequence of the universal
covering map p : R — St [61, p. 118],
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e (Z) 1 (R) >y (S1) 1 (Z)— -

where the fiber Z is a discrete topological space. Then m;(Z) = 0, for all i > 0,
and 7;(R) = 0, for all i > 0, since R is contractible. Therefore m, (S) = 0,
for n > 1.

Next we consider the n-sphere S™ for n > 1. We have seen in Proposition
2.4.18 that m;(S™) = 0 for i < n and that m,(S™) = Z. The latter isomorphism
is either given by the degree function deg : m,(S™) — Z or equivalently by
the Hurewicz homomorphism h,, : 7,(S™) — H,(S™).

Additional results on the homotopy groups of spheres are obtained by
considering Example 5.4.8 for n = 1 which yields £25¢ = QFP! ~ 25%d-1 x
S9=1. Here F is the complex numbers, the quaternions, or the octonions,
when d =2, 4, or 8, respectively. We obtain the following proposition.

Proposition 5.6.1 Fori >3 and d = 2,4, or 8,
7T¢(Sd) =~ Wi(SZdil) (—B’/Ti_l(Sdil).

The case d = 2 is particularly interesting. Then ;(S?) = 7;(S?), for all i > 3.
Thus
773(52) = 7T3(53) =7

and a generator of the infinite cyclic group 73(S?) is the homotopy class of the
Hopf map ¢ : S? — S2. This surprising and important result, which is due to
Hopf [44], was the first example to illustrate that, unlike homology groups,
the nth homotopy group of an m-dimensional complex could be nonzero for
n > m. Later work showed that the homotopy groups m;(S™) n > 1, are
nontrivial for infinitely many values of i. There is the result of McGibbon—
Neisendorfer [68] which states that if X is a 1-connected complex and p is a
prime such that H;(X;Z,) # 0 for some j, then m;(X) contains a subgroup
of order p for infinitely many values .

We next show that the isomorphism 7;(S?) =~ m;(S®), for all i > 3 leads
to an example of two spaces with isomorphic homotopy groups which are not
of the same homotopy type.

Example 5.6.2 Let X = S? and Y = S® x K(Z,2). Then it is clear that
X and Y have isomorphic homotopy groups. But they do not have the same
homotopy type because they have nonisomorphic homology groups.

For the group m3(S?), the difference between the degree of the homotopy
group and the dimension of the sphere is one. This raises the question of
what is the (n + 1)st homotopy group of the n-sphere for n > 2. To answer
this we introduce some ideas that bear on this question, but also have wider
application.

Consider the function X' : [X,Y] — [XX, XY] defined by X[f] = [Zf]. It
can be shown directly that X' is a homomorphism if X is a cogroup. However,
we prove this differently. Define e = ey : Y — 2XY by e(y)(t) = {y,t), for
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y €Y and t € I. Let k be the adjoint function that assigns to a map g : XY —

Z, the map k(g) : Y — 2Z. By taking Z = XY and g =id : XY — XY, we
see that k(id) =e: Y — 2XY.

e(y)(t)

~
t

Figure 5.4

Lemma 5.6.3 For any spaces X and Y, the following diagram commutes

[X,Y]— = ~[¥X, 5Y]
o x| Ky
[X,25Y].

Consequently, if X is a cogroup, then X : [X,Y] — [XX,XY] is a homo-
morphism called the suspension homomorphism.

Proof. This follows since k(X' f) = ef and e, is a homomorphism. =

Next we consider the sequence of groups and homomorphisms

3(5%)—Z 1 (§%) —=> 5 (S~ - - .

We show that the first homomorphism is an epimorphism and the others
are isomorphisms. For this we prove the Freudenthal suspension theorem
which is a consequence of the Blakers—Massey theorem. We begin with the
latter theorem [10] (also called the homotopy excision theorem). Recall that
a map is an n-equivalence if it induces an isomorphism of homotopy groups
in degrees < n and an epimorphism in degree n.

Theorem 5.6.4 Let
A*Z>X*q>Q

be a cofiber sequence with A r-connected and Q) s-connected, v,s > 1. Let I,
be the homotopy fiber of ¢ and let B : A — I, be the excision map defined by
B(a) = (i(a), =), for a € A. Then B is an (r + s)-equivalence.
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This statement is one version of several that have been called the Blakers—
Massey theorem (see [86]). The proof is given in Section 6.4. This theorem
implies the generalized Freudenthal suspension theorem. Before proving this
theorem, we give a simple lemma.

We first recall some notation. Let

X —>0xX 1> 3x

be the cone cofibration, let I, be the homotopy fiber of ¢, let j : 2XX — I,
be the inclusion of the fiber into the total space, let 5 : X — I, be the
excision map, and let e : X — 22X X be the map defined above.

Lemma 5.6.5 The following triangle is homotopy-commutative

where € = —e: X — QX X.
Proof. For x € X, s,t € I, define e¢; : X —» EXX by
er(x)(s) =<z, t(1 — s)).
Then define F': X x I — I, by
F(z,t) = ((x,t), er(x)).

Hence g ~p je. |
With the notation above we next prove the generalized Freudenthal theorem.

Theorem 5.6.6 Let A be a finite-dimensional CW complex and let X be an
(n — 1)-connected space, n = 2. Then the suspension function X : [A, X] —
[YA, ¥ X] is bijective if dim A < 2n — 2 and surjective if dim A = 2n — 1.

Proof. By the exactness of the homotopy sequence of the fibration
Oxx —1=1,—=CX,

it follows that j is a weak equivalence. Since X is (n — 1)-connected, XX is
n-connected, and, by the Blakers—Massey theorem applied to

X —>0cx —21s-yx,

we see that § : X — I, is a (2n — 1)-equivalence. By Lemma 5.6.5, € is
a (2n — 1)-equivalence and thus so is e by Exercise 5.20. Therefore e, is a



5.6 Calculation of Homotopy Groups 181

bijection if dim A < 2n — 2 and a surjection if dim A = 2n — 1 by Proposition
2.4.6. The theorem now follows by Lemma 5.6.3. m]

One consequence is the classical Freudenthal suspension theorem.

Theorem 5.6.7 If X is an (n — 1)-connected space, n = 2, then the sus-
pension homomorphism X : 7.(X) — m.11(XX) is an isomorphism for
r < 2n —1 and an epimorphism for r = 2n — 1.

The Blakers—Massey theorem 5.6.4 also yields a truncated exact homo-
topy sequence for a cofibration. We call this result the Blakers—Massey exact
sequence of a cofibration.

Corollary 5.6.8 [40] Let
A—i>X—q>Q

be a cofiber sequence with A r-connected and Q) s-connected, r,s = 1. Then
there is a homomorphism Oy : m,(Q) — Tp—1(A) for k =3,...,r + s, called
the connecting homomorphism, such that the following sequence of groups is
exact

Tt a(A)—Em (X) = mr (Q) ety oy (A)— -

Ly qx

7T2(X) 7T2(Q) O

Proof. The proof consists of taking the exact homotopy sequence of the map
q (Corollary 4.2.17) and then using the Blakers-Massey theorem 5.6.4 to
replace m, (1) by m,(A) in the appropriate degrees k. The connecting homo-
morphism ¢y, is the composition

sy (A)

T(Q) —2> i 1(I,) N Te—1(A),

where dj; is the homomorphism of Corollary 4.2.17. |

Remark 5.6.9 We observe that there is a Blakers—Massey exact sequence
for homotopy groups with coefficients. If the coefficient group is not free-
abelian, then the truncated exact sequence starts in degree r + s — 1. This
can be proved just like Corollary 5.6.8.

We return to the sequence of groups and homomorphisms

P X

73(§%) —=my (§%) =75 (54— - -

By the Freudenthal theorem, the first homomorphism is an epimorphism
and all subsequent ones are isomorphisms. Since m3(S5?) = Z, it follows that
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Tne1(S™) is a cyclic group, for all n > 2. In fact, there is the following result
on the (n 4+ 1)st and (n + 2)nd homotopy group of S™.

Theorem 5.6.10 Let n > 3. Then

1. T 1(S™) = Za, with generator [X"2¢], where ¢ : S — S? is the Hopf
map.
2. Tpio(S™) = Zo, with generator [(X"2¢) (X"1¢)].

The proof of (1) is given in Appendix D. For (2), see [45, p.328] or [39,
pp. 475, 478].

For a CW complex X (not necessarily path-connected), the iterated sus-
pension X" X is (n — 1)-connected. Therefore if r is an integer > 0, then
the groups m,4+,(X"X) are all isomorphic by the Freudenthal theorem for n
sufficiently large (n > 7 + 1). This group is denoted 77 (X) and called the
rth stable homotopy group of X. If X = S° then 72(S%) equals 7, ,.(S™)
for n > r + 1. This group is called the stable r-stem and written 7. Thus
75 = 7 and, by Theorem 5.6.10, 7{’ = Zy and 75 = Zs. The determination
of the stable stems 7r§ is a difficult problem and some deep results have been
obtained [78].

Moore Spaces

Let m and n be integers > 2. We first consider the Moore space M (Z,,,n).
Let m : S™ — S™ be a map of degree m, let X be the mapping cylinder of m,
and let M = S™ Uy, e"*! be the mapping cone of m. Then M = M (Z,,,n)
and we have a cofiber sequence

S”LI>X—>M,

where S™ and M are each (n — 1)-connected and m’ is the map into the
mapping cylinder induced by m. We take the Blakers—Massey exact sequence
of this cofibration, replace X by S™, and m’ by m, and obtain the exact
sequence

T3 (S7) =y (S™) o (M) =iy (S7) i (S7) (),
where j : S™ — M is the inclusion, d; is the boundary homomorphism and
i < 2n — 2. It follows from the Freudenthal theorem that X : m; 1(S"™!) —
m;(S™) is an epimorphism. Therefore if o € 7;(S™), then o = X3, for some
B =[g] € mi_1(S™1). Hence my(a) = [m Xg] = (Xg)*[m]. But m = m (id)
and (X¢)* is a homomorphism by Proposition 2.3.4. Therefore

my (o) = m[Xg] = ma.
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Similarly my(v) = m~, for v € m;—1(S™). Thus the two homomorphisms m,
in the exact sequence (#) are both multiplication by m, denoted xm.

Now suppose i = n + 1 in (), where n > 3. Then, by Theorem 5.6.10, we
have the exact sequence

m j dn
Zo— T (M7 207

Therefore if m is even, then 7,1 (M) = Zs, and if m is odd, w41 (M) = 0.
Next suppose ¢ = n + 2 in (%), where n > 4. Then we have the exact
sequence

xm J# dnt2 xm
Ly ——>"Tg——>Tny2(M)—>Zo—>1s,

by Theorem 5.6.10. If m is even we obtain m,.2(M) as an extension of Zs by
Zs. If m is odd, then 7, 12(M) = 0. We summarize these calculations in the
next proposition.

Proposition 5.6.11 Let m > 2 and n > 3. Then

1.
Zo if m is even

Tn41(M(Zn, n)) = {0 if m is odd

2. If m is even and n = 4, then there is a short exact sequence
0——=Zo——>mpio(M(Zy,n))—=Zy —0.

3. If m is odd and n = 4, then mp190(M(Zy,,n)) = 0.

We next discuss the relation between the homotopy groups of a Moore
space of type (Z,,n) and those of a Moore space of type (G,n), for a finitely
generated group G.

Let G be a finitely generated abelian group and let P be the set of primes
that divide the order of the torsion subgroup of G. We write G as a direct
sum

G=7® - OLOD A,

r summands per

where r is the rank of G and A, is the p-primary component of G, that is,
the direct sum of cyclic groups of order a power of p. Then for n > 2 we form
the wedge
X = S” v STy \/ M(A
r tcrms peP

where M(Ap,n) is a wedge of Moore spaces of the form M (Zpa,n). Clearly
X is a Moore space M (G, n). Furthermore, the spaces S and M (A4,,n) can
be assumed to be CW complexes whose (n — 1)-skeleton is the basepoint by
Corollary 2.4.10.
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Proposition 5.6.12 Ifi <2n—2 and n = 2, then

mi(X) = m(S") @ @ mi(S") ® D mi(M(Ap, 1))

Y peP
r summands

Proof. Let
Y =8" x--x 8" x [ [ M(4,,n)
| ———

r factors pepP

and let j : X — Y be the inclusion. Then Y2~ ! = X and so j, : m(X) —
m;(Y') is an isomorphism by Proposition 1.5.24. Since

(V) =2m(S")®---@m(S") @ 6—) mi(M(Ap,n)),

peP
the proof is complete. O

Corollary 5.6.13 Let G be a finitely generated abelian group of rank r whose
2-primary component is a direct sum of s cyclic groups of order a power of
2. Then

1. If n = 3, then 1 (M(Gyn)) = Zo @ - DZs.

r+s summands

2. Ifn =4, then mpyo(M(G,n)) = H®Zy @ --- @ Zg, and there is a short
—_

r summands
exact sequence

0——2o@---@Ly——H—7y®--- @ Zy—0,

where each of the two direct sums in the preceding exact sequence is a direct
sum of s copies of Zs.

Remark 5.6.14

1. The methods of Proposition 5.6.11 and Corollary 5.6.13 can be used to
obtain additional results on m;(M(G,n)) for i < 2n — 2. If we know the
homotopy groups of spheres 7;(S™), then we can determine 7;(M(G,n))
up to an extension.

2. In [8, p.269], Baues has shown that m,2(M(G,n)) is an extension of
G # Zo by G ® Zo. In addition, there is a great deal of information about
the spaces M(Zy,,n) in [75].

Topological Groups

We begin with the orthogonal group O(n) of n x n real matrices A such that
AAT = 1. Then det A = %1 and the subgroup SO(n) of O(n) consisting
of those matrices of determinant 1 is the special orthogonal group (Exercise
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3.22). The group SO(n) acts on R™ and can be shown to be the group of
all rotations of R™. It is easily seen (Exercise 3.24) that O(n) is the union
of two path-connected components one of which is SO(n). The other is also
homeomorphic to SO(n) and is obtained by multiplying SO(n) by a fixed
matrix of O(n) of determinant —1. Thus O(n) = SO(n) x Zs, where Zs
denotes the discrete space with two elements. Therefore mo(O(n)) is the two
element set and 7y(SO(n)) = 0. Furthermore,

mi(O(n)) = mi(SO0(n)),
for ¢ > 1. By Proposition 3.4.12 there are fiber sequences

2L O(n) L gnt

O(n—1)
and so it follows from the exact homotopy sequence of a fibration that

e (000 1) = 50 {2 202
Therefore for fixed ¢, the groups m;(O(n)) are all isomorphic if n > i + 1.
We denote this group by 7;(0). Now SO(2) acts on S* by rotation and this
action is transitive, that is, for any two elements of S', there is a matrix
in SO(2) (a rotation) which carries one to the other. The isotropy group of
this action is trivial, therefore it follows from Exercise 3.21 that SO(2) =~ S*.
Thus for n > 1,

72(0(2)) = 1, (SO(2)) = ma(S") = {f s

Next we sketch a proof that SO(3) is homeomorphic to RP3. We identify
S$3 c R* with the quaternions of unit length and identify R® with the pure
quaternions, that is, those of the form bi+cj+dk, for b,c,d € R. For every
x € S3, let p, be conjugation of the pure quaternions by z, that is, p,(y) =
xyxz~!, where y € R3. One then shows the following.

1. p(y) is a pure quaternion. Therefore p, : R? — R? is a linear transforma-
tion. With the standard R? basis, p, can be regarded as a 3 x 3 matrix.

2. pe € SO(3) and so a continuous function p : S? — SO(3) is defined by

p(x) = pq.

plx) =1z =+1.

4. p induces a continuous injection p : S?/~— SO(3), where z ~ 2’ if and
only if ' = +x, for #,2' € S3. Thus p : RP? — SO(3) is a continuous
injection.

5. p is a homeomorphism: Since RP? is compact and SO(3) is Hausdorff, it
suffices to show that p is onto: Given A € SO(3) with columns Ay, Ay, As
(regarded as pure quaternions), let #’ be a quaternion of unit length defined

@
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by 2’ = x — Ajxi —Asxj —Aszzk, for an arbitrary quaternion z. Then a
long calculation shows that p(z’) = A. Alternatively, the following is a
shorter and more sophisticated argument: RP? and SO(3) are compact,
path-connected three-dimensional topological manifolds. Then RP? and
p(RP3) are homeomorphic spaces. By the invariance of domain theorem
[61, p. 217, 6.5], p(RP?) is open in SO(3). Since p(RP?) is closed in SO(3),
we obtain p(RP3) = SO(3) because SO(3) is connected.

This completes the sketch of the proof.

Hence for n > 1,
7, (0(3)) = 7,(SO(3)) = 7, (RP?).
Because S? is the universal cover of RP3, we have by Theorem 5.6.10,

Zo ifn=1,4,5
T(0(3)) = m,(SO3)) =< 0 if n=2
Z if n=3.

Thus we see that m1(O) = Zs and, since jax : m2(0(3)) — m(0O(4)) is
an epimorphism, m3(0O) = 0. An interesting discussion of the fundamental
group of SO(3) appears in [14, pp. 164-167] including an illustration with
photographs of the fact that a loop in SO(3) added to itself is homotopic to
the identity.

For n > 1, the unitary group U(n) consists of n x n complex matrices
A such that AAT = I, where A is the matrix of complex conjugates of the
entries of A. Then there are the fiber sequences

k?‘Lf n
Un —1)—=>U(n)—22-g20-1,

and so it follows from the exact homotopy sequence of a fibration that

an isomorphism if ¢ < 2n — 2

v s mi(U(n — 1)) = mi(U(n)) is {an epimorphism if i = 2n — 2.

Therefore for fixed ¢, the groups m;(U(n)) are all isomorphic if 2n > 7. We
denote this group by m;(U).
Now U(1) = S* and so 71 (U(1)) = Z and 7;(U(1)) = 0 for i > 2. Thus
m(U) =m(U(n)) =272 forn=1.

For U(2) we have the fibration S* — U(2) — S®. From its exact homotopy
sequence we see that m;(U(2)) = 7;(S?) for i > 2. Therefore

ma(U) = m(U(n)) =0 forn > 2.

Consider the fibration U(2) — U(3) — S°. We obtain 73(U(3)) = Z and so
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m3(U) = m3(U(n)) =2Z forn > 3.
Part of the exact homotopy sequence of this fibration is
74 (U(2)—4(U(3)) —0.

Thus if n > 3,
m4(U) =m4(U(n)) =0 or Zs,

because 74 (U(2)) = Zs. It can be shown that the group is 0.

The symplectic group Sp(n) of n x n quaternion matrices A such that
AAT =T can be treated in complete analogy to the orthogonal group and
the unitary group. We can determine the homotopy groups of Sp(1) and
Sp(2) and calculate m;(Sp) for i = 1,2,3,4. We omit details.

Going back to the groups m;(U), we see that m;(U) = m;42(U) for i = 1,2.
This is a small part of a more general, well-known, and deep result due to
Bott [11]. We state this theorem which is called the Bott periodicity theorem.

Theorem 5.6.15 For alli > 0,

o 1,(0) = mi45(0).
o m(U)=mia(U).
o T;(Sp) = mits(Sp).

Thus m;(O) and 7;(Sp) are each periodic in ¢ with period 8 and ;(U) is
periodic with period 2. All of the groups above have been calculated.

Stiefel Manifolds

We consider the real Stiefel manifolds Vi(R™) which we write as Vj . For
0 < k <1, we have by Proposition 3.4.12 the general Stiefel fibration

J q
Vl7k7n7k4>Vl+1,n+1 4>Vk+l,n+1 .

We consider special cases. For k = 0, we obtain

J q
Vin——=Vis1ne1—>Vint1 = 5".
From the exact homotopy sequence of a fibration we have

an isomorphism if 1 <n — 1

Ju 2 Ti(Vin) = Ti(Vig1n4) s {an epimorphism if i =n — 1.

Corollary 5.6.16 For k <n, Vi, is (n —k — 1)-connected.

Proof. Suppose i < n—k. Then we have the following string of isomorphisms



188 5 Applications of Exactness
Ti(Vin) = 1 (Vicine1) = o 2 1i(Vipegg) = m(S™7F).

But the latter group is 0 because 1 < n — k. m]

A special case of the fibration Vl,n% I+1,n+1 — 287 occurs when [ = 1
and we obtain

_ J q
Sn 1 ‘/2,n+1 Sn .

As we noted in Remark 3.4.17 it is a classical result in algebraic topology
that this bundle has a section if and only if n is odd. Therefore for odd n,
there is a section and so

7'('1'(‘/2,”_;,_1) = Tl'z(Sn) (—Bﬂ'i(snil).
It can be shown [41, p. 88] that for odd n > 5,
7rn72(‘/2,n) = anl(‘/Z,n) = Z2-

Another special case of the general Stiefel fibration occurs when [ = k + 1:

—1 J q
Sm = ‘/17n_l+1ﬂ‘/l+1,n+1*>‘/l,n+l~

Then

L ' . | an isomorphism if ¢ < n —1
@ Ti(Viernar) = (Vi) s {an epimorphism if i = n — [.
By taking [ = n — 1 in the previous fibration, we obtain the fibration
st—1s n,n+1$vn—1,n+l-
But V,, n41 = SO(n + 1) (Exercise 3.23), and so for i > 3,
ﬂi(anl’nJ’»l) =~ WZ(SO(n + 1)) ~ WZ(O(H + 1))

We omit a discussion of the complex and quaternionic Stiefel manifold. For
more information about the Stiefel manifolds and their homotopy groups, see
[53, 91].

Grassmann Manifolds

Since projective spaces are special Grassmann manifolds, we discuss these
first. From the splitting of the homotopy groups of 2FP™ in Example 5.4.8,
we have for all i > 1,
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~ d — d—
ﬁl(FPn) :7‘(’1‘(5 (n+1) 1)@7‘('1‘_1(5 1),

where d = 1,2 or 4 according as F = R, C, or H. More explicitly,

i (RP™) = m(S™) for i > 2

Z ifi=2

mi(SPHL) if i > 2

Fi(HP”) X~ 7TZ‘(S4”+3) (—B?Tifl(SS) fori > 1.

1

The first of these isomorphisms also follows from the fact that S™ is the
universal cover of RP", n > 2.

We next briefly consider general Grassmann manifolds, but only in the
real case. By Proposition 3.4.16 there is a fiber sequence

O(k) = Vk,k Vk,n Gk:,n'

From Corollary 5.6.16 and the exact homotopy sequence of a fibration, we
conclude that
Wi(ka) = 7T1_1(O(]€)) ifi<n—k.

In addition, it follows easily that if 0 < k < n,

1 (Grn) = {Z ifn=2

Additional results on the homotopy groups of Grassmannians can be found
in [91, pp. 202-209].

As we have seen, it is difficult to calculate homotopy groups. We have used
elementary methods to determine the first few nontrivial homotopy groups
of certain spaces. But even with more advanced methods, which can be used
to obtain many more homotopy groups, a great deal is unknown. To end this
section on a positive note, we mention a few known, general results.

In [82], Serre defined a class C of abelian groups by certain properties.
Rather than give the definition, let us just say that the following collections
of abelian groups are classes: the collection consisting only of the zero group,
all finitely generated groups, all finite groups, and all finite groups of order not
divisible by a given prime p. A homomorphism f : G — H of groups is called
a C-isomorphism if Ker f and Coker f = G/Im f are in C. A consequence of
the work of Serre is the following theorem which is a C-theory analogue of
the Hurewicz theorem 6.4.8 (for details, see [83, pp. 504-512]).

Theorem 5.6.17 Let C be a class of abelian groups, let X be a 1-connected
space, and let n = 2 be an integer. If H,,(X) € C for 1 < m < n, then
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Tm(X) € C for 1 < m < n. Furthermore, the Hurewicz homomorphism h, :
T (X) = H,(X) is a C-isomorphism.

Thus if X is a 1-connected finite CW complex, then m,,(X) is finitely gener-
ated for all m. Moreover, if H,,(X) is finite or is finite with no p-torsion for
all m < n, then the same holds for 7, (X).

By using this and other work of Serre [81], the following results on the
homotopy groups of spheres have been obtained.

e The homotopy groups 7,,(S™) are all finite except in the following cases:
(a) m,(S™) = Z, for all n; and (b) w2, _1(S™) is a group of rank 1, for all
even n.

e Ifn > 3is odd and p is a prime, then ,,(S")(;), the p-primary component
of m,(S™), is zeroif m <n+2p—3 andis Z, it m =n +2p — 3.

e Ifn>4is even and p is an odd prime, then

Tm(S™)p) = T (¥ ) () @ T 1(S" ™) )-

We refer the reader to [19, 78, 88] for more on the homotopy groups of spheres.

Exercises

Exercises marked with () may be more difficult than the others. Exercises
marked with (f) are used in the text.

5.1. () In Definition 5.2.2 a homomorphism « : H"(X)® G — H"(X;G)
was defined. Show that « is well-defined by showing that ¢, (f+f") ~ ¢~(f)+

O~ (f") and dnqrr () = &5 (f) + Gy (f), for f, f'+ X — K(Z,n) and 7,7 € G.

5.2. Let 0 Gy G Gs 0 be a short exact sequence of
abelian groups and let X be a space. Show that there is a homomorphism 6™ :
H"(X;G3) — H"(X;G1) such that the following sequence of cohomology
groups is exact

HO(X; Gy)—=HO(X; Go)——=HO(X; Gy)—2 = H'(X; Gy

e S HM(X Gy)——=H™(X; Gy) ——=H"(X; G3) —= H" (X Gy ) —.

5.3. () Prove that the function n : m,(X;G) — Hom(G, 7, (X)) given in
Definition 5.2.6 is a homomorphism.

5.4. Let G be a finitely generated abelian group of rank r» whose 2-primary
component is a direct sum of s cyclic groups of order a power of 2. Prove

T (S™; G) = \Z@"'(‘BZ)C‘D\ZQ@"'@Z%7
r summands ssuanandS
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where n > 3. You may assume that m,41(S™) = Zs (Theorem 5.6.10).
5.5. (1) Under the hypotheses of Proposition 5.4.6, prove that

(u+ v)o‘+’8 =u® +0°

by showing that the following diagram is commutative

Q 2 Qx Q% (Q v ZA) x (Q v ZA)
P (fva)x(gvb)
Qv A (Z~ Z)x (Z v 2)
AvA VxV
(@xQ) v (ZAxXA) ZxZ
(fxg)v(axb) m
(ZxZ)v (ZxZ)-""" 7 7 v Z,

where a = [a],8 = [b] € [YA,Z] and v = [f],v = [g] € [Q.Z]. As a
consequence prove Proposition 5.4.6.

5.6. (#) Let A ——= X ——= @ be a cofiber sequence and let r : X — A

be a homotopy retraction. It is well known that H;(X) = H,;(A) @ H;(Q),
for all j > 0.

1. Give an example for which X does not have the homotopy type of A v Q.
2. What additional hypothesis would ensure that X ~ A v Q7
3. Prove that Y X ~ YA v XQ.

5.7. () Prove the following for the smash product of CW complexes.

1L.XAY=2Y AKX

2. (X vY)AZ=2(XAZ)v (Y AZ).

B (XX)AY =2 XX AY)= X A(XY).

4. If 1 € I is the basepoint, then CX = X A I.
5 8T A X = XX,

6. 5™ A ST = ST,

5.8. Let X be a co-H-space.

1. If Y is any space, prove that X A Y is a co-H-space.
2. If X is a cogroup, prove that X A Y is also a cogroup.
3. If Y is a co-H-space, prove that X A Y is a commutative co-H-space.

5.9. In this problem we deal only with unbased spaces, functions, and homo-
topies. We also assume for convenience that all spaces under consideration are
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locally compact (but see Appendix A). Let i : A — X be a cofiber map and
let W be any space. Define i# : M(X,W) — M(A,W) by i#(f) = fi,
for f € M(X,W). Prove that i# is a fiber map. You may assume that
M(X xY,Z) = M(Y,M(X,Z)) (Proposition A.9).

5.10. Let f : X — Y be a map of path-connected CW complexes and let
#: X — Y be the constant map. Prove: f ~ % <= f ~y... *. Does this
contradict the fact that the comb space C' is not contractible to #; (see
Example 1.4.5)?

5.11. (%) If X is a free space and = € X is any point, then let m, (X, z)
denote the nth homotopy group of the based space (X, x). Let a be a path
in X with initial point zp = a(0) and terminal point z1 = a(1). We define a
function a” : m, (X, x0) — (X, 1) as follows. Let f : (I",0I") — (X, x0)
and consider f U a : I™ x {0} U dI" x I — X (see Section 5.5). Since
I x {0} v 0I™ x I is a retract of I"™ x I, there is an extension G : [" x I — X
of f ua. If g(x) = G(x,1), for x € I, then g : (I"™,0I") — (X, x1) and we
define a”[f] = [g].

1. Show that a* : 1, (X, z0) — 7,(X,z1) is a well-defined function.

2. Prove that if a and b are paths in X from zg toz; anda ~b: I — Xreldl,
then a# = b% : 7, (X, 20) — 7, (X, x1). Thus if a = [a] is the homotopy
class rel dI of a path a from g to x1, define o = a¥ : m,(X,z0) —
(X, 21).

. Show that a# is a homomorphism.

4. Consider a = [a] and = [b], homotopy classes rel 01, where a is a path
from z( to z1 and b is a path from z; to z2. Let o + 8 = [a + b]. Prove
(a+p)* = pFa*.

5. Prove that o is an isomorphism.

w

5.12. (#) Let X and Y be free spaces and let f : X — Y be a free map which
is a free homotopy equivalence. For any point zg € X and any n > 1, prove
that fy : 7, (X, 20) = (Y, f(x0)) is an isomorphism.

5.13. Show that the comb space C' with basepoint #; of Example 1.4.5 is
simply connected and that there are two (based) maps C' — C' which are
freely homotopic but not (based) homotopic. Why does this not contradict
the result in Section 5.5 which asserts that 6 is a bijection?

5.14. (+) Find spaces X and Y (not both CW complexes) and weak equiva-
lences X - Y and Y — X such that X Y.

5.15. (f) Let o € m(Y) and u € m,(Y). Represent u by a map f: S" - Y
and represent u - a by a map g : S™ — Y. Prove [ ~g.c g.

5.16. (f) Prove Lemma 5.5.8.
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5.17.1f F— > E —~> B isafiber sequence and M, is the mapping cylin-
der of p, then show that F' ~ E(Mp; E, {+}). Use the action of the fundamen-
tal group on relative homotopy to define an action of 71 (E) on m, (F).

5.18. (*) Prove that a space Y is dominated by a loop space (Definition 1.4.1)
<= themap e:Y — XY has a left homotopy inverse.

5.19. (f) Show that RP* is the Eilenberg—Mac Lane space K(Zs,1) and
CP* is K(Z,2).

5.20. (f) Let f : X — £V be any map and let j : Y — QY be the
inverse map. Show that the composition j2 ~ id : 2Y — Y. Now define
—f =4f X — Y and consider the functions f, : [4,X] — [4, 2Y]
and (—f)s : [4, X] — [A, 2Y], for any space A. Prove that f, is injective
<= (—f)4 is injective and that f, is surjective <= (—f), is surjective.

5.21. Show that

e (RP™, RP"1) = {0 <n

7Z®7Z k=n,

where n > 2 and k£ > 1.






Chapter 6
Homotopy Pushouts and Pullbacks

6.1 Introduction

We begin the chapter by discussing homotopy pushouts and homotopy pull-
backs in the first two sections. These are analogues in the homotopy category
of pushouts and pullbacks. They have many applications in homotopy theory
and are necessary for the proofs in Section 6.4. That section contains the
statement and proof of many of the major theorems of classical homotopy
theory.

Sections 6.2 and 6.3 establish several basic properties of homotopy pushouts
and pullbacks and state two more advanced properties whose proofs appear
in Appendix E. In Section 6.3 we prove that a certain homotopy-commutative
square associated to a sequence

f g

X—Y ——17

such that gf = =, is a homotopy pushout square (Proposition 6.3.5). This
proposition applied when the sequence above is a fiber sequence is an essential
ingredient in the proof of Serre’s theorem. This theorem asserts that there
is an N-equivalence between the mapping cone of f and the base Z, where
N depends on the connectivities of X and Z. This gives a truncated, long
exact sequence whose terms are the cohomology groups of the spaces of the
fiber sequence. The homotopy pushout proposition applied when the sequence
above is a cofiber sequence is essential for the proof of the Blakers—Massey
theorem. This result, which is dual to the Serre theorem, asserts that there is
an M-equivalence between the homotopy fiber of ¢ and X, where M depends
on the connectivities of X and Z. This leads to a truncated, long exact
sequence for the homotopy groups of a cofiber sequence.

From these theorems we derive the Hurewicz theorem and Whitehead’s
second theorem. The former states that the degree of the first nontrivial ho-
motopy group of a space is the same as the degree of the first nontrivial
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homology group of the space, and that these groups are isomorphic via the
Hurewicz homomorphism. The latter asserts that a map between simply con-
nected spaces induces a homology isomorphism in dimensions < n and an
epimorphism in dimension n if and only if the same is true for the induced
homotopy homomorphism. In addition, we prove a relative Hurewicz theo-
rem and show that the homotopy type of a Moore space depends only on the
group and the degree. We conclude the chapter with a section that continues
our discussion of Eckmann-Hilton duality which was begun in Section 2.5.

6.2 Homotopy Pushouts and Pullbacks 1

We begin with homotopy pushouts. For motivation we recall the defining
property of pushouts (Definition 3.2.8). Let

Y<97A*f>X
be spaces and maps, let a: X — Z and b : Y — Z be maps such that af = bg
and let P together with maps r: X — P and s : Y — P, be the pushout of
f and g. Then there is a unique map c¢: P — Z such that ¢r = a and ¢s = b,

We seek a replacement P’ 1/, s’ for P,r,s such that if af ~ bg, then there is
amap ¢ : P/ — Z with v’ ~ a and /s’ ~ b. The homotopy pushout does
this.

For any spaces X, Y, and Z, we regard X v Y v Z as the subset of X x
Y X Z consisting of all triples (z,y,z) such that at least two coordinates
are the basepoint. Recall that the reduced cylinder X x I of X is the space
X x I/{(xt)|teT}.

Definition 6.2.1 Given spaces and maps

Y<Q—A4f>X ()
the standard homotopy pushout or double mapping cylinder of (*) consists

of a space O and maps v : X — O and v : Y — O defined as follows: (1)
O = (Xv(AxI)vY)/~, where (x,{a,0), %) ~ (f(a), * ) and (x,{a, 1), *) ~



6.2 Homotopy Pushouts and Pullbacks I 197

(#,%,g(a)), for a € A and (2) u(z) = (z,*,*), for z € X and v(y) = {*, *, 1),
for y € Y. The square
f

A——m——

X
S
Yy ————0

is then called the standard homotopy pushout square. Clearly uf ~p wvg,
where F': A x I — O is defined by F(a,t) = (x,{a,t), ), forae Aand t € I.

Remark 6.2.2 The standard homotopy pushout can be realized as a pushout

in the following way. Recall that any map h : W — Z can be factored as
W M, M Z,

where M), is the mapping cylinder of h, the map h’ is a cofibration, and

the map h” is a homotopy equivalence with homotopy inverse kj,. Given the
diagram (*) above, we consider

My<2a—L o,

and take its pushout
fl
A——m— Mf

o

M, 2 P.

Then P together with the maps rky : X — P and sk; : ¥ — P is the
standard homotopy pushout of (x). See Figure 6.1.

n
[\

T

Figure 6.1
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Remark 6.2.3 The standard homotopy pushout of the following diagram is
the mapping cone Cy.

Definition 6.2.4 Let A X
| |
Y 5 o P

be a homotopy-commutative square. Suppose that there is a homotopy equiv-
alence 0 : O — P defined on the standard homotopy pushout O of f and g
such that fu ~ 7 and v ~ s:

Then we call P together with r and s a homotopy pushout and the given
square a homotopy pushout square.

Proposition 6.2.5 Let the square in the following diagram

a5 5
) lr
Y—S>P\

be a homotopy pushout square and let Z be any space. If a : X — Z and
b:Y — Z are maps such that af ~ bg, then there is a map c: P — Z such
that cr ~ a and cs ~ b.

Proof. The proposition is easily proved for the standard homotopy pushout
square. It then follows for any homotopy pushout square. |

The homotopy class of the map c¢ is not necessarily unique.
We next consider some general properties of homotopy pushouts.

Proposition 6.2.6 Consider the following pushout square

A 5
\Lg lr
y —>——= P
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If f or g is a cofiber map, then this square is a homotopy pushout square.

Proof. We assume that f is a cofiber map and consider the standard homo-
topy pushout O of f and g and the diagram

A

g

Y

where ) is the map induced by r and s. It suffices to show that \ is a homotopy
equivalence. Note that O = My v Y/ ~, where My is the mapping cylinder
of f and ((a,1),*) ~ (x,g(a)) for a € A. Let us use { , ) for equivalence
classes in P and My and [, | for equivalence classes in O. Then \[z] = (z),
Ay] = (y) and A[a,t] =rf(a) = sg(a), forz e X yeY,ae A,and t € I. We
have the diagram

A

lf\

X 417> Mf,
where n(z) = (x) and & (a) = {a,t). Since f is a cofiber map and nf = &,
there exists a homotopy o : X x I — My such that o(z,0) = {z) and
o(f(a),t) =<a,t). Now define  : P — O by

pey = [o(z,1)] and  py) = [y].
We show g is a homotopy inverse to A. Define a homotopy A : P x [ — P by
A(lz),t) = Mo(z,t)] and  A((y),t) = (y)-
Then id ~4 Au. Next define B: O x I — O by
B([z],t) = [o(z,t)], B(lyl,t) = [y], and B([a,s],t) = [a, (1 = s)t + s],

forae A, x € X and s,t € I. Then id ~p pA. This completes the proof. o

Definition 6.2.7 Let

a—7 x and Al ! X
U
y —=——=p y —
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be two homotopy pushout squares and let a: A > A’, f: X — X' and v :
Y — Y’ be maps such that the following diagram is homotopy-commutative

Y g A ! X
P | |
e s A ! X',

Let FF: AxT — X’ and G : A x I — Y’ be homotopies such that f'a ~p Bf
and g'a ~g vg. We define a map ¥ : P — P’ such that ¥r ~ 7' and
Vs ~ sy,

Y J P d X
| | |
Y — P : X'

First note that by Definition 6.2.4, there are homotopy equivalences 6 : O —
P and 0 : O’ — P’, where O is the standard homotopy pushout of f and
g and O’ is the standard homotopy pushout of f/ and ¢’. We first define
A=Apg: 0O — O such that Au = v/ and Av = v'y, where

’

a—1 x and N
T T
Y v 0 yr—Y o

are standard homotopy pushout squares. Then A : O — O’ is given by

N, %) = (B(w), *, %)
A, y) = (o, y(y)
and
(F(a,1— ) & if0<
Alx, (a,t), %) = { (x,(a(a), 3t — 1), %) if é <
<*,*,G(a,3t—2)> if 2

forxe X,yeY, ae A, and t € I. See Figure 6.2. ThemapW:P—>P’ is
then defined by
U =0A0"",

Clearly A and ¥ depends on the choice of homotopies F' and G.

Theorem 6.2.8 Assume the notation of Definition 6.2.7. If a, B and v are
homotopy equivalences, then W is a homotopy equivalence.

The proof is be given in Appendix E.
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— g'aA g'A,

17177277

B8 X! flaA fAl
A)
D

Figure 6.2

Corollary 6.2.9 If

| |-
A —>f’ X/
s a homotopy-commutative square with homotopy F : A x I — X' such that

fla~p Bf, then there is a map A : Cy — Cyr such that the following diagram
commutes

X Cy
P
X! ! Cf’7

where [ and l' are inclusions. If o and B are homotopy equivalences, then A
is a homotopy equivalence.

Proof. Represent Cy and Cy+ as standard homotopy pushouts (Remark 6.2.3)
and let S: A x I — {*} be the constant homotopy. Then A = Ag g. The last
assertion of the corollary follows from Theorem 6.2.8. O

By Exercise 6.1, A is homotopic to the map @5 defined in Proposition 3.2.13
where F(a,t) = F(a,1—t). There is a particular homotopy pushout that has
interesting properties and which we consider in subsequent sections.

Definition 6.2.10 The standard homotopy pushout of the two projections
pr: X xY > X and po: X xY — Y is denoted by X =Y,
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iu

lpz
Y Y XY,

and is called the join of X and Y. Clearly X #Y =~ (X xY x I)/~, where for

all x,2' € X, y,y € Y, and ¢,t' € I, we have (z,9,0) ~ (z,v',0), (z,y,1) ~
(2',y,1), and (x,*,t) ~ (#, % t'), with the latter representing the basepoint.

Then u(z) = {x,*,0) and v(y) = {*,y, 1). We usually regard the join as this

202

Xxy —2 >

identification space.

(o, *)

X
Lines on top and bottom XY
identified to a point
X =Y

Figure 6.3

The following proposition gives some properties of the join.

Proposition 6.2.11 Let X and Y be CW complexes. Then
1. The mapsu: X - X Y andv:Y — X =Y are nullhomotopic.
2. X#Y 2 X(XAY), where X AY =X xY/X vY.
If X is (p — 1)-connected and Y is (¢ — 1)-connected, p,q = 1, then X =Y

3.
is (p + q)-connected.
The projection pa : X x Y — Y induces py : X x Y/X x {+} - Y and

4.
P2 : Cj, = Y, where j1 : X — X xY is the inclusion. Then X +Y ~ Cp; ~

Cps-
Proof. (1) If we define F': X x [ — X Y by F(x,t) = {x, %, t), then u ~p =.

In a similar way, v ~ =.
(2) The spaces X #Y and X (X A Y) are both identification spaces of
X xY x I and thereisamap ¢: X =Y — X(X AY) given by ¢(z,y,t) =
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Ly, t). Oy = {ey=,ty|lee X, te I} € X «Y and Cy = {(x,y,t) |y €
Y, tel} € X «Y, then C; and Cy are cones on X and Y, respectively, that
is, C7 = C1X and Cy = CyY. Furthermore, X #Y /Cy v Cp = X(X AY), and
the result follows from Corollary 1.5.19 since C; v Cj is contractible.

(3) By Corollary 2.4.10, we may assume that X and Y are CW complexes
with XP~1 = {x} and Y9! = {«}. Therefore any cell of X x Y of dimension
<p+gqisin X vY. Hence X AY is (p+ ¢ — 1)-connected and so X¥(X AY)
is (p + q)-connected.

(4) In forming mapping cones, we consider cones CoA = A x I[/A x {0} U
{#} x I, for any space A. We first show that X #Y ~ Cp;. We can regard Cp;
as the quotient space X x Y x I/~, where

(907970) ~oE, (xvya 1) ~ (xlayv 1)) and (l‘, *at) ~ o,

forz,2’ € X,yeY,and t € I. Thus X #Y and Cj; are each a quotient space
of X xY x I. Then Cp; is obtained from X #Y by identifying {{z, *,t) |z €
X, tel} € X =Y to the basepoint. Since this subspace is homeomorphic to
the cone C1 X, it is contractible, and so it follows from Corollary 1.5.19 that
C5; ~ X #Y. To show Cp; ~ Cj;, consider the cofibration X — X xY —
X xY/X x {#}. Then the excision map a : €, = X x Y /X x {#} is a
homotopy equivalence by Proposition 3.5.4. Then the following diagram is
commutative

c;, o X xY/X x {x}
Y < Y.
By Corollary 6.2.9, Cg5; ~ Cp;. |

We conclude the discussion of elementary properties of homotopy pushouts
by showing that that mapping cones of the vertical (or horizontal) maps in
a homotopy pushout square have the same homotopy type.

Proposition 6.2.12 If

A L
I |
Y 2 P

is a homotopy pushout square, then the mapping cone Cy has the same ho-
motopy type as the mapping cone C,..

Proof. We first establish the proposition when the given square is the follow-
ing standard homotopy pushout square
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g

N,

Y

Using mapping cylinders, we replace X and Y by M and Mg, respectively,
and consider the pushout square

A My
g |
Mg —5> OI.

Since ¢’ is a cofiber map, this is a homotopy pushout square (Proposition
6.2.6). Furthermore, @ is a cofiber map and

Cy = My/g'(A) ~ O'/u(My) ~ C5,

by Propositions 3.2.10 and 3.5.4. But the commutative diagram

Mg ! A ! Mf
igli \le if’l
Y J A ! X

induces a homotopy equivalence ¥ : O" — O such that ¥4 = uf” by Theorem
6.2.8. Then Cy ~ C, by Corollary 6.2.9. This proves the result for the stan-
dard homotopy pushout square. For an arbitrary homotopy pushout of f and
g, as in the statement of Proposition 6.2.12, there is a homotopy equivalence
6 : O — P such that fu ~ r. By Corollary 6.2.9, C, ~ C|.. This completes
the proof. ]

It is possible to state and prove results for homotopy pullbacks that are
dual to those above given for homotopy pushouts. In particular, there are
duals of Remarks 6.2.2 and 6.2.3, Propositions 6.2.5 and 6.2.6, Theorem 6.2.8,
Corollary 6.2.9, and Proposition 6.2.12, and the proofs are dual. However, we
just state the definitions and the major results.

Definition 6.2.13 Given spaces and maps

the standard homotopy pullback of (*) consists of a space () and maps u :

Q — X and v : Q — Y defined as follows. (1) Q € X x Al x Y consists
of all triples (x,w,y) with z € X, y € Y, and w € A’ such that w(0) = f(z)
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and w(l) = ¢g(y); (2) u(z,w,y) = x and v(z,w,y) = y. The homotopy-
commutative square

Q v Y

PR
y— T 4
is called the standard homotopy pullback square. Next let

S

R Y
P, b
X ! A

be a homotopy-commutative square. If there is a map A : R — @ that is a
homotopy equivalence such that u A ~ r and v A ~ s, then the given square
is called a homotopy pullback square and R together with r and s is called a
homotopy pullback.

Clearly the homotopy fiber Iy of a map f : X — A can be represented
as a standard homotopy pullback. Also, it is clear that if the square in the
following diagram

is a homotopy pullback square and a : W — X and b : W — Y are maps
such that fa ~ gb, then there is a map ¢ : W — R such that rc¢ ~ a and
sc~b.

We next state the dual of Proposition 6.2.6.

Proposition 6.2.14 If

P4T>X

ls s

y —2 o4

is a pullback square and if the map f or the map g is a fiber map, then this
square is a homotopy pullback square.
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We next indicate how to induce a natural map of homotopy pullbacks.
Clearly it suffices to do this for standard homotopy pullbacks.

Definition 6.2.15 Given two standard homotopy pullback squares

’

Q—v>y and Q/%}ﬂ
o,k po,
X ! A D¢ ! A’

and maps a: A —> A, f: X - X' and 7 : Y — Y’ such that the following
diagram is homotopy-commutative

X ! A g Y
| | P
X' r A d Y

Let F: X xI - A’ and G : Y x I — A’ be homotopies such that af ~p [/
and ag ~g ¢'v. We define a map A = Apg : Q@ — Q' such that u'A = Su
and v'A = yv, If (z,w,y) € Q, first define A, ,(w) € A" by

Fz,1—3)if 0 <
AeyW)(t) ={ aw(3t —1) if 1

% g
G(y,3t—2)if £ <

t<§2
tﬁg
<t

forte€I. Then A= Apg:Q — Q' is defined by

Az, w,y) = (B(2); A,y (@), 7(y))-

Theorem 6.2.16 Assume the notation of Definition 6.2.15. If a,, B, and ~
are homotopy equivalences, then A is a homotopy equivalence.

See Appendix E. We conclude the section by stating the following dual of
Proposition 6.2.12.

Proposition 6.2.17 If the square
f
X—A

is a homotopy pullback square, then it follows that the homotopy fibers I,, and
1, have the same homotopy type.
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6.3 Homotopy Pushouts and Pullbacks II

In this section we present further results on homotopy pushouts and homo-
topy pullbacks. Many of these results are due to Mather [63]. We begin by
defining equivalence of homotopy-commutative squares.

Definition 6.3.1 Let

4L —>Y and Z —Y'
X—A4 X —A

be two homotopy-commutative squares. If there exist homotopy equivalences
a:A-> A B: X > X, v:Y >Y  and §: Z — Z' such that each of the
square faces of the following diagram

L —>Y

s

X—A

|

ZI

S

AI

YI

XI

is homotopy-commutative, where the vertical arrows are 3, §, a;, and -y, then
we say that the two given squares are equivalent. This is clearly an equivalence
relation.

Proposition 6.3.2 If a homotopy-commutative square is equivalent to a ho-
motopy pullback square, then it is a homotopy pullback square. If a homotopy-
commutative square is equivalent to a homotopy pushout square, then it is a
homotopy pushout square.

Proof. We only prove the first assertion. A homotopy pullback square is
equivalent to a standard homotopy pullback square, therefore we assume
that the given homotopy-commutative square

R————Y
X—A

is equivalent to a standard homotopy pullback square
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Q——Y

| l

X' A

Thus there are homotopy equivalences a«: A - A", 3: X - X', v:Y - Y/,
and 6 : R — @' that yield a cube diagram with each of the square faces
homotopy-commutative. Now form the standard homotopy pullback

Q ? Y
X A

of X ——= A<——Y. By Theorem 6.2.16, there is a homotopy equivalence
A:Q—- Q. If \=A"1: R — Q, then the diagram

is homotopy-commutative. It follows from Definition 6.2.13 that the given
square is a homotopy pullback square. ]

We next state the prism theorem. In this result we sometimes refer to a
homotopy-commutative rectangle by its labeled vertices.

Theorem 6.3.3 [63, pp. 231-234] Given a homotopy-commutative diagram

S —

Then

1. If the right square is a homotopy pullback square, then the left square
18 a homotopy pullback square if and only if the rectangle A-C-F-D is a
homotopy pullback square.

2. 1If the left square is a homotopy pushout square, then the right square is a
homotopy pushout square if and only if the rectangle A-C-F-D is a homo-
topy pushout square.

This theorem is proved in Appendix E. It is called the prism theorem
because the diagram in the statement of the theorem can be written as
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Rl

We next turn to several more specialized results on homotopy pushouts
and pullbacks. We first introduce some necessary notation.
Let

Xty 2.z
be a sequence of spaces such that gf = . We set () = C, the mapping cone
of f, and recall that the excision map « : Q — Z is defined by a]Y = g and
alCX =« (Section 4.5). We let H = I, be the homotopy fiber of o and let
P = I, be the homotopy fiber of g. The excision map § : X — P is defined by
B(z) = (f(z), =), for x € X (Section 4.5), and we set K = Cj3, the mapping
cone of 3. We have the following diagram with commutative triangles

I,=P

Cy=K

I,=H C’f = Q7
where v is the projection and y is the inclusion.

We next indicate our approach to the Blakers—Massey theorem in Section
6.4. If the three term sequence above is a cofiber sequence with X r-connected,
and Z s-connected, then we must show that the excision map 5 : X — P is
(r + s)-connected for the Blakers-Massey theorem. Let C;, be the mapping
cone of the injection j; : X — X x £2Z. We prove that there is a homotopy
pushout diagram

o K

| |

NZ ——H,

where the map C;, — (27 is p,, the map induced by the projection ps :
X x 27 — 2Z. We sketch the proof of how the Blakers—Massey theorem
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follows from this; details are given in the next section. We have seen that
« is a homotopy equivalence and thus m;(H) = 0, for all i. Therefore H
is contractible, and so the mapping cone of K — H is Y K. Because the
two vertical maps have mapping cones of the same homotopy type and the
mapping cone of Cj, — (27 has the homotopy type of the join X * (2Z by
Proposition 6.2.11, we conclude that YK ~ X «2Z. But X «§2Z is (r+s+1)-
connected by Proposition 6.2.11. From this it follows that H;(K) = 0, for all
i <r+sand hence By : H;(X) — H;(P) is an isomorphism for ¢ < r +s and
an epimorphism for ¢ = r + s. This implies that 8 is an (r + s)-equivalence.

The Serre theorem (6.4.2) is similar to the Blakers—Massey theorem. Tt
asserts that if the three term sequence of spaces above is a fiber sequence
with X r-connected and Z s-connected, then the excision map o : Q — 7 is
an (r+ s+ 2)-equivalence. It is somewhat surprising that the same homotopy
pushout square that was used for the Blakers—Massey theorem can be used
to prove the Serre theorem. We sketch the proof. We have that 5 : X — P
is a homotopy equivalence and so H;(K) = 0 for all 4. Consequently K is
contractible and, from the homotopy pushout square, H ~ X = (2Z. Therefore
H is (r + s + 1)-connected, and thus « is an (r + s + 2)-equivalence.

We now return to the general case of a sequence of spaces

f g

X—Y——7

with gf = #. Our goal is to prove Proposition 6.3.5 which asserts the existence
of the homotopy pushout previously mentioned. We define 7 : X x 27 —
P =1, by

T(wi) = (f(l‘),LU),

for x € X and w € 27, and we define 0 : P — H by

o(y,w) = (x(v),w),

foryeY and we EZ.
The following lemma is the main step in proving Proposition 6.3.5.

Lemma 6.3.4 The square

XxQZ———=p
il& la’
0z : H,

is a homotopy pushout square, where i is inclusion.

Proof. The given square is homotopy-commutative by a homotopy F' : X x
7 x I — H defined by

F(z,w,t) = {x,t),w),
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for x € X, we 2Z,t e I, and {(z,ty € Cy = Q. Let O be the standard
homotopy pushout of

07 <X x0N7—15p

Then i, 0 and F' determine a map 0 : O — H defined by

0F<p’ *, *> = J(p)
0F<*7 ((x,o.)),t), *> = F(l’,w,t)
Ops, #w)y = i(w),

forallpe P,z e X,we 2Z, and te I. Then Opv =i and pu = o,

T

X x 27 P
lpz iu
Nz : O _

(2

We prove the lemma by showing that 67 is a homeomorphism. We regard O
as the quotient space of P u (X x 27 x I') with equivalence relation given by
(1) (z,w,1) ~ (', w, 1), for x,2" € X; (2) (#,#,t) ~ (*, ), where (&, ) € P;
and (3) (z,w,0) ~ 7(x,w) = (f(z),w). On the other hand, H can be regarded
as a quotient space of (X x I x £2Z) u P with equivalence relation given by
(1) (2, L,w) ~ (@, L,w)s (2) (5,6,%) ~ (+,%); and (3) (,0,w) ~ (f(z),w).
Then the function 6 : P (X x 2Z x I) - (X x I x 2Z) u P which is the
identity on P and carries (z,w,t) € X x 27 x I to (z,t,w) € X x I x 27 is
a homeomorphism that induces the homeomorphism 0z : O — H. ]

There is another proof of Lemma 6.3.4 that we discuss in Appendix E.
The proof depends on the cube theorem which is stated in Section 6.5. The
proof of this theorem is long and difficult, and we do not give it. However, in
Appendix E we use the cube theorem to derive Lemma 6.3.4.

We introduce some additional notation for the next result. The mapping
cone of the injection j; : X — X x 27 is C}, and py : X x 27 — 27
induces po : Cj, > 2Z. Let w: X x 2Z - Cj, and \: P =1, > K = Cjp
be inclusions. We denote the equivalence classes in Cj,, K, and Q = Cy by
(=), (=), and {(—)", respectively. Since the diagram
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is commutative, there is a map 7 : Cj, — K such that

w,wy = {f(z),w)
Tlx,ty = {x, t),

forzxe X,weNZ and tel.
Also 0 : P — H = I, induces ¢ : K — H such that

p)' = o(p)
oz, t)! = ((x, 1), %),

forpe P, x € X, and t € I. Then we have the commutative diagram

XxRf———>p
p2 i l\
w A
Nz e Cj, T K 7 H,

by the definitions of ps, 7, and &.
Proposition 6.3.5 The following diagram is a homotopy pushout square

le K
\Llﬁ l&
0z : H.

Proof. We first prove that the square is homotopy-commutative. Define G :
Cj, xI - H by

G(<wi>7t) = (<x,t>",w)
G(<$, 5>7 t) = (<{E, (1 - t)s + t>”a *)7

for v € X, we 27, and s,t € I. Then 67 ~¢ ip>. Next consider the diagram

J1 T

X X x N7 P
| | k
{+} C, . K
lﬁa la

() —

The top square on the left is a homotopy pushout square and, since 7j; = [3,
it follows that X — P — K — {*} is a homotopy pushout square. Therefore
by the prism theorem, the top square on the right is a homotopy pushout



6.3 Homotopy Pushouts and Pullbacks II 213

square. But by Proposition 6.3.4, X x 27 — P — H — (27 is a homotopy
pushout square. Therefore by the prism theorem, the bottom square on the
right is a homotopy pushout square. ]

The following corollary of Proposition 6.3.5, which appears in [62], is used in
the next section.

Corollary 6.3.6 The mapping cone of & : K — H has the same homotopy
type as the join X = £27.

Proof. By the previous proposition and Proposition 6.2.12, the mapping cone
of & has the same homotopy type as the mapping cone of ps. But by Propo-
sition 6.2.11, the latter space has the homotopy type of X = £27. |

To illustrate one of the applications of Corollary 6.3.6, we show how to
obtain a result of James [50]. The cofiber sequence

X —-0X 1 yXx

yields the homotopy-commutative diagram

[

NyYX

Iy

by Lemma 5.6.5, where € = —e, 3 is an excision map, and j is inclusion. Since

OrX —1s1,—>(CXx

is a fibration with contractible base, j is a homotopy equivalence (Exercise
4.5). Therefore Cg ~ Cz ~ C,. Since i : X — CX is a cofiber map, the
excision map a : C; —» XX is a homotopy equivalence, and so H = I, is
contractible. It now follows from Corollary 6.3.6, that YK ~ X« 23 X, where
K = Cg. Therefore YC, >~ X « QXX ~ (X A 2XX) ~ X A (Z0RXX) by
Proposition 6.2.11 and Exercise 5.7. Next we consider the cofiber sequence

NYxX —=C, —=¥X ,

where r is the projection onto the cofiber. Let w4 : XY 2A — A be defined by
malw, ty = w(t), for any A, where w € 24 and ¢t € I. Then it easily follows that
mex Ye=1id: Y X — Y X. Thus Ye has a left homotopy inverse, and so it is
a consequence of the exact sequence of Corollary 4.2.8 that r ~ = : C, —» Y X.
We now apply Corollary 5.4.7 to conclude that X 2X X ~ XX v YC,. Thus
we have proved the following.

Proposition 6.3.7 For any space X, XXX ~ XX v (X A YQXX).
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Remark 6.3.8 The previous proposition provides a recursive expression for
Y (2X X. By applying this formula inductively, it is possible to show that

INYX ~ \]2(X<i>),

i=1

where X is the smash product X A X A--- A X of i copies of X. This result
is only part of the work of James in this area. In particular, James constructs

a space, called the reduced product space, which is a homotopy type model
for the space 22X X.

6.4 Theorems of Serre, Hurewicz, and Blakers—Massey

We emphasize that in this section all spaces have the homotopy type of path-
connected CW complexes. We give the details of the proofs of the Serre and
Blakers—Massey theorems which were sketched in the last section and draw
some consequences from them. Our first results deal with fibrations and the
Serre theorem.

We begin by proving a lemma that is needed for the proof of Serre’s theo-
rem 6.4.2. This lemma follows immediately from the Hurewicz theorem. But
the proof that we will give is independent of it.

Lemma 6.4.1 If K is a simply connected CW complex such that H;(K) =0
foralli =0, then m;(K) =0 fori>=0.

Proof. Suppose m;(K) = 0 for i < n and 7, (K) # 0 for some n > 2. There-
fore there exists an abelian group G such that Hom(m, (K), G) # 0. Further-
more, there is a homomorphism 7n, : H"(K;G) — Hom(m,(K),G) defined
by nz[f] = f« : T (K) = m,(K(G,n)) and, by Exercise 2.35, a homomor-
phism ny : H*(K; G) - Hom(H,(K), G) defined by ng[f] = f« : Hi(K) —
H,(K(G,n)). If h : m,(K) —» H,(K) is the Hurewicz homomorphism, then
there is the following diagram

N

~

H™(K;G) Hom(m,(K), G)
h*

Hom(H,(K),G),

NH

where h* is induced by h. Since G = m,(K(G,n)) = H,(K(G,n)) (Exercise
2.34), the diagram is commutative. By Lemma 2.5.13, 7, is an isomorphism.
But this contradicts the assumption that H,(K) = 0. =

Using the notation of the latter part of Section 6.3, we next prove the
theorem of Serre.
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Theorem 6.4.2 Let
x—l.y 2.7

be a fiber sequence and let Cy =Y uy CX be the mapping cone of f. Let
a: Cy — Z be the excision map defined by a|CX =+ and o|Y = g. If X is
r-connected and Z is s-connected, r = 0 and s = 1, then « is an (r + s+ 2)-
equivalence.

Proof. Since g is a fiber map with fiber X, the excision map 8: X — I, = P
defined by 8(x) = (f(z), ), for € X, is a homotopy equivalence (Proposition
3.5.10). Therefore from the exact homology sequence of

XLPHCB =K,

we conclude that H;(K) = 0 for all ¢ > 0. Now By : m(X) — m(P) is
an isomorphism, and so it follows from Proposition B.4 that 71 (K) = 0.
By Lemma 6.4.1, m;(K) = 0 for all ¢ > 0 and thus by Exercise 2.23, K is
contractible. Hence the mapping cone of & : K — H = I, has the homotopy
type of H (Proposition 1.5.18). By Corollary 6.3.6, H ~ X « 27, and so H
is (r + s + 1)-connected by Proposition 6.2.11. The proposition now follows
from the exact homotopy sequence of

I, = H—>C’f—a>Z. ]
Remark 6.4.3 In the proof of Serre’s theorem 6.4.2 it was shown that if

xt.y 2.7

is a fiber sequence, then the map o : Cy — Z which is an extension of
g has homotopy fiber of the homotopy type of X # (2Z. This basic result
is important in the study of Lusternik—Schnirelmann category by means of
Ganea fibrations (see Section 8.3 and [21].)

We now prove a theorem of Serre which gives an exact cohomology se-
quence for a fibration.

Theorem 6.4.4 Let
p

F—sp-*.pB
be a fiber sequence with F r-connected and B s-connected, v = 0 and
s = 1, and let G be an abelian group. Then there is a homomorphism
A" . HY(F;G) — H""Y(B;G) for 0 < n < r + s, called the connecting
homomorphism such that the following sequence is exact
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p* i* A0
H°(B;G)——H"(E;G)——H(F;G)——H"(B; G)— - - -

AN-1 p* i*
HN(B; G)——=H"(E; G)——=H"(F;G),

where N =r + s+ 1.

Proof. By Corollary 4.2.10, the sequence F —sp-2sq yields an exact
cohomology sequence with coefficients in G. Since o : C; — B is an (r +
s + 2)-equivalence by Serre’s theorem, it follows from Lemma 2.5.12 that
a* : HI(B;G) — H’(C;;G) is an isomorphism for all j < r + s + 1. We
then replace H7(C;; G) by H’(B;G) in the exact cohomology sequence for
all 7 <7+ s+ 1. The connecting homomorphism is the composition

n a*fl
H'(F;G) =2 H™(C;; G) “— H"*(B; @),
where 0™ is the connecting homomorphism of Corollary 4.2.10. |

Remark 6.4.5 By using homology instead of cohomology in the proof of
the previous theorem, we easily see that, under the hypothesis of Theorem
6.4.4, there is a homomorphism A; : H;(B; G) — H;_1(F';G) such that the
following sequence is exact

Hy (F; G) = Hy (B, G) 2= Hy (B; G)—22 Hy 1 (F; G)—> - -+

2 Hy(F; G)—2 > Hy (B; G)—~ H(B; G),
where N =7+ s+ 1.

Theorem 6.4.4 and Remark 6.4.5 are also consequences of deeper and more
general results on the cohomology and homology of fiber spaces which are
due to Leray and Serre. These results are obtained by associating a spectral
sequence to a fibration that relates the cohomology of the base, fiber, and
total space. For details, see [67].

We next prepare to prove the Hurewicz theorem as a consequence of Serre’s
theorem. Suppose

F—sp-".B

is a fiber sequence. We have seen in Proposition 4.5.18, that the map p’ :
(E,F) — (B, {#}) of pairs obtained from p induces an isomorphism p/, :
(B, F) — m;j(B) for all j > 1. We also have the excision map a : C; =
E u; CF — B defined by a|E = p and «|CF = « that induces a map of
pairs o/ : (C;,CF) — (B,#). If k : (E,F) — (C;,CF) is the inclusion map
of pairs, then we have the commutative diagram



6.4 Theorems of Serre, Hurewicz, and Blakers—Massey 217

(E,F)

lk \
(Cy, CF) —*—~ (B, {x})

This gives the following commutative diagram of groups

H;(C))—— " —H,(Ci, CF) ~——"* _H,(E,F)

I

H;(B),

where [ is induced by the inclusion of pairs (C;, {*}) — (C;, CF).

Lemma 6.4.6 If

F—sp *.B

is a fiber sequence with F' r-connected and B s-connected, r = 0, and s > 1,
then
vy Hj(E,F)— H;(B)

is an isomorphism for all j < r+s+1 and an epimorphism for j = r+s+2.

Proof. In the preceding commutative diagram [ is an isomorphism because
C'F is contractible and k. is an isomorphism by a standard homology excision
argument. Also by Theorems 6.4.2 and 2.4.19, a, is an isomorphism for
j <r+s+1 and an epimorphism for j = r + s + 2. The lemma then follows
by the commutativity of the diagram. |

We now specialize to the path-space fibration of X:
OX—spx-rox.
We then have the diagram

/ -
Py Cj

WJ(EX,QX) ijl(QX)

b b ;-
(

Py

A
H;(X)<=— H;(EX, 2X) - 5 i—1(02X),

where h;, h;_l, and h;’ are Hurewicz homomorphisms and ¢; and A; are
boundary homomorphisms. These boundary homorphisms are isomorphisms
because £ X is contractible. We define 7;_; = p;(?;l s mio1(2X) - mi(X)
and the homology suspension 0;_; = p’*Aj_l tH; 1(2X) - H;j(X). We have
considered 7;_1 and ;1 in Section 4.5 where it was shown that 7;_; equals

the adjoint isomorphism &, (Lemma 4.5.11) and that h;7; 1 = 0; 1h)_4,
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Tj—1

7 (X) mj—1(2X)
L
Hj(X) =———"— H;_1(2X),

by Lemma 4.5.13.

Lemma 6.4.7 For any n-connected space X, n =1, oj_1 is an isomorphism
if 7 < 2n and an epimorphism if j = 2n + 1.

Proof. Because X is n-connected, 2X is (n — 1)-connected. Thus by Lemma
6.4.6,
Py Hi(EX,2X) - H;j(X)

is an isomorphism for all j < 2n and an epimorphism for j = 2n+1. Therefore
0j—1 is an isomorphism for all j < 2n and an epimorphism for j = 2n+1. o

As a consequence we obtain the Hurewicz theorem.

Theorem 6.4.8 If X is a I-connected space and Hy(X) = 0 for all ¢ < n,
where n = 2, then my(X) =0 for all ¢ < n and hy, : T (X) = Hp(X) is an
isomorphism.

Proof. We proceed by induction on n. If n = 2, we consider

T (X) ~—— m (2X)

Lk
(

g1

H2 X)'<—H1(_QX)

By Lemma 6.4.7, o is an isomorphism. By Proposition B.5, k] is an isomor-
phism since 71 (£2X) is abelian. Thus hy is an isomorphism.

For the inductive step, assume that the theorem holds for n > 2 and let X
be a 1-connected space with H,(X) = 0 for all ¢ <n + 1. Then Hy(X) =0
for all ¢ < n, and so 7y (X) = 0 for all ¢ < n and 7,(X) = H,(X) = 0 by
induction. Therefore m,(X) = 0 for all ¢ < n + 1. Next consider the diagram

Tn

7Tn+1(X) Wn(QX)

\L P41 \L !

a

Ho1(X) =" H,(2X).

By Lemma 6.4.7, o0, is an isomorphism. Now 22X is l-connected and
H,(2X) = 0 for ¢ < n. We then apply the inductive assumption to 2X
and conclude that R/ is an isomorphism. Hence h, ;1 is an isomorphism.
This completes the induction and the proof. m]
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Remark 6.4.9 There are several different proofs of the Hurewicz theorem.
The one given here was based on the homology of a space and its loop space.
Similar proofs have been given by Serre [82] and McCleary [67, p. 157]. Some
of the other approaches to the Hurewicz theorem have been based on the
Blakers-Massey theorem [66, p.116], the homotopy addition theorem [14,
p. 475-479], [83, p. 393-397], [91, p,178-180] and stable homotopy groups [8,
p.442], [87, p. 185].

Next we extend the notion of n-equivalence. It was defined in terms of
homotopy groups and we now transfer it to homology groups.

Definition 6.4.10 A map f: X — Y is called a homological n-equivalence,
n>=1,if fi : H;(X) - H;(Y) is an isomorphism for ¢ < n and an epimor-
phism for ¢ = n. For a space X, we define the connectivity of X, denoted
conn(X), to be the largest nonnegative integer n (or o0) such that m;(X) =0
for i < n. Similarly we define the H -connectivity of X, denoted H,—conn(X),
to be the largest nonnegative integer n (or 00) such that H;(X) = 0 for i < n.

The following lemma is an immediate consequence of the definition and
the exact homotopy and homology sequence of a map (Corollary 4.2.17 and
Remark 4.2.14).

Lemma 6.4.11 Let f: X — Y be a map and let Iy and Cy be the homotopy
fiber and mapping cone of f, respectively.

1. fis an n-equivalence <= conn(l;) =n—1
2. f is a homological n-equivalence <= H,.— conn(Cy) = n.

Lemma 6.4.12 If X is a space such that w1(X) is abelian, then conn(X) =
H,— conn(X).

Proof. If X is 1-connected, the result follows from the Hurewicz theorem. If
X is not 1-connected, then hy : 71(X) — H;(X) is an isomorphism by the
Hurewicz theorem (Appendix B). Thus conn(X) =0 = H,—conn(X). o

Before relating the connectivity of a homotopy fiber to the connectivity of
the mapping cone, we relate cohomological n-equivalences and homological
n-equivalences. Recall that a map f : X — Y is called a cohomological n-
equivalence if for every abelian group G, the induced homomorphism f* :
HY(Y;G) - HY(X;Q) is an isomorphism for i < n and a monomorphism for
i = n (Definition 4.5.22).

Lemma 6.4.13 Let Y be a 1-connected space and let f: X — Y be a map.
Then f is a homological n-equivalence if and only if f is a cohomological
n-equivalence.

Proof. Let C; be the mapping cone of f. Then f is a homological n-
equivalence if and only if H;(Cy) = 0 for i < n, and f is a cohomological
n-equivalence if and only if H(Ct; G) = 0 for i < n and all groups G. Since
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Cy is 1-connected by Proposition B.4, H;(Cy) = 0 for i < n if and only if
m;i(Cy) = 0 for i < n, by the Hurewicz theorem 6.4.8. But the latter is equiv-
alent to H'(Cy; G) = 0 for i < n and all groups G by Lemma 2.5.13. o

Now we compare the connectivity of a homotopy fiber with that of a
mapping cone.

Proposition 6.4.14 Let f : X — Y be a map of simply connected spaces,
let Iy be the homotopy fiber of f, and let Cy be the mapping cone of f. Then
conn(Iy) +1 = conn(Cy).

Proof. Without loss of generality we assume that I —Lox —f>Y is a fiber
sequence (Remark 3.5.9). From the exact homotopy sequence of a fibration
we have that m2(Y) — m1(Iy) is onto, and so m(Iy) is abelian. By Lemma
6.4.12, H,— conn(Iy) = conn(Iy). Also Cy is simply connected, and so H, —
conn(Cy) = conn(Cy). Thus it suffices to show that

H,—conn(Iy) +1 = H,— conn(Cy).

Let r = Hy— conn(Iy) and consider the excision map « : C; — Y. By Serre’s
theorem 6.4.2, « is an (r + 3)-equivalence. Therefore « is a cohomological
(r + 3)-equivalence by Lemma 2.5.12. By Corollary 4.5.23, the excision map
§ : X1y — Cf is a cohomological (r +3)-equivalence. Since Cy is 1-connected,
J is a homological (r + 3)-equivalence by Proposition 6.4.13. Thus

Hy—comn(Iy) +1=r+1=H,—conn(XI;) = Hy;— conn(Cy). o

As a consequence we obtain Whitehead’s second theorem which was al-
luded to in Section 2.4.

Theorem 6.4.15 [92] Let X and Y be path-connected CW complexes, let
f:X =Y be amap and let n be an integer with n =1 or let n = 0.

1. If f is an n-equivalence, then f is a homological n-equivalence.
2. Let X andY be simply connected. If f is a homological n-equivalence, then
f is an n-equivalence.

Proof. We have already proved Part (1) as Proposition 2.4.19. We now prove
(2) and give another proof of (1), both under the assumption that X and Y
are simply connected. We must show that f is an n-equivalence if and only if
f is a homological n-equivalence. By Lemma 6.4.11, it suffices to show that
conn(Iy) = n — 1 if and only if Hy — conn(Cy) = n. But this follows at once
from Proposition 6.4.14 because H, — conn(Cy) = conn(Cf). =

We have seen in Whitehead’s first theorem (2.4.7) that a map of CW com-
plexes which induces an isomorphism of all homotopy groups is a homotopy
equivalence. Now we see from the two Whitehead theorems (2.4.7 and 6.4.15)
that a map of simply connected CW complexes which induces an isomorphism
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of all homology groups is a homotopy equivalence. This result is often easier
to apply than the former one since all the homology groups of many spaces
are known, but all the homotopy groups are very rarely known.

We next discuss some of the limitations to extending the two Whitehead
theorems. If X and Y are two CW complexes such that 7, (X) = m,(Y) for
all n, it does not follow that X and Y have the same homotopy type. For
example, S? and S? x K(Z,2) have isomorphic homotopy groups but differ-
ent homotopy types. For an example with finite-dimensional CW complexes,
consider RP™ x S™ and S™ x RP™ (Exercise 6.17). A similar situation holds
for homology groups. If X = S%2vS* and Y = CP?, then H,,(X) =~ H,(Y) for
all n, but X does not have the homotopy type of Y (Exercise 6.17). In these
examples the homotopy groups or homology groups of the two spaces are
isomorphic, but there is no map between them that induces the isomorphism
as is required by Whitehead’s theorems.

An immediate application of Whitehead’s theorems is to Moore spaces.

Proposition 6.4.16 If X and Y are Moore spaces of type (G,n), then X ~
Y.

Proof. Let M(G,n) be the Moore space constructed in Section 2.5 and let X
be any Moore space of type (G, n). By the Hurewicz theorem, 7, (X) =~ G. It
follows from the universal coefficient theorem for homotopy (5.2.9) that there
isamap f: M(G,n) — X such that fy : m,(M(G,n)) — m,(X) is an isomor-
phism. By the Hurewicz theorem, f induces a homology isomorphism in all
dimensions. By Whitehead’s second theorem 6.4.15, f is a weak equivalence
since M (G,n) and X are simply connected. Then f is a homotopy equiva-
lence according to Whitehead’s first theorem 2.4.7. Thus X ~ M (G, n), and
so X ~Y if X and Y are any Moore spaces of type (G, n). |

We next restate and prove the Blakers-Massey theorem (5.6.4).

Theorem Let
f

Xx—>y—2s7
be a cofiber sequence with X r-connected and Z s-connected, r,s = 1, let I,
be the homotopy fiber of g, and let B : X — I, be the excision map defined
by B(z) = (f(x), =), for x € X. Then ( is an (r + s)-equivalence.

Proof. Because [ is a cofiber map with cofiber Z, the excision map o : C'y —
Z is a homotopy equivalence (Proposition 3.5.4). Therefore it follows from
the exact homotopy sequence of

Ia—>CfL>Z

that m,(I,) = 0, for all n > 1, where I, is the homotopy fiber of «. By
Exercise 2.23, I, is contractible. Thus if 6 : K = C3 — H = I, is the
map defined after the proof of Lemma 6.3.4, then the mapping cone of &
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is XCpg. By Corollary 6.3.6, YCpg ~ X * 2Z. But X is r-connected and
27 is (s — 1)-connected. Therefore Proposition 6.2.11 implies that XCjp is
(r+ s+ 1)-connected. By Corollary 2.4.10, H;(XCs) =0 for alli <r+s+1,
and so Hy— conn(Cg) = r + s. Thus § is a homological (r + s)-equivalence
by Lemma 6.4.11. To apply Whitehead’s second theorem to 3 : X — I, and
complete the proof, we must show that X and I, are simply connected. This
is so for X by hypothesis. For I, we first note that 0 = m1(Z) = m1(Cy) since
Z ~ Cy. But the latter group is isomorphic to m (Y) (Proposition B.4). Thus
Y is simply connected. To show I, is simply connected, consider the exact
homotopy sequence of the fibration

07 —t~1,—>vy

Since m(Y) = 0, it follows that I, : m (2Z) — m(Iy) is onto. How-
ever, m1(£2Z) is abelian implies that m(I;) is abelian. Furthermore, by the
Hurewicz theorem B.5 and the fact that § is a homological (r+s)-equivalence,

7T1(Ig) = Hl(Ig) = Hl(X) =0.

Hence X and I, are simply connected, and we conclude that 3 is an (r + s)-
equivalence. O

Corollary 6.4.17 Let (X, A) be a relative CW complex, let i : A — X be
the inclusion and let g : X — X /A be the projection. If A is r-connected and
(X, A) =0 for j < s, wherer,s > 1, then ¢, : m;(X, A) — m;(X/A) is an
isomorphism for j < r + s and an epimorphism for j =r + s+ 1.

Proof. The sequence A—-—>X—">X /A is a cofiber sequence. Because
mj(X,A) =0 for j < s, the map i : A — X is an s-equivalence. Hence i is
a homological s-equivalence (6.4.15), and so H;(X/A) = 0 for j < s, by the
exact homology sequence of a cofibration. But 71 (A) — m(X) — m (X, A)
is exact and m(A) = 0 = 71 (X, A), and thus w1 (X) = 0. By Proposition B.4,
m1(X u; CA) = 0. Then X /A is simply connected since X u; CA ~ X/A.
Therefore X/A is s-connected by Lemma 6.4.12. From the Blakers—Massey
theorem applied to A — X — X/A we conclude that g : A — I, is an
(r + s)-equivalence. Therefore ¢, : m;(X, A) — 7;(X/A) is an isomorphism
for j < r + s and an epimorphism for j = r + s + 1 by Corollary 4.5.16 and
Lemma 4.5.17. m]

Remark 6.4.18

1. As noted in Remark 5.6.9, the Blakers—Massey theorem yields a truncated
exact sequence for homotopy groups with coefficients.

2. The original proof of the Blakers—Massey theorem 5.6.4 was based on triad
homotopy groups and the exact sequence of a triad (Exercise 4.22). It was
proved in [10] that if (X; A, B) is a triad such that (1) X = A U B and
C =An B and (2) m(A,C) =0 for i < m and m;(B,C) = 0 for i < n,
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then 7;(X; A, B) = 0 for i < m + n. The latter equality is equivalent to
the assertion that the inclusion (A,C) — (X, B) induces isomorphisms
of relative homotopy groups in dimensions < m + n and an epimorphism
in dimension m + n. Some restrictions on the triad are needed such as,
for example, that X is a CW complex with subcomplexes A and B. More
general versions of the Blakers—Massey theorem deal with the following
situation [17]. Let
A——X

y— Y o p

/
g

be a homotopy pushout square such that f is an m-equivalence and g an n-
equivalence. Let @) be the homotopy pullback of w and v and let 0 : A — Q
be a map determined by f and g. Then 6 is an (m + n)-equivalence.

We next state and prove the relative Hurewicz theorem.

Theorem 6.4.19 Let X be a space and A a 1-connected subspace such that
7 (X,A) =0 for j < n,n =2 Then Hj(X,A) =0 for j < n and h, :
(X, A) > H,(X, A) is an isomorphism.

Proof. We consider the commutative diagram

(X, A) m;i(X/A)

lhj lh;.

Hy(X, A) — =~ H;(X/A),

where h; and h; are Hurewicz homomorphisms and ¢ : X — X/A is the
projection. We first assume that (X, A) is a relative CW complex. By Corol-
lary 6.4.17, ¢}, : m;(X,A) — m;(X/A) is an isomorphism for j < n, and
so mj(X/A) = 0 for j < n and ¢}, : (X, A) — m,(X/A) is an isomor-
phism. By the Hurewicz theorem for X /A, we have that H;j(X/A) = 0
for j < m and R}, is an isomorphism (see Exercise 6.26). Furthermore,
¢y + Hj(X,A) - H;(X/A) is an isomorphism for all j. Therefore from the
commutative square above with j = n, we see that h,, is an isomorphism.

If (X, A) is now a pair of spaces (not necessarily a relative CW complex),
then by Corollary 2.4.10(1), there exists a space K such that (K, A) is a
relative CW complex and a weak equivalence [ : K — X which is an extension
of the inclusion A — X. We apply the first part of the proof to (K, A). This
gives the theorem for (K, A). But [ determines a map of pairs I’ : (K, A) —
(X, A) that induces isomorphisms of all relative homotopy and homology
groups. This completes the proof. ]
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The absolute and relative Hurewicz theorems assert that the nth Hurewicz
homomorphism h,, is an isomorphism under certain hypotheses. We now show
that under these hypotheses, h, 1 is an epimorphism.

Corollary 6.4.20

1. If X is a 1-connected space and Hy(X) = 0 for all ¢ < n, where n > 2,
then hpt1 @ 1 (X) = Hpp1(X) is an epimorphism.

2. If X is a space and A is a 1-connected subspace such that w;(X, A) =0 for
Jj<m,nz=2 then hypy1: mpe1(X, A) > Hyp1(X, A) is an epimorphism.

Proof. (1) Without loss of generality assume that X is a CW complex with
X"t = {x}. As in Lemma 2.5.8, we attach (n +2)-cells to X to form a space
Y = W, ;2 such that the inclusion induces isomorphisms 7;(X) = m;(Y), for
i < n, and m,11(Y) = 0. Now we construct K = K(m,(X),n) by attaching
cells of dimension > n + 3 to Y. Thus X € Y € K. We consider part of the
homology exact sequence of the pair (K,Y)

Hyy1 (K)——=Hp 1 (Y)—=Hyp1 (K, Y).

Then H,41(K,Y) = 0 because every (n+1)-cell of K isin Y and H,,1(K) =
0 by Exercise 2.32. Therefore H,,1(Y) = 0. Now consider the commutative
diagram

T2 (Y, X) ————> w41 (X)

ihn+2 lhn+l
A

H7L+2(K X) e Hn+1(X) —— 7L+1(Y)7

where the bottom line is part of the homology exact sequence of the pair
(Y, X). Since H,,4+1(Y") = 0, we have that 4,42 is onto. But H;(Y, X) = 0 for
i <n+1, and so h,4o is an isomorphism by the relative Hurewicz theorem
6.4.19. Hence h, 41 is an epimorphism.

(2) The proof is a consequence of Part (1) by the argument used in the
proof of the relative Hurewicz theorem. ]

The absolute Hurewicz theorem (6.4.8) for X was proved under the hypoth-
esis that X is simply connected. In the relative Hurewicz theorem (6.4.19)
for (X, A) it was assumed that A is simply connected. We now discuss how
to weaken these hypotheses. In the absolute case there is an operation of
m1(X) on 7, (X) (Definition 5.5.3). Let H be the normal subgroup of m,(X)
generated by all elements of the form u -« — u, for all @ € m(X) and
u € mp(X). (Of course, if n > 1, the word “normal” can be deleted.) We
define 7}, (X) to be m,(X)/H. Let o = [a] € m(X), let u = [f] € m(X)
and let u-a = [f,] € m,(X) as in Section 5.5. Then f, f, : S* — X and
I ~free fa 1 S™ — X (Exercise 5.15). Therefore fy = fos : Hn(S™) — H,(X).
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From this it follows that h,,(u) = hy,(u-«), where h,, : 7,(X) — H,(X) is the
Hurewicz homomorphism. Hence h,, induces a homomorphism h!, : 7/ (X) —
H,(X). In a similar manner, if (X, A) is a pair of spaces, then the opera-
tion of m1(A) on 7, (X, A) determines a quotient group 7/, (X, A). The relative
Hurewicz homomorphism h,, : m,(X, A) - H, (X, A) yields a homomorphism
h, (X, A) > Hy(X, A). We now state without proof the generalization
of the two Hurewicz theorems.

Theorem 6.4.21

1. If X is a space and my(X) = 0 for all ¢ <n, wheren = 1, then Hy(X) =0

forallqg <n and b, : 7l (X) = H,(X) is an isomorphism.

2. Let (X, A) be a pair of spaces such that m;(X,A) = 0 for j < n, where
n = 2. Then Hj(X,A) =0 for j <n and b, : 7 (X, A) - H,(X,A) is
an isomorphism.

Proofs can be found in [14, p.478], [39, p.371], and [83, p.394].

We end the section by remarking on the relations between the results of
this section.

Remark 6.4.22 The theorems of this section are closely interconnected and
one can derive them in several different ways. We have begun with Corollary
6.3.6 and from that have obtained the Serre theorem and the Blakers—Massey
theorem. The Serre theorem then gave the Hurewicz theorem and these two
then yielded Whitehead’s second theorem. Finally, the Hurewicz theorem and
the Blakers—Massey theorem were used in the proof of the relative Hurewicz
theorem. There are many other possibilities, some obvious (such as deriving
Whitehead’s second theorem from the relative Hurewicz theorem) and others
not (such as deriving the Hurewicz theorem from the Blakers—Massey theorem
[66, p.116]). An interesting discussion of this appears in [80, pp. 67-68].

6.5 Eckmann—Hilton Duality 1T

In this section we present some special features of the duality, many of which
have been discussed by Roitberg in [79].

(1) Most of the spaces that we study are CW complexes, often finite CW
complexes. These spaces are defined by a process of successively attaching
cells. More specifically, the n-skeleton of a CW complex is the mapping cone of
a map from a wedge of (n—1)-spheres to the (n—1)-skeleton. Thus a finite CW
complex is obtained by a finite number of these mapping cone constructions.
The dual of this is a space obtained by a finite number of homotopy fibers
of maps into a product of Eilenberg-Mac Lane spaces. We show in Chapter
7 that these spaces do appear (in the homotopy decomposition of a space),
but they often play a secondary role. The point here is that a concept and
its dual may not be of equal interest.
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(2) Some definitions that we have considered are given in a form that are
either not susceptible to dualization or whose dualization is obscure. One
such notion is that of a fiber bundle. Since it is defined in terms of an open
cover of a space, it is not clear how to dualize it. Another example is that
of the Lusternik—Schnirelmann category of a space X. This was originally
defined in terms of an open cover of a space and, as such, is not obviously
dualizable. However, it has been possible to reformulate the definition in such
a way that it can be dualized. See Section 8.3 for details.

(3) There are several pairs of results that are clearly dual to each other, but
for which no dual proofs exist. For example, it can be shown that X is an
H-space if and only if the canonical map e : X — 2XX (the adjoint of idy x)
admits a left homotopy inverse. Dually, Y is a co-H-space if and only if the
canonical map 7 : X2V — Y (the adjoint of idy ) admits a right homotopy
inverse ([35]). The H-space result is proved either by using James’s reduced
product construction [50] or else by using quasi-fibrations [84, 85], neither of
which have been dualized. Moreover, the co-H-space proof does not appear
to be dualizable.

(4) The dual of a proven result is sometimes false. We give four examples of
this. First, by Remark 6.3.8, the suspension of the loop space of a sphere is
an infinite wedge of spheres. But the loop space of the suspension of an
Eilenberg—Mac Lane space is not of the homotopy type of a product of
FEilenberg-Mac Lane spaces. This is most easily seen by showing that the
homology groups of the two spaces are different. However, as noted in Sec-
tion 2.6, the duality between Moore spaces and Eilenberg—Mac Lane spaces
is tenuous. Secondly, it can be shown that the set of homotopy classes of
comultiplications on a space X is in one-one correspondence with the set of
homotopy classes of homotopy sections of 7 : XY2X — X. But the set of
multiplications on a space Y is not in one—one correspondence with the set
of homotopy classes of homotopy retractions of e : Y — 2XY [35]. Thirdly,
there is the Ganea conjecture that a co-H-space Y with all homology groups
finitely generated has the homotopy type of a wedge X v S, where X is a
1-connected co-H-space and S is a wedge of circles [36]. The dual result for
H-spaces is true. However, Iwase [48] has shown that the Ganea conjecture
is false. Lastly, there is the cube theorem. We give a formal statement of it
for later use.

Theorem 6.5.1 Consider the cube diagram in which all faces are homotopy-
commutative squares,
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A
!
v

A B,

the four vertical faces are homotopy pullback squares and the bottom square
is a homotopy pushout square. Then the top square is a homotopy pushout
square.

This theorem has been proved in [63, Thm. 25]. It is shown in [24, p. 22] that
the dual of this result is false.

(5) The dualization of a known result sometimes leads to a new proof of a
well known theorem. An illustration of this is the dualization of the HELP
lemma (4.5.7) given by May [66]. This coHELP lemma has led to a new
proof of Whitehead’s second theorem 6.4.15 which is dual to the proof of
Whitehead’s first theorem 2.4.7.

Exercises

Exercises marked with () may be more difficult than the others. Exercises
marked with (f) are used in the text.

6.1. () Given the homotopy-commutative square

A A

P,k

Y ——=Y’

with homotopy F such that 8f ~g f'a. By Proposition 3.2.13, there is an
induced map ¢ : Cy — Cy. Now consider the diagram

{+} A Y

N P

{+} A Y,
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Let S: Ax I — {+} be the constant homotopy and let F defined by F(a,t) =
F(a,1 —t) be the homotopy between f'a and Sf. By Corollary 6.2.9, there
is an induced map Agp g : Cy — Cy of standard homotopy pushouts. Prove
that ¢F >~ AF’,S'
6.2. Let

A—>X—"-Q
be a cofiber sequence. We factor ¢ through the mapping path

A—‘tsp-—tsx

and consider the mapping cone C;». Show that there is a homotopy equiva-
lence Q — C;». State and prove the dual result.

6.3. Let
R z Y
| I
X ! A

be a homotopy pullback square. Prove that g is a homotopy equivalence if
and only if 7 is a homotopy equivalence. State and prove an analogous result
for homotopy pushout squares.

6.4. (#) Prove that

{#} Y

|,k

X T X xY

is a homotopy pullback square.

6.5. Show that the homotopy pullback of
f g
X—A<—Y

is homeomorphic to the pullback of

Xy D% Axa<" Al

where (1) = (1(0),1(1)), for I € AL. State and prove the dual result.

6.6. Give an example of a homotopy-commutative square with not all spaces
trivial which is both a homotopy pushout and a homotopy pullback square.

6.7. Give an example of maps Y <—— 4 ——= X such that the pushout
and homotopy pushout have different homotopy types.
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6.8. The product of two homotopy pullback squares is a homotopy pullback
square. Give a precise formulation of this statement and prove it.

6.9. (Cf. Exercise 3.8) Let ¢ : X vY — X and ¢2 : X vY — Y be the
projections. Show that the standard homotopy pushout of

Y<"—XvY—>X
is contractible. Prove that 'y, ~ XY.

6.10. Let

A—X

P

Y——P

!
9

be a homotopy pushout square. If f or g is a cofiber map, then prove that
this square is equivalent to a pushout square.

6.11. Let W be a locally compact space. Prove that if

A—X

|

Y——P
is a pushout square, then

AAW ——X AW

| !

YAW——PaAW

is a pushout square. Prove this result for homotopy pushouts. What are the
duals of these results?

6.12. Define 7 : X2X — X by mw, t) = w(t), for w € 22X and t € I. Prove
that the following diagram commutes

[X,Y] — ™ - [Z0X,Y]

[2X, QY]

where 2[¢] = [2¢] and k4 is the adjoint isomorphism.

6.13. () (1) Counsider the path-space fibration of X
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J P
NX——FEX——X.

Let C; be the mapping cone of j with projection ¢ : C; — X 2X. Let 7 :
Y2X — X be defined by m{w,t) = w(t) and let 7 = —7.

1. Prove that the following diagram is homotopy-commutative

Cj———X
\ T”

where « is the excision map.

2. Prove that the homotopy fiber of 7 : Y2X — X has the homotopy type
of X » 2X.

3. Let X be n-connected and let G' be an abelian group. Then show that
2 : H(X;G) - H"1(N2X;q) is an isomorphism for i < 2n and a
monomorphism for ¢ = 2n + 1.

6.14. Prove lemma E.6.

6.15. The homotopy class of the excision map o : Cy — Z is dual to the
homotopy class of the excision map 5 : X — I,;. The homotopy class of
the map ¢ : C3 — I, (Proposition 6.3.5) is self-dual. Interpret these two
statements and verify them.

6.16. Give an example of a space X such that conn(X) # H, — conn(X).

6.17. (#) (f) 1. Let X = RP™ x 8™ and Y = 5™ x RP™. Prove that there are
values of m and n such that m;(X) = m;(Y) for all 4, but H;(X) and H;(Y)
are not isomorphic for some 1.

2. Let X = S? v §* and Y = CP2. Prove that H,(X) = H,(Y) for all n and
that m,(X) and 7,(Y) are not isomorphic for some n.

6.18. Let f : K — L be a map of simply connected, finite-dimensional CW
complexes and let N = max(dimK,dimL). If f, : m(X) — m(Y) is an
isomorphism for all i < N + 1, then prove that f is a homotopy equivalence.

6.19.Let f : X — Y be a map of simply connected CW complexes. If
f*:  H"(Y) - H™(X) is an isomorphism for all n > 0, then prove that f is
a homotopy equivalence.

6.20. Let f: X — Y be a map of CW complexes and let f: X — Y be the
induced map of universal covering spaces. Prove that if f, : 71 (X) — m(Y)
is an isomorphism and fy : H,(X) — H,(Y) is an isomorphism for all 7 > 2,
then f is a homotopy equivalence.
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6.21.Let A ——> X —~ @ be a cofiber sequence with A m-connected
and @ n-connected, m,n = 1. If W is a CW complex with dim W < m + n,
then prove that the following sequence is exact

[V, A] = [W, X] =2~ [, Q).

6.22. 1. Let X and Y be 1-connected spaces and let f : X — Y be an n-
equivalence. Use the Blakers—Massey theorem to prove that m;(Cy) = 0
for i <n and m,11(Cy) = m,(If).

2. Let (K,L) be a relative CW complex with K and L 1l-connected and
mi(K,L) = 0 for i < n. Prove that m;(K/L) = 0 for i < n and gy :
i1 (K, L) = w41 (K /L) is an isomorphism, where ¢ : K — K/L is the
projection.

6.23. () Prove that the general triad version of the Blakers—Massey theorem
in Remark 6.4.18 implies the Blakers—Massey exact sequence.

6.24. Let K be a 1-connected CW complex and « € 7, (K), n = 2, such that
h(a) = 0, where h : m,(K) — H,(K) is the Hurewicz homomorphism. Prove
that o can be represented by

Sn g Kn—l U K ,

for some map g, where ¢ is the inclusion.

6.25. Let 7 : A — X be the inclusion of a subcomplex A into a CW complex
X. If X is n-dimensional and A ~ S™, n > 1, prove that iy : m,(A) — 7, (X)
is a monomorphism.

6.26. (1) Prove the following variations of the Hurewicz theorems.

1. If X is a 1-connected space and m,(X) = 0 for all ¢ < n, where n > 2, then
Hy(X) =0 for all ¢ <n and hy, : m,(X) — H,(X) is an isomorphism.

2. If X is a l-connected space and A is a l-connected subspace such that
H;(X,A) = 0 for j < n, n > 2, then 7;(X,A4) = 0 for j < n and
hy (X, A) - H,(X, A) is an isomorphism.






Chapter 7

Homotopy and Homology
Decompositions

7.1 Introduction

In this chapter we discuss methods of approximating a space by simpler
spaces. We assign to a space X a sequence of spaces whose nth term is called
the nth section of X. As n gets larger, the nth section of X becomes a better
approximation to X. There are two basic techniques for this, one in terms
of the homotopy groups of X, called the homotopy decomposition, and the
other in terms of the homology groups of X, called the homology decom-
position. These are described in Sections 7.2 and 7.3, respectively. In the
homotopy decomposition of X, the nth homotopy section X (™ has homo-
topy groups 7;(X (™) = 7;(X) for i < n and 7;(X™) = 0 for i > n. Thus
X () carries the homotopy groups of X in dimensions < n and has trivial
homotopy groups in dimensions > n. Furthermore, with some assumptions
on X, the passage from the nth section to the (n + 1)st section is carried
out by a principal fibration K (m,41(X),n+1) — X"+ — X Therefore
there is a map k"t : X" — K(m,,1(X),n + 2) whose homotopy fiber is
X(+1) The nth homotopy sections and the homotopy classes of the k™*!
are the essential data of the decomposition. After proving some properties of
this decomposition, we apply it to obtain some results about H-spaces and
H-maps. The homology decomposition is dual to the homotopy decomposi-
tion. The nth homology section X,, has trivial homology in dimensions > n
and has homology isomorphic to that of X in dimensions < n. A princi-
pal cofibration X,, - X, +1 > M(H,1+1(X),n + 1) relates the nth and the
(n+1)st homology sections. The principal cofibration is determined by a map

na1 s M(H,41(X),n) = Xp41. The homotopy class of these maps together
with the homology sections are the key ingredients of the decomposition.
Both of these decompositions are important techniques in homotopy theory
and are often used in inductive arguments. In the last section of this chapter
we generalize these decompositions from spaces to maps and obtain decom-

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 233
DOI 10.1007/978-1-4419-7329-0_7, © Springer Science+Business Media, LLC 2011
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positions of maps in terms of relative homotopy groups or relative homology
groups.

7.2 Homotopy Decompositions of Spaces

We begin by considering the following question. If F —— [ 2. Bisa
fiber sequence, when is there a space K such that the fibration is equivalent
to the principal fibration induced by some map k : B — K7 Of course it is
necessary that F ~ 2K. To be precise about the equivalence, we introduce
the next definition.

Definition 7.2.1 A fibration QK ——> E —= B is equivalent to a prin-
cipal fibration if there are maps k : B — K and A\ : E — [ such that the
diagram

commutes and \ is a homotopy equivalence, where p’ : I, — B is the principal
fiber map induced by k.

As an application of Serre’s theorem 6.4.2, we prove a result that answers
the question in a special case. This is used in Proposition 7.2.5.

Let G be an abelian group and let K,, be the Eilenberg-Mac Lane
space K(G,n). We define the nth basic class or nth fundamental class
b e H"(K,; G) = [K,, K] by b = [idk,, | (Compare with Definition 5.3.1.)

Proposition 7.2.2 Let F —— F 2B bea fiber sequence with F' =
K1 = K(G,m + 1), let B be a 1-connected space, and let m = 2. Then
there is a map k : B — K, 1o such that the given fiber sequence is equivalent
to the principal fiber sequence

F—2o1, % p

Proof. We apply Serre’s theorem to the fibration K,,4+; . p-Lt-B
and conclude that the excision map « : C; — B is an (m + 3)-equivalence. By
Corollary 4.5.23, the excision map ¢ : Y K,,,11 — C), induces an isomorphism

§*  H™2(CL;G) —» H™P2(EKmy1; G),

where (), is the mapping cone of p
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FE B
i i
CFE I S Cp.

The adjoint isomorphism H™*3(XK,,.1;G) s H™" (K, y1;G) is

H" (S n413G) = [EKmni1 K]
= [Km+17 QKm+2]
= H" Y (K1 G).

Let b™*+! € H™+1(K,,,1;G) be the basic class and let 3 € H™T2(YK,,41;G)
be such that r.(8) = b™ 1. We define [0] € H™"2(C,; G) by §*[0] = 8 and
let k£ be the composition

l 0
B —_— Cp _— Kr,n+2.

We then compose the inclusion map r : CE — C), = Bu, CE with 0 : C), —
K42 to obtain a map v = 0r : CE — K,,+2. The adjoint of v is a map
V:FE — EK,, . It follows that ¥ and p determine a map A from E into the
pullback Iy,

4]

L — " 2 FK,.,
) l
B k Km+27

such that uA = ¥ and g\ = p. If v/, N, ¥ : K,,,.1 — K,,,1 are the maps
of fibers induced by u, A, and ¥, respectively, then u'\ = ?'. But v’ is a
homotopy equivalence by Proposition 3.3.12. Thus, to show )\’ is a homotopy
equivalence, it suffices to show that ¥’ is a homotopy equivalence. But ¥/ =
k(09) since 6z, t) = {(i(z),t) for x € K41 and t € I. Furthermore, k(0J) ~
idk,,,,- Thus v 1 Kpi1 — Kpuy1 is a homotopy equivalence, and hence so
is NV : Kjp1 — Kpup1. It now follows from the exact homotopy sequence
of a fibration and the five lemma that A is a homotopy equivalence. This
completes the proof. O

A generalization of Proposition 7.2.2 in which the 1-connectedness condition
is weakened is given in Section 7.4. Another generalization in which B has
greater connectivity and F has nontrivial homotopy groups in a range of
dimensions appears in Exercise 7.1.
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Next we characterize the cohomology class [k] in Proposition 7.2.2. For
the fibration

F=KGm+1) —=g—2-p

that appears in Proposition 7.2.2, we have a truncated exact cohomology
sequence with coefficients in G by Theorem 6.4.4. In particular, let

A: H™" N F;G) - H™(B;G)

be the connecting homomorphism in this sequence.

Corollary 7.2.3 Under the hypothesis of Proposition 7.2.2, A(b™T!) =
—[k].

Proof. By Serre’s theorem 6.4.4, A is the composition

. (o)

Hm+1(F;G) K*; Hm+2(2F;G) 5*; Hm-'rZ(Ci;G) _; Hm+2(B;G),

where s : C; — X F is the projection of the mapping cone and « : C; — B is
the excision map. Since the following diagram is anticommutative

H"H_I(F;G) A R H’rn-‘rQ(B; G)

~T Tl*

H™2(SF;G) <2 H™*(C,; G,

by Proposition 4.5.21, we have
AT = —1*6*71(B) = —1*[0] = —[k]. o
Definition 7.2.4 Let X be a space and n > 1 an integer and consider the

following conditions.

1. There exist spaces X (™ and maps g, : X — X such that g4 : m(X) —
m;(X ™) is an isomorphism for i < n and 7;(X (™) = 0 for i > n.
2. There exist maps pp.1 : X @YD — X such that

Pn+1

K(mpe1(X),n+1) — xn+l) —— x(n)

is a fiber sequence.

3. The following diagram is commutative

X (n+1)

an+1
Pn+1

xT— s xm.
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4. The fibration in (2) is equivalent to the principal fibration
K(’R’n_;,_l(X), n + ].) E—— I}Cn+1 E—— X(n)

determined by a map k"*!, where [k"*1] € H" (X ™) 7, 1 (X)).

A weak homotopy decomposition of X consists of the spaces and maps satis-
fying (1), (2), and (3). In addition, if (4) is satisfied, it is called a Postnikov
decomposition or homotopy decomposition of X. The spaces X (") are called
homotopy sections or Postnikov sections. The elements [k"*1] or maps k"1
are called Postnikov tnvariants or k-invariants.

The data that determine a weak homotopy decomposition of X are the
homotopy sections X (™) the mappings g, : X — X, and the fibrations p,, :
X X1 We write this as {X ™), g,, p, } and call it a weak homotopy
system. The data that determines a homotopy or Postnikov decomposition of
X are, in addition to the above, the Postnikov invariants k™. We write this
as {X ™) g, pn, k™ } and call it a Postnikov system. Finally, the sequence of
fibrations

is called a Postnikov tower.

Theorem 7.2.5 If X is a space, then X has a weak homotopy decomposition.
If X is a 1-connected space, then X has a Postnikov decomposition.

Proof. By Lemma 2.5.8, there exist spaces W) containing X such that the
inclusion map j, : X — W induces isomorphisms of homotopy groups in
dimensions < 7n, the homotopy groups of W™ are trivial in dimensions > n,
and W) is obtained from X by attaching cells of dimensions > n + 2. The
spaces W (") have property (1), and we are going to successively replace the
W) by spaces X (™ of the same homotopy type that satisfy (2) and (3). By
Proposition 2.4.13, j,, extends to a map a,41 : W+ 5 W) such that
Unt1ns1 = jn. We set XD = W define X? to be the mapping path
E,,, and factor ay as

p2

W —s @) XU =,

where df, is a homotopy equivalence and ps is a fiber map. We obtain the
homotopy-commutative diagram

X $> (1)
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where g1 = j; and go = aljo. Because ps is a fiber map, we may assume that
this diagram is commutative. We define ag as the composition

I
as as

17746 w® xX@

define X®) to be the mapping path E5,, and factor as as

—1
as P3

w3 X3

xX@),

where aj is a homotopy equivalence and ps is a fiber map. This gives the
commutative diagram

X X2
\Lgs /
p3
X6

where g3 = a%j3. We continue in this way. This establishes (1) and (3). The
homotopy-commutative diagram of (3) and the exact homotopy sequence of
a fibration imply that the fiber of p, 1 is a K(m,+1(X),n + 1). This proves
(2). Finally, (4) is an immediate consequence of Proposition 7.2.2. =

Remark 7.2.6 Let 7; denote m;(X).

1. By Corollary 2.4.10, X has the homotopy type of a space obtained
from X by attaching cells of dimension > n + 2 because g, is an (n + 1)-
equivalence.

2. We show in Remark 7.4.5 that the existence of a Postnikov decomposi-
tion holds under weaker conditions than 1-connectedness. In fact, it is not
difficult to show the existence of a Postnikov decomposition under the as-
sumption that m1(X) is abelian (Exercise 7.3). We also discuss in Section
7.4 the existence of a homotopy decomposition of a mapping of one space
into another.

3. The Postnikov invariant [k"*1] € H"*2(X(™); 7, ) is sometimes denoted
by [k"T2]. However, the index n + 1 seems more natural because [k"*!]
determines the n + 1 section.

4. Let {X( g, pn, k" } be a Postnikov decomposition of X. If we denote
by A: H"™ YK (mpy1,n + 1);7m041) — H*2(X™:7,,1) the connecting
homomorphism in the exact cohomology sequence of the fibration

K(Tpe1,n+ 1) 5y 2255 x(m)

then A(b"*1) = —[k""1] by Corollary 7.2.3, where " *! is the basic class.
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5. The homotopy sections begin with X and, if X is 1-connected, X(V) =
{#}. Also if m,, 11 = 0, then X("*1) = X(") Thus if X is k-connected, then
X@ = {«} for i < k and X*+D) = K(mp, 1,k + 1). If [E"F1] = 0, then
X (1) has the homotopy type of X(™ x K (m,.1,n + 1).

Before considering properties of homotopy decompositions, we give an inter-
esting consequence of Proposition 7.2.5.

Let {X ™) n, Pn } be a weak homotopy decomposition of X and let X (]
be the homotopy fiber of g,,. Then there is a fiber sequence

Oxm —= xln] -~ X,

It follows from the exact homotopy sequence of this fibration that 7; (X)) =
0 for i <n and v,y : (X)) - m;(X) an isomorphism for i > n.

Definition 7.2.7 We call the fibrations above n-connected fibrations or n-
connective fibrations of X. We say that X[ is obtained by killing the first
n homotopy groups of X.

Note that the fiber map v; : X[1] - X is the homotopy analogue of the
universal covering space map (see Exercise 7.5).

We next consider to what extent a weak homotopy decomposition of X
determines the space X. We first digress to discuss the inverse limit construc-
tion. Given the following sequence (finite or infinite) of spaces and maps

Jig1 fit2

X X1 Xiyo

We form the inverse limit Lir_nk>le which is the subspace of the product

| [x>; X& of spaces consisting of all sequences x = (z1, 2141, 142, ...) such
that x; = fii1(wiy1) for @ = 1,1+ 1,1 + 2,.... There are projection maps
Gn lim, Xy — Xy, defined by ¢, (z) = x,. An analogous definition can be

given if the X} are groups and the fj are homomorphisms. Then lim 21 Xk

k
is the subgroup of the product [ [;.; Xi of groups defined as above.

Now we return to a weak homotopy decomposition of a space X. There is
a Postnikov tower

P2 p3

x @) X2 X 3)

and we form the inverse limit @kﬂX(k). The maps g, : X — X deter-
mine amap g: X — lim _ X® defined by g(z) = (g1(2), g2(), g3(a), ...
for z € X. Our goal is to show that g is a weak homotopy equivalence. We
begin with a lemma.

Lemma 7.2.8 The projection maps qy, : Lil_nkﬂX(k) — XM induce homo-

morphisms qpy : WN(liI_nkng(k)) — 7n(X™) and so there is a homomor-
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phism ¢ : 7y (lim
isomorphism.

Proof. We first show that ¢ is onto. Let 5 = ([f1], [f2]. [fs].--.) be an el-
ement of ;@va(x(k)), where f; : SV — X and pif; ~ fi1. We
show inductively that if i > 2, there exists f/ : SV — X with f/ ~ f;
and p;f! = fl_,. Set fi = f1 and assume that f! as above exists. Then
piv1fit1 ~ fi ~ fl. By the covering homotopy property for the fiber
map pj41, there exists f{ , ~ fio1 with p;y1fi; = f{. Then the f; de-
termine a map f’ : SV — @kle(k) such that ¢;f" = f!. Therefore
olf'] = (Lfil. [f2], [f3], - - ) = B, and so ¢ is onto.

Now we show that ¢ is one—one. The inverse limit of spaces or groups is un-
affected by deleting a finite number of terms at the (left) end of the sequence,
thus it suffices to show that the homomorphism ¢’ : WN(mkzNX(k)) —

LiI_nkZNﬂ'N(X(k)) obtained from ¢ is one-one. Let [f] € WN(liI_nkZNX(k)) be
such that ¢'[f] = 0. We show inductively that for every n > N, there exists
a homotopy F, : SNV x I — X (") such that ¢, f ~p o and p,F, = F,_;. Be-
cause ¢'[f] = 0, there exists Fiy : SN x I — XN) such that qn f ~p, * Now
assume that F), exists with the above properties. Let i : SN x 0I — SV x I be
the inclusion map and define a : SN x I — X+ by a|SY x {0} = ¢y 1 f

and a|SN x {1} = #. We then consider the diagram with commutative square

k>1X(k)) - lillkZIﬂN(X(k)), for any N. Then ¢ is an

SN x o] ———— x(n+1)

— - 7
i Fryl Pn41
-
—
—

OGN x [ —————— x(n),

Because 7 (K (G, n+1)) = 0, it follows from Corollary 4.5.9 that there exists
Fop1: 8N x I — XY guch that ppi1Fp1 = Fy, and g1 f ~p, ., * This
completes the induction. Finally, the homotopies F;, determine a homotopy

F:SNxI— @k;NX(k) such that f ~p *, and so ¢’ is one-one. o
This lemma is the main step in the following proposition.

Proposition 7.2.9 If {X("),gn, Dn} is a weak homotopy decomposition of
X, then the map g : X — liLnnNX(") determined by the maps g, : X — X ™
is a weak homotopy equivalence.

Proof. We must show that g, : mn(X) — WN(liiln>1X(n)) is an isomorphism

for all N. Choose k > N and consider the diagram

N (X) ————— 7 (lim

k%
Gk Tk
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where 7, is the projection. Clearly the diagram is commutative. Now ¢ is an
isomorphism by Lemma 7.2.8. Thus, since p; 14 : 7 (X)) = 7op (X D) is
an isomorphism for all [ > k, it follows that r is an isomorphism by Exercise
7.6. Therefore gy is an isomorphism. But g is an isomorphism since k > N.
Thus g, is an isomorphism. o

Remark 7.2.10 From the previous proposition we see that a weak homo-
topy decomposition of a space X determines the weak homotopy type of X.
If X is a CW complex and P is a CW approximation to @ksz(k), then
by Remark 2.4.12, X ~ P. Thus a weak homotopy decomposition of a CW
complex X determines the homotopy type of X. In the case that X is a
1-connected CW complex, the homotopy groups m,(X) and the Postnikov
invariants k™ determine the homotopy type of X, and these are said to be a
complete set of invariants of homotopy type.

Next we want to show that a map of spaces induces a map of homotopy
sections. Let {X(™, g, p, } be a weak homotopy decomposition of X and let
{Y(”), I, qn } be a weak homotopy decomposition of Y. The following result
and Proposition 7.2.13 were obtained by Kahn [54].

Proposition 7.2.11 Let f : X — Y be a map. Then there exist maps f)
X V() such that the following diagrams are homotopy-commutative

Vi f(n+1)
X——Y and xn+tl) ——— > y(n+l)
lgn lhn \Lpn+1 \anﬁq
£ Fem
x(n) y(n) x(n) y(n),
Furthermore,

1 f~f = ) ~ ) for all n.

2. If1:Y — Z, then (Lf)(™ ~ [(™) f(n),

3. (idx)™ ~idym), where the same weak homotopy decomposition is taken
for the domain X and the codomain X of idx.

4. If f is a homotopy equivalence, then ) is a homotopy equivalence.

Proof. X has the homotopy type of a space obtained by attaching cells
of dimensions > n + 2 to X, therefore there is a unique homotopy class
[£™] e [X™, Y] such that g*[f™] = [h,f] by Proposition 2.4.13. This
establishes the homotopy-commutativity of the first diagram and also implies
(1), (2), and (3). To prove (4), assume that f is a homotopy equivalence with
homotopy inverse [. Then

FEIm) ~ (r1)™ ~ (1d)™ ~ id.

A similar argument shows that 1™ f(") ~ id.
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Now we show that the second diagram in the statement of the proposition
is homotopy-commutative. We have

Qi1 F Y g = quirhngr f = b f =~ f@g, ~ f g0,
and so g:{H[Qan(nH)] = g;:+1[f(n)pn+1]~ Since g}, : [X("+1)7Y(")] —
[X,Y(™] is a bijection, it follows that g, f™FD ~ fp, .. o

We note that the second diagram in Proposition 7.2.11 can be assumed to be
commutative because ¢g,41 is a fiber map.

Corollary 7.2.12 If A™ and B™ are two homotopy n-sections of X (rel-
ative to two weak homotopy decompositions of X ), then A ~ Bn),

Proof. The identity map idyx induces a homotopy equivalence A ~ B(")
by Proposition 7.2.11. m]

We next show how the Postnikov invariants behave with respect to homo-
morphisms induced by a map of spaces. We first introduce some notation.
Let X and X be Il-connected spaces, let 7m; denote mi(X), and let 7; de-
note 7;(X). Let K; denote K(m;,i) and K41 nt2 denote K(m,41,n + 2),
and similarly define K; and Kpi1n+2. Let f: X — X be a map and let

{(X™ g, pn, k" } and {X ,gn, P, k' } be Postnikov decompositions of X
and X, respectively. Because p,,,; is a fiber map, we may assume that the
induced map f*+1) . X+ XY satisfies Prgr [T = fMp, .
Therefore f("+1) induces a map f(”H) : Kpy1 — K, 41 of fibers. The ho-
momorphism 2 : [Ky41n+2, Knt1nt+2] = [Knt1, Knt1] is an isomorphism
(Exercise 6.13), thus there is a unique element [f] € [Kntimnt2, Knt1mnt2]
such that Qf ~ f(n+1),

Proposition 7.2.13 With the above notation and assumptions,

‘]?* [k,n+1] f(n)*[ ”*1]’

where f* c HP2(XMm ) - HPP2(X M7, ) s the coefficent homo-
morphism induced by f and f0V* : H"+2(Y(n);ﬁn+1) — H"2(X™: 7, 1)

is the cohomology homomorphism induced by f( : X — Y(n).

Proof. Clearly f and f*Y induce a map 7 : Cp
the diagram

- Cp

Pr+1

such that

n+4+1

2Kn+1 C’pn+1

lzf(n+1) iT

SRy ———>Cp

n++1
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is commutative, where § and ¢ are excision maps for the fibrations K, ., —

X0+ 5 X () and K, — X" Y(n), respectively. With the nota-
tion of Proposition 7.2.2 we have the diagram

l 6

X(n) - Cpn+1 = Dn41n+2
lf(n) l‘r if

_ 1 0 —=

¥ ————— G5, ————— K 1042

The left square is commutative and we will show that the right square is
homotopy-commutative. We first compose f6 and 07 with ¢ : YK, ;1 —

Cppr- For u @ YKy — Kpi1pn42, a representative of the adjoint of the

basic class b"*1 e H"*1(K, 1;G), and @ similarly defined,
f@é ~ fu and 076 = ?3(2]?(”“)) ~ ﬂ(Zf(”Jrl)).
But R N . N
k(fu) ~ fFD) idg,,, = idfnﬂf(nﬂ) ~ k(@(Z D)),
Therefore ~ ~ ~ B
51701 = [Ful = [m(ZF" )] = 5[],
Because 6% : H"*?(Cy,,,,;Tn1) = H" (XK1 1;Tp11) is an isomorphism,

[f@] = [07], and so the right square is homotopy-commutative. Consequently,
FEm+ = fol ~ gIfm = F" ), o

Corollary 7.2.14 If { X" g, p,, k" } and {Y(”),yn, P, k' } are two Post-
nikov decompositions of X, then there are homotopy equivalences h : X

™ andw : K(mp1(X),n+2) - K(m,11(X),n+2) such that the following
diagram homotopy-commutes

- -
K (i (X)on +2) —— = K(mpar(X)on +2).

Proof. Let id : X — X be the identity map, let h = id™ . x(m) Y(n), and
let w=id: K(mp+1(X),n+2) = K(m,1+1(X),n + 2) (using the notation of
Proposition 7.2.13). Then by Proposition 7.2.13,

—n-+1 )
k' h o~ wktl. o
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Remark 7.2.15 It follows from Corollary 7.2.14 that if k"*! is an (n + 1)st
Postnikov invariant of X, then any other (n + 1)st Postnikov invariant of X
has the form wk™ !, where w : K(mp1(X),n +2) = K(mu1(X),n + 2)
and [ : X — X() are homotopy equivalences.

Homotopy decompositions are an extremely useful tool in homotopy the-
ory and have great theoretical value. Our main application is in Chapter 9
where we develop obstruction theory based on homotopy decompositions. In
addition, the homotopy groups of some spaces have been computed using ho-
motopy decompositions (or n-connected fibrations). The papers of Serre ([81],
[82]) give results on the homotopy groups of spheres using n-connected fibra-
tions and McCleary [67] has described how to calculate m4(S?) using Post-
nikov systems. But for these computations it is necessary to know something
about the spectral sequence of a fibration and the cohomology of Eilenberg-
Mac Lane spaces. However, we next calculate the first Postnikov invariant of
the 2-sphere without using these results.

Example 7.2.16 If X = 52 then m(X) = Z and 73(X) = Z. Thus a
Postnikov decomposition of X starts with the fibration

X® = K(z,2)

and k-invariant k3 : K(Z,2) — K(Z,4). Now K(Z,2) = CP*, and so [k?] €
H*(CP*). If be H?(CP®) is the basic class, then it is known [39, Thm. 3.12]
that the cup product v* € H*(CP*) = Z is a generator of Z. Therefore
[£3] = mb? for some integer m. We will show that m = £1. The Serre exact
cohomology sequence of the above fibration yields the exact sequence

H3(K(Z,3)) —2> H4(CP*) — H4(X®)) — H4(K(Z,3)).

By Exercise 7.11, H*(K(Z,3)) = 0. Also, the basic class 8 € H*(K(Z,3)) =
Z is a generator of Z. Furthermore, A(3) = —[k*] = —mb? by Remark
7.2.6. Therefore H*(X®) = Z,,. On the other hand, g3 : X — X©) is
a 4-equivalence, and so g3 is a cohomological 4-equivalence by Whitehead’s
second theorem 6.4.15 and Lemma 6.4.13. Therefore g¥ : H*(X®)) — H*(X)
is a monomorphism. Since H*(X) = 0, it follows that H*(X®)) = 0, and we
have Z,, = 0. Thus m = +1, and so k% = +b.

We next record a useful result about weak homotopy decompositions.

Proposition 7.2.17 Let X be a space with weak homotopy decomposition
(XM g, pn}, let A be a CW complex, and let g4 : [A, X] — [A, XM]. If
dim A < n, then gns is a bijection. If dim A = n+1, then g, is a surjection.

Proof. This follows at once from Proposition 2.4.6. |
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If X is an H-complex and {X{"), g, p,} is a weak homotopy decompo-
sition of X, then by Exercise 7.8, X" is an H-space and g, : X — X
and ppo1 : XD - X are H-maps. We next consider additional results
that relate homotopy decompositions and H-spaces. We first discuss some
generalities regarding H-maps.

Let (X,m) be an H-complex, let (Y,n) be a grouplike space, and let f :
X — Y be a map. Consider the diagram

fxf
XXX ——Y xY

PR |

X Y

which is not necessarily homotopy-commutative. Clearly
n(fx IIXvX~fmXvX:XvX->Y
Using the grouplike structure of Y, we form the difference
df=n(fxf)=fm:X xX > Y

and have that df|X v X ~ #. Now consider the cofiber sequence

XvX—1-XxX—2sXrX

and the resulting exact sequence of groups

Py * Sk
[D(X v X),Y] 2 [X A X, Y] L [X x X, V] = [X v X, V].

Since Xj : X(X v X) - YX(X x X) has a homotopy retraction by Lemma
5.4.11, (X)* : [X(X x X),Y] - [X(XvX),Y] is onto, and so ¢* is one—one.
But j*[ds] = 0, and so there is a unique homotopy class

[Ds]e[X A X,Y]

such that ¢*[Dy] = [df].
Definition 7.2.18 The homotopy class [Dy] € [X A X,Y] is called the H-

map deviation of f.

Remark 7.2.19 For the definition of the H-map deviation it is not necessary
that Y be a grouplike space. In fact, it was only the multiplication and the
inverse that were used in the definition. We show in Chapter 8 that an H-
complex always admits inverses.

The proof of the following result is straightforward, and hence omitted.
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Proposition 7.2.20 Let (X, m) be an H-complez, let (Y,n) be a grouplike
space, and let f : X =Y be a map.

1. f:(X,m) — (Y,n) is an H-map if and only if [Ds] = 0.

2. If (X', m’) is an H-complex and g : (X',m') — (X, m) is an H-map, then

[Dygl = (9 7 9)*[Dy],
where gng : X' A X' — X A X is the map induced by gx g : X' x X' — X x X.
As a consequence we obtain the following proposition.

Proposition 7.2.21 If X is an H-complez and {X™, g,,, pn, k"} is a Post-
nikov decomposition of X, then X is an H-space and ¢, : X — X,
Prg1 s XOFD 5 X and k" X7 — K(m,41(X),n+2) are all H-maps.

Proof. By our earlier remarks, it is only necessary to show that k"' is an
H-map. We assume without loss of generality that the O-skeleton of X is
{#}. Let k = k"*! let p = p,y1, and let G = 7, 41(X). We show that the
homotopy deviation [Dy] = 0. Since kp ~ =,

(p A p)*[Dk] = [Dip] = 0

by Proposition 7.2.20. Therefore it suffices to show that (pAp)* : H"*2(X (™) A
XM G) — g 2(X (D) A XD Q) is a monomorphism. To do this we
apply Corollary 2.4.10 to the (n + 1)-equivalence p : X(**D — X and
so regard X(™ as obtained from X(**1) by attaching positive-dimensional
cells of dimension > n + 2 to X(™+1 . Thus, as a CW complex, X ™ A X (")
is X"+t A X+ with positive-dimensional cells of dimension > n + 3
attached. Hence the cofiber of X (+1) A X(n+1) 5 X () A X (") hag positive-
dimensional cells in dimensions > n+3. Consequently, (p Ap)* : H*T2(X () A
XM @) - H*2(X (D A X (+1): @) is a monomorphism. ]

It is also possible to show that H-structures on the homotopy sections of X
induce an H-structure on X.

Proposition 7.2.22 Let {X™ g, p,} be a weak homotopy decomposition
of an n-dimensional CW complex X. If X *"=1) is an H-space, then X is an
H-space and gon—1 : X — X@= 1 s an H-map.

Proof. Let g = gon_1 : X — X@»=1 and let m’ be the multiplication on
X @71 The map ¢ is a 2n-equivalence and dim (X x X) = 2n. Therefore
by Proposition 2.4.6, g« : [X x X, X] — [X x X, X®"=D] is a surjection.
Hence there exists an [m] € [X x X, X] such that g4[m] = [m/(g x g)]. We
show that m is a multiplication. Let j; : X — X x X and j; : X1
X @n=1) 5w X2n=1) he inclusions into the first factor. Then

gmji =~ m'(g x g)j1 = m'jig =~ g.
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Thus g4[mj1] = g«[idx], where g4 : [X, X] — [X, X?~D]. Because gy is a
bijection by Proposition 2.4.6, mj; ~ idx. Similarly mjs ~ idx. Therefore
m is a multiplication. ]

See [55] for this proposition in the case when X is not finite-dimensional.

7.3 Homology Decompositions of Spaces

In this section we discuss the approximation of a space X by means of ho-
mology sections X,,. The step from X,, to X, 41 is carried out by attaching
a cone on a Moore space M(H,+1(X),n) to X,. This construction is simi-
lar to the construction of the (n + 1)st skeleton from the nth skeleton in a
CW complex, although here we adjoin the cone on a Moore space instead of
(n 4+ 1)-cells. The homology decomposition has some, but not all, of the ana-
logues of the properties of homotopy decompositions. We give an example to
show that the homotopy type of the nth homology section is not determined
by the homotopy type of X.

Definition 7.3.1 Let X be a l-connected CW complex and write H, =

H,.(X). Suppose there exists a sequence of 1l-connected CW complexes

X5, X3,... and maps j, : X, — X and i, : X,, —» X,,1; that satisfy the

following conditions.

1. jns : H.(X,) = H,.(X) is an isomorphism for r < n and H,.(X,,) = 0 for
r>n.

2. Xy —2> Xni1 M(H,+1,n+ 1) is a principal cofibration induced
by a map k], : M(Hpq1,n) = X.

3. The following diagram commutes

Xn#X

in ”
In+1

Xn+1'

Then the collection {X,,, jn, in, k,} is called a homology decomposition of X.
The spaces X, are called nth homology sections of X and the maps k!, ; :
M(H,41,n) — X, or homotopy classes [k}, ] € m,(Xy; Hp11) are called
(n+1)st K -invariants.

Theorem 7.3.2 If X is a 1-connected CW complez, then X has a homology
decomposition.

Proof. There are some difficulties in dualizing the proof of Theorem 7.2.5,
and we give a proof based on pairs of spaces (but see Exercise 7.3). We show
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the existence of X,,, jn, in, and k!, by induction on n. When n = 2 we need
only construct Xs and jo. We write M, for M(H,,r), set Xo = M, and
consider the epimorphism

[Ma, X] = m2(X; Hy) —— Hom(Ha, m3(X))

of the universal coefficient theorem for homotopy 5.2.9. We choose js
Xy — X such that n[ja] = h™' : Hy — my(X), the inverse of the
Hurewicz homomorphism. Since jou : m2(X2) — m2(X) is an isomorphism,
Jos + Ho(X2) — Ha(X) is an isomorphism. Now assume the result for n. We
factor j, : X,, = X as
Jn Jn

Xp —=X —X,
where X' is the mapping cylinder of j,, j/, is an inclusion, and j/ is a homo-
topy equivalence. For the pair (X, X,,), we have

H,,(X',Xn) ~ {O ifr<n

H.ifr=n+1,

and so m,+1(X’, X,,) = H, 41 by the relative Hurewicz theorem. We consider
the relative homotopy group with coefficients 7,+1(X’, X,; Hy41), which is
the set of homotopy classes of maps of pairs (CM, M) — (X', X,,), where
M = M(H,1,n) (see the discussion after Definition 4.5.3). There is an
epimorphism

n: 7rn+1(X/7 Xn; Hn+1) - Hom(Hn+177Tn+l(XlaXn)) = Hom(Hn+17Hn+1)7

by the universal coefficient theorem for homotopy, and hence there is a
map of pairs u : (CM,M) — (X', X,) such that uy : Hyy1(CM, M) —
H,1(X', X,,) is an isomorphism. Let &' = u|M : M — X,,, let X,,;1 = C,
and let i, : X,, = X,, 11 be the inclusion. Then in the diagram

the square is a pushout square and ui = j| k’. Therefore there exists A :
Xni1 — X' such that \i,, = j, and As = u. Without loss of generality we
assume that A is an inclusion map. We denote Ay : H,.(X,y1) — H.(X')
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by Ay and show that H,.(X,4+1) = 0 for > n + 1 and that Ay, is an
isomorphism for r < n + 1. Because H,(X,+1, X)) = H,.(M,,4+1), we have

/0 ifr#n+1
Hr(Xng1, Xn) = {Hn+1 if r=n+1.
By considering the exact homology sequence of the triple (X', X,, 41, X,,) (Ap-
pendix C) and the results stated above for H, (X', X,,) and H, (X1, Xn),

we obtain
0 fr<n+1

’ ~
Hr (X, Xn1) = {Hr if r>n+2.

It now follows from the exact homology sequence of the pair (X', X,,,1) that
H.(X,+1) =0 for r > n+1 and Ay, is an isomorphism for r < n + 1. To
complete the induction we set k;,; = k" and compose A : X,, 41 — X' with
the homotopy equivalence j! : X’ — X to obtain j,4+1 : Xp+1 — X with the
desired properties. ]

We next make a few elementary observations on homology decompositions.

Remark 7.3.3 We use the notation H; = H;(X) and M; = M (H;,1).

1. If X is a space with no torsion in its homology, then all the Moore spaces
that appear in a homology decomposition of X are wedges of spheres, that
is, M(H,41,n) = S™ v --- v 8™, where the number of spheres equals the
rank of Hy,11. In this case, X, is the n-skeleton of a CW decomposition
of X, and the homology decomposition and the CW decomposition of X
are the same.

2. The homology decomposition could start with X; = {«} instead of with
X5. Furthermore, if H, 11 = 0, then X,, ~ X,,.1. Thusif H; = 0 fori < N,
then X; = {#} for i < N and Xy ~ My. In addition, if some [k],, ;] = 0,
then Xn+1 asd Xn \4 Mn+1.

3. The kK'-invariant is trivial on homology groups, that is, the homomorphism
Kl i1e =0: Hy(M(Hypy1,n)) > Hp(Xy), for all n. This follows from the
exact homology sequence of

k! i
n+1 in
M(Hn+17 ’I’L) — Xn — Xn+1

since iny @ Hp(X,) = H,(X,+1) is an isomorphism. Let Hy be the first
nonzero homology group of X, so Xy = My. If [y ] € nn(Mn; Hy 1)
is the first k'-invariant, then k%, = 0: 7y(M(Hn11,N)) = Hyy1 —
WN(MN). Thus if n: WN(MN;HN+1) — Hom(HN+1,7TN(MN)) is the
homomorphism in the universal coeflicient theorem for homotopy, then
[kEVJrl] € Kern = EXt(HN_;,_l, 7TN+1(MN)).

The analogues of some of the properties of homotopy decompositions do
not hold for homology decompositions. We next illustrate this with examples.
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Example 7.3.4

1. We give a simple example to show that induced maps of homology sections
do not necessarily exist. Let M,, = M(Za,n) and consider the space X =
M,, v S"*1. The nth homology section of X is M,, and the cofiber map of
the homology decomposition is the inclusion

Xp = My — M, v S™ = X = X, 1.

Since [M,,, S"*!] = 7,(S""1;Zy) =~ Ext(Za,Z) = Zs, by the universal
coefficient theorem for homotopy, we can choose a map ¢ : M, — S"*!
such that ¢ # #. (In Exercise 7.14, ¢ is given explicitly.) Define f : X —» X
by f = {iaq, *} : M,, v S"*1 — M, v S"*1 where iy : ST — M, v S"H!
is the inclusion. With the above homology decomposition for X, suppose
there exists an induced map f, : M,, - M,. Thus i, f, ~ fi; : M,, —
M, v 8"t Then if ¢o : M,, v S"T1 — S™*! is the projection,

q = q2i2q = @2 fi1 =~ qai1fr, = *.

This contradicts q # .
In [4] conditions are given for induced maps to exist.

2. Here we show, following [15], that two homology n-sections of the same
space do not necessarily have the same homotopy type. Let [h] € m,(S™)
be an element that is a generator of Z,, < m,,(S™), where p is an odd prime
and n > m + 1, such that the suspension homomorphism X : m,(5™) —
Tni1(S™HL) is an isomorphism. For example, let m be odd, set n = m +
2p — 3 (see the end of Section 5.6) and assume that 2p — 2 < m so that
X is an isomorphism by the Freudenthal theorem 5.6.7. We write M, =
M(Z,,r). Then, because p[h] = 0, h extends to a map h' : M, — S™.
Thus there is a commutative diagram

STL
J
M, i sm.

where j is the inclusion. Let ¢ : M,,_y — M,,_1/S"" ! = S" be the collaps-
ing map and define

Ap=8" v XM,_y, A, =8"Up, CM,_1,

and
X =" up CM,) v XM, _;.

Then the nontrivial homology groups of X are Z in degree m and Z, in
degrees n and n + 1. The nontrivial homology groups of A, and A’ are
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Z in degree m and Z, in degree n. If j,, : A,, — X is the inclusion, then
Jnx + Hi(A,) — H;(X) is an isomorphism for ¢ < n. Therefore A, is a
homology n-section of X. Now define j, : Al, - X by ji{z) = ({x), *), for

e (Galy), 2t), *) !
. _ Jq(y),2t),#) if 0 <t < 3
St = {(*a<y72t_1>) if £ <t<1,

for (y,ty € CM,,_1. We show that j/, induces a homology isomorphism in
degree n. Let

p: A, —> XM,_q1, p: A, > XM,_1, and p: X — XM,

be the projections obtained by respectively shrinking S™, S™ and S™ Uy,
CM,, to a point. Then, because pj,, ~ (x +id)p’ : A, —» X M,,_1, the
following diagram is commutative

.7
Insx

Hy(A) Hn(X)

Hy(SMy_y) ——4 > H, (SM,_1).

P} and Py are isomorphisms, therefore j . is an isomorphism. Hence A,
is a homology n-section of X.

We now show that A, and A’, do not have the same homotopy type.
Suppose that there is a homotopy equivalence f : A, — A/ . By the
cellular approximation theorem, f is homotopic to a cellular map g and
g induces ¢’ : S™ — S™ which is clearly a homotopy equivalence. Thus
g and ¢’ induce a homotopy equivalence g : XM, 1 — XM, 1. There is
then a diagram

A, < Al

k g
$M, i SM,

l* lZ(hq)

Xg
Xem — >y 5m

with top square commutative and bottom square homotopy-commutative,
where the vertical maps are the continuation of the coexact sequences

M, _1 S ogm o A, and M,_1 L sm—— Al

We have that X(hq)g >~ =, and so (¥h)q¢ ~ =, where ¢ = Yq : M,, —
S7*1 is the projection. Finally, we consider the coexact sequence of the
defining cofibration for M,
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/

a J q

S M,

a

Sn Sn+1 SnJrl7

where a is a map of degree p. There is then the exact sequence

a* 1
M1 (ST = 741 (S — s [M,, ™1,

where a¢* is multiplication by p. Since ¢"*[X'h] = 0, we have that [Xh] =
pa, for some a € 7, 1(S™T1), contradicting the choice of [h] as a generator
of Zy,.

We next present a result that relates the k’-invariant of a homology de-
composition of a space with the Hurewicz homomorphism of the space.

Proposition 7.3.5 Let {X,,, jn, in, kl,} be a homology decomposition of X.
Then kj, 1, = 0: w0y (M (Hypy1(X),n)) = m,(Xy) if and only if the Hurewicz
homomorphism hyi1 : Tpi1(X) — Hpy1(X) is an epimorphism.

Proof. For notational convenience we write H;, = H;(X), M; = M(H;,1i),
M = M(H,41,n), and k' = k], ;. We consider

n

K i
M— X, — Xoiq

which can be regarded as a cofiber sequence. Since M is (n — 1)-connected
and X,y is 1-connected, we obtain an exact sequence

k' in
7T’n(]\4) — Wn(Xn) s Wn(XnJrl)a

by the Blakers—Massey exact homotopy sequence. Therefore k), = 0
Tn(M) = (X)) <= fing @ T(Xn) = m(Xs1) is a monomorphism.

Consider the cofiber sequence

q

Xn - Xn+1 Mn+1

and let ETI Hn+1(Xn+l) - n+1(Mn+1) and Zn** : Hn(Xn) - Hn(Xn+1)
be the induced homology homomorphisms. Then there is a commutative di-
agram

q in
7Tn+1(Xn+1) é* 7Tn+1(Mn+1) - ﬂ-n(Xn) é* 7T’rl()(’rLJrl)

lh/n+1 ih’gﬂ ih;’:

FETS

0—— Hn+1(Xn+1) - n+1(Mn+1) - Hn(Xn) -t

— Hu(Xn1),

where the top line is the Blakers—Massey exact homotopy sequence, the bot-
tom line is the exact homology sequence of a cofibration and h], ,, h?, ; and
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h! are Hurewicz homomorphisms. Since 4,44 is an isomorphism, g4 is an
isomorphism. But A;,_; is an isomorphism, and so

hi, ., is onto <= gy is an onto <= i,y is one —one < kj, = 0.

Therefore it suffices to show that h],_, is onto <= hpi1 @ Ty (X) —
H,+1(X) is onto. But there is the commutative diagram

1 (Xng1) —— s 4 1(X)
\Lh’n+1 lh”*‘l
Hy1(Xns1) —22 o~ H, (X)),

with j,.144 an isomorphism. Since j, 11 is an (n + 1)-equivalence, jpn414 iS
an epimorphism, and the proposition is proved. ]

We conclude this section with a simple calculation of a homology decom-
position. Let m be an odd integer > 3 and let M; be the Moore space
M(Zy,,i). We form the smash product X = M, A M. It then easily fol-
lows from the Kiinneth theorem [83, p.235] that H;(X) = Z,, for i =1 + s
and r+s+1 and H;(X) = 0 for other values of i. Thus there is one k’-invariant
[£'] € mpys(Myys; Zoy) for X.

Lemma 7.3.6 The K-invariant [k'] of X = M, A My is zero and hence
X>Myysv Mgy,

Proof. By Remark 7.3.3, [k'] € Ext(Zp, Trys+1(M,4s)). By Proposition
5611, 7TT+S+1(MT‘+S)) = O, and so [k/] =0. O

As a consequence of this lemma a binary operation on homotopy groups
with coefficients in Z,, can be defined, for m an odd positive integer > 3.
We sketch this construction. Let (Y, m,i) be a grouplike space and define
a commutator map ¢ : Y x Y — Y by c(z,y) = (v +vy) + ((—2) + (=),
where m(z,y) = x + y and i(x) = —x, for z,y € Y (see Exercise 2.3). Then
clY vY ~ xand socinducesamap ¢: Y AY - Y. Ifa = [f] € 7. (Y; Z,,) and
B =[g] € ms(Y; Zy,), then define (o, B) € mpy54+1(Y; Zp,) to be the homotopy
class of the composition

io Inrg ¢
Mr+s+l _— Mr+s \' Mr+s+l =~ Mr A Ms ——Y AY ——Y.

The element {a, ) € mr45:1(Y;Z,,) is called the Samelson product of «
and B. The existence of a nontrivial Samelson product implies that the H-
space Y is not homotopy-commutative (for if it were, we would have ¢ ~ =
and hence ¢ ~ x). For an arbitrary space X, we can form a product of
a € mp(X;Zp) with f € my(X;Z,,) by taking Samelson products of the
adjoints. More precisely, if ky : 7;(X;Zy,) — mi—1(2X;Z,,) is the adjoint
isomorphism, then define
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[, 8] = 5 (i), 52 (B)) € Tpirq (X3 Zan),

for p,q = 3. These products and others like them have been studied in [38],
[40], and [75].

7.4 Homotopy and Homology Decompositions of Maps

We begin this section with a lemma that gives a condition for a fibration
to be principal. This leads to Proposition 7.4.2 which is a generalization of
Proposition 7.2.2. Proposition 7.4.2 is then applied to obtain k-invariants for
the weak homotopy decomposition of a map. Then we discuss the homology
decomposition of a map. The homotopy and homology decomposition of a
map have appeared in [30].

Lemma 7.4.1 [39, Lemma 4.70] Let (X, A) be a CW pair such that the
homotopy fiber of the inclusion map u : A — X is a K(G,n), n > 1,
and the action of w1 (A) on m41(X,A) is trivial. Then there is a map
k:X — K(G,n+ 1) with the following property. If

Ik*]>Ek$K(G,n+l)

is the mapping path fibration of k, there exist weak homotopy equivalences
w: X — Ei and 0 : A — I such that the following diagram commutes

A X

Lo,k

I, — > F.

Proof. 1f I,, is the homotopy fiber of u, then

Gifr=n+1
(X, 4) = w1 (L) = {0 if 7 # 0+ 1.
The operation of m(A) on m,+1(X, A) is trivial, thus the Hurewicz homo-
morphism A1 @ T1(X, A) = H,11(X, A) is an isomorphism (Theorem
6.4.21). Therefore

Gifr=n+1
H(X/A) = Hy(X, 4) = {0 if r<n+1.
Moreover, the homomorphism 7, : H"*1(X/A; G) — Hom(m,4+1(X/A),G) =
Hom(G, G) which assigns to a homotopy class its induced homotopy ho-
momorphism is an isomorphism by Lemma 2.5.13. Thus there is a map
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k:X/A — K(G,n+ 1) such that ky : m,11(X/A) — 7,1 (K(G,n + 1))
is an isomorphism. Now let k& : X — K(G,n + 1) be the composition

q k

X X/A

K(G,n+1),

where ¢ is the projection. We then have the commutative diagram

A v X 1 X/A

\ l \ i

o H k

v J P

Ik Ek‘ K(G,n+1),

where k is factored as pu for p a fiber map and i a homotopy equivalence.
Therefore there is a map 6 = p|A : A — I which makes the left square
commute. We show that the map of pairs p’ : (X, A) — (Ek, I;) determined
by p induces isomorphisms of homotopy groups. Consider the commutative
diagram

’

(X, 4) - (X/A, {=})
o 3
(Ek,71k?) % (K(G,TL + 1)’ {*})a

where ¢’ and p’ are maps of pairs obtained from ¢ and p. We show that the
maps ¢, k, and p’ all induce isomorphisms of homotopy groups in dimension
n + 1. Now pl, : m(Ex, I;;) — m(K(G,n + 1)) is an isomorphism for all
i by Proposition 4.5.18 and ks : m,11(X/A) — Tui1(K(G,n + 1) is an
isomorphism by the choice of k. Since the inclusion u : A — X is an n-
equivalence, n > 1, it follows that C\,, ~ X /A is 1-connected, and so X /A is
n-connected by the Hurewicz theorem. Hence by the commutativity of the
diagram
1 (X, A) Lﬂ'n_,_l()(//l)

\L n+1 ihln+1
I

Hpi1 (X, A) ———— Hn 1 (X/A),

¢ Tnp1(X, A) = m,1(X/A) is an isomorphism. Thus g, : m,+1(X, A) —
Tna1(Ek, Ix) is an isomorphism. Because 7;(X, A) = 0 = m;(Fk, Ii), for all
i #n+ 1, we have that p, : m;(X, A) - m;(Ek, I;) is an isomorphism for all
1. It is now follows from the exact homotopy sequence of the pairs (X, A) and
(B, Ii) that 6 : A — I is a weak homotopy equivalence. This completes the
proof. O

For a map p : E — B, the statement that m (E) operates on 7,.(B, E) means
that 71 (E) operates on m,(M,, E), where M, is the mapping cylinder of p.
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Proposition 7.4.2 Let F ——> F ——> B be a fibration with F = K(G,n)
and let m(E) operate trivially on m,41(B,E). Then there exists a map
l: B — K(G,n+1) such that the given fibration is equivalent to the principal
fibration

F——=I,——>B
induced by .

Proof. We replace p : E — B by the inclusion u : A — X of the mapping
cylinder, that is, A = E and X = M,. By Lemma 7.4.1 applied to the pair
(X, A), there isamap k : X —» K(G,n + 1) and the square in Lemma 7.4.1
is commutative. Furthermore, there are homotopy-commutative squares

E—=pB and Iy —— E

N |

A—tsX I, —— X.

Each of these three squares induces a map of homotopy fibers by Proposition
3.3.15 and so we have the homotopy-commutative diagram

P

F = K(G,n) E B
L, A - X
le .

J
I; I, Ej,
IUZK(G,TL) Ik k )(7

where j is the inclusion and v is the fiber map. All of the vertical maps in
the second and third columns are weak homotopy equivalences and thus so
are all of the maps in the first column. Therefore we obtain a homotopy-
commutative diagram

K(G,n) E B
| P
K(G,n) I ° X,

where a, A\, and v are weak homotopy equivalences. Then, with [l = kv : B —
K(G,n + 1), it follows from Exercises 3.15 and 7.16 that the fibrations
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3 P
F——=F—>DB and F——=1—>B
are equivalent. ]

Next we consider the homotopy decomposition of a map.

Definition 7.4.3 Let f: X — Y be a map. Then a weak homotopy decom-

position of f consists of spaces Z(™ for every n > 1 and maps a,, : X — Z("

and b, : Z" — Y such that

1. bpa, = f.

2. an is an n-equivalence.

3. by : m(Z™) = 7;(Y) is an isomorphism for i > n and a monomorphism
for i = n.

4. There are maps ppiq1 : Z"TY — Z() such that ppy1ane1 = an and
bnpn+1 = b1

Z(n+1)
Pn+1
X z(n) Y

an b
5. The homotopy fiber of p, 41 : Z"*Y — Z( is K (7, (I}),n), where I is
the homotopy fiber of f.

If, in addition, p,1 is a principal fibration induced by a map k"*!: Z(" —
K(mp(If),n + 1), then we have a homotopy decomposition of f or a Moore-
Postnikov decomposition of f. The weak homotopy decomposition of f is
denoted {Z ") ay, by, p" } and the homotopy decomposition of f is denoted
{Z(”),an, by, p" k™ }. The spaces Z™ are called the Postnikov sections of
the map f or the homotopy sections of the map f. The maps k™ or homotopy
classes [k™] are called the Postnikov invariants of the map f or k-invariants
of the map f.

Intuitively, the spaces Z(™) are like X in lower dimensions and like Y in higher
dimensions. As n increases, the spaces Z(™ “are more like” X and “less like”
Y. We see next that weak homotopy decompositions of maps always exist.

Theorem 7.4.4 For any map f: X — Y, a weak homotopy decomposition
exists. If m1(X) operates trivially on 7, (Y, X), for all n, then f has a Moore—
Postnikov decomposition.

Proof. [39, p.414] By Theorem 2.4.9, for every n > 1, there exists a space
Z'm) obtained from X by attaching cells of dimension > n + 1 and maps
al : X — Z'™ and ¥, : Z'™ — Y such that o/, is the inclusion map,
V.a! = fand ¥, : m(Z'™) - 7;(Y) is an isomorphism for i > n and a
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monomorphism for ¢ = n. For each n > 1, there is a mapping path factoriza-
tion of b, (Definition 3.5.7)

w by,

Y,

)

7(”)

VAL,

where w is a homotopy equivalence and b, is a fiber map. We consider the
n-equivalence @, = wal, and the commutative diagram

X — s

lan+1 l n

bn41

7(n+1) L O

<

By Corollary 4.5.9, there exists a map gni1 : 7(n+1) - 7(n) such that

Qni1Gny1 =~ @p and bpgny1 =~ b,i1. Therefore we have the homotopy-
commutative diagram

7(n+1)
dn+1
X = AR - Y

which we will replace with a similar one that is strictly commutative. For this
we inductively replace each ¢,.1 by a fiber map p,,1 as follows. For n = 1,
sot 7 — 7(1) AR 7(1)

and factor gy : Z = ZM through the mapping path
as

7(2)

where vs is a homotopy equivalence and ps is a fiber map. Next assume that
such a factorization holds for n,

Un Pn

7(”)

Z(n) 7Z(n—1)

and consider
7(”+1) dnt1 7(") on 7(n)

which is factored as

7(n+1) ﬂ) 7(n+1) p"—+l> Z(”)7

where v,,41 is a homotopy equivalence and p,,+1 is a fiber map. This completes
the induction. Now define a,, = v,@, and b,, = b,7,, for all n > 2, where 7,
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is the homotopy inverse of v,,. We have the diagram

7(n+1)
Prn+1
X - z, —— Y

with ppr1an41 >~ a, and ’l;npnﬂ ~ 3n+1~ Using the CHP, we successively
replace each a,, n = 2, by a homotopic map (also called a,) such that the
left triangles are commutative. We then successively replace each Znﬂ by
bpt+1 = bppnt1. Then the right triangles commute. It follows that (2), (3), and
(4) of Definition 7.4.3 hold. Furthermore, (1) holds because bya, = bia; =
bia; = f. Therefore to show that we have a weak homotopy decomposition of
f, it only remains to show that the homotopy fiber of p,, 1 is K(m,(If),n).
We consider the diagram

a

b +1

Y,

)

Z(n+1) S

and replace maps by inclusions via mapping cylinders so as to be able to take

relative groups. Specifically, we replace a,41 with an inclusion X < Z/("+1),

where Z/("+1) ~ Z(+1) and 7;(Z'"+Y X)) = 0 for i < n 4 1. Next replace
the map Z'(»t1) ~ Z(n+1)  7(") with an inclusion Z/("*Y < 2/ where
ZM) ~ 7'")_Finally replace Z'(") ~ Z(") — Y with an inclusion Z"(™ C Y”,
where Y ~ Y’ and m;(Y’, Z/™)) = 0 for i > n+1. Then we drop the primes for
notational convenience and so assume that X < Z("*) c Z(") C Y and that
the relative homotopy groups have the properties above (without the primes).
By definition, 7,.(I,,,,) = 741 (2, Z+Y) and 7,.(I;) = 7.11(Y, X), for

Pn+41
all 7 (Definition 4.5.3). Therefore it suffices to show that

0 ifr#n+1

(n) Zn+1)y _
(2, Z) {wnH(KX) if r=mn+1.

We next consider the homotopy exact sequence of the triple Z(»+1) < z(") c
Y (Exercise 4.22)

mis1(Y, Z(")) - m-(Z("), Z(”“)) — (Y, Z(n+1)) —m(Y, Z(”)).

If ¢ > n + 1, then the first and fourth groups are zero, and so

7TZ'(Z(")7Z(7L+1)) ~ 7TZ'(Y,Z(”+1)).
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Therefore m;(Z™,Z"+tV) = 0 for i > n 4+ 1 and 7,41 (2™, Z(+D) ~
741 (Y, Z+1) | Similarly, from the homotopy exact sequence of the triple
X c 2+ € 72" we conclude that 7;(Z™, Z("*1) = 0 for i < n. Thus it
suffices to prove that 7,41 (Y, Z"+1) > 7, .1 (Y, X). For this we consider the
commutative diagram

Tn41(X) ———= 41 (V) —— 11 (V. X) ————m (X) ———=m(Y)

| | | |

71_"+1(Z(n+1)) - 7T7H-1(Y) — 7rn+1(Y7 Z(n+1)) - 7rn(Z(n+1)) - ﬂ-n(Y)’

where the rows are the exact homotopy sequence of a pair. The first vertical
arrow (on the left) is an epimorphism and the fourth vertical arrow is an
isomorphism. Therefore, by the five lemma (Proposition C.1), the middle
arrow is an isomorphism. Hence

Tna1 (27, 20D = 7 1 (V, 207D = 1 (Y, X).

This completes the proof of the first assertion of the theorem. The remain-
der of the theorem is easily proved as follows. Since 71 (X) operates triv-
ially on 7, (Y, X) by hypothesis, and since 7,1 (Z™, Z"+1) = 7, (Y, X)
and 7, (Z™*Y) = m;(X), we have that m(Z"*V) operates trivially on
Tny1(Z, ZH+D) (see Exercise 4.17). By Proposition 7.4.2, p, 41 is a prin-
cipal fibration induced by some map k"*+! : Z(") — K(r,(If),n +1). o

It is possible to prove Theorem 7.4.4 without replacing maps by inclusion
maps as was done in the previous proof [40]. However, this would require a
lengthy digression on the homotopy groups and cohomology groups of a map,
and so we have not done it.

Remark 7.4.5 Many of the topics considered in Section 7.2 for the homo-
topy decomposition of a space could be investigated for the homotopy de-
composition of a map (see [83, 440-444] and [91, 443-449]). Instead we briefly
comment on some special cases of Theorem 7.4.4. If f : X — Y is a fiber map
with fiber F, then m,,(I;) = 7, (F), and so the fibrations p,, 1 : 2"+ — Z()
have fiber K(m,(F),n). Also, if we take for f the constant map X — {x},
then 7;(Z(™) = 0 for i > n and K(m;(If),i) = K(m;(X),i). Therefore, if
we set X"~ = Z(" for all n, we obtain a Postnikov decomposition for X
under the assumption that m1(X) operates trivially on m,(X), for all n. Fi-
nally, consider the map {#*} — Y. Then the Postnikov decomposition of this
map essentially gives the tower of n-connective fibrations (Definition 7.2.7
and Exercise 7.4).

Next we turn to the homology decomposition of a map. We begin with the
following basic lemma.
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Lemma 7.4.6 Let f: X — Y be a map, where X and Y are 1-connected
spaces. We regard f as an inclusion map and suppose that H;(Y,X) =0 for
1 < n, wheren > 1. If G = H,1(Y, X), then there exists a space X' and a
factorization of f as

X—1sx-—1sy

where 7 and f' are inclusions such that

1. j is a principal cofiber map induced by some k : M(G,n) — X, that is,
X=X v CM(G,n).

2. Hi(Y,X")=0 fori <n+1.

3. H;(YV, XY= H(Y,X) fori>n+1.

Proof. To avoid considering Moore spaces of type (G, 1), we assume in the
proof that n = 2. In Remark 7.4.7 we discuss the necessary modifications
for n = 1. Recall that 7,4+1(Y, X;G) consists of homotopy classes of maps
of pairs (CM(G,n), M(G,n)) — (Y, X). By the relative Hurewicz theorem
(see Exercise 6.26), G = m,+1(Y, X). Furthermore, the universal coefficient
theorem for homotopy applied to the space of paths E(Y; X, {*}) yields an
epimorphism

n: o1 (Y, X; G) - Hom(G, 7,41(Y, X)) = Hom(G, G).

Therefore there exists 6 : (CM(G,n), M(G,n)) — (Y,X) such that 6, :
H, 1 (CM(G,n),M(G,n)) — H,11(Y,X) is an isomorphism. Now let k =
0|M(G,n): M(G,n) - X and consider the commutative diagram

where X’ is the pushout of 4 and k and f’ is the map determined by # and f.
Now j is an inclusion and we regard f’ as an inclusion (by replacing Y by the
mapping cylinder My/). Then u : (CM(G,n), M(G,n)) - (X', X) induces a
homology isomorphism since the pairs have homeomorphic cofibers. Further-
more, 0y : Hyy1(CM(G,n), M(G,n)) — H,+1(Y,X) is an isomorphism by
the choice of 6. Therefore the inclusion (X', X) — (Y, X) induces an isomor-
phism of (n + 1)-dimensional relative homology groups. Next consider the
exact homology sequence of the triple X € X’ € Y (Appendix C),

Hz(X/,X)HHZ(KX)HHAY,XI)H i_l(X/,X).
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Since H;(X', X) =0 for ¢ # n + 1, we have

1. Hy(Y,X") = Hy(Y,X) for i #n+1,n+2.

2. Hy2(Y, X) » H,y2(Y, X') is a monomorphism.
3. Hy1 (Y, X) - H,41(Y, X’) is an epimorphism.

Then by (2) and (3) and the fact that Hy,+1(X', X) —» H,41(Y,X) is an
isomorphism, we conclude from the exact homology sequence of the triple
X € X' CY that

Hpi1(V,X') =0 and Hy oV, X') = Hypo(Y, X).

(This is Exercise 7.19.) This completes the proof. O

Remark 7.4.7 We indicate the proof of Lemma 7.4.6 in the case n = 1. We
assume Hq (Y, X) =0 and set G = Hy(Y, X). We write G = F'/R where F is
free-abelian with basis {z |« € A} and R is free-abelian with basis {ys |3 €
B}. Let M' =\/,., S% and so R € F = Hy(M"). For each 8 € B we choose
[95] € m1(M?) such that h[gs] = ys, where h is the Hurewicz homomorphism.
We then form M by attaching 2-cells to M' by the maps gg. We set I' =
w1 (M), so I'/[I',I'] = G by Proposition B.5. If E = E(Y; X, {*}), we identify
m(Y, X; G) = [M, E] with [(CM, M), (Y, X)], the homotopy classes of maps
of the pair (CM, M) into the pair (Y, X). For every ¢ : I' - G = m(E),
there exists f : M — E such that f, = ¢ : m (M) — m(F) by Lemma
2.5.1. From this it follows that the function 7, : [M, E] — Hom(I,G) is
onto, where n:[f] = f« : m (M) — 71 (F). Next consider the commutative
diagram

[M, E] o Hom(G, @)

T b

Hom(I', G),

where ng[k] = ky : HH(M) — Hy1(E) and v : I' — G is the projection onto
the quotient. Because 7, is onto and v* is one-one, ng is onto. Therefore ng :
[(CM,M),(Y,X)] — Hom(G, G) defined by nrlg] = g« : Ho(CM, M) —
H,(Y, X) is onto. It now follows as in the proof of Lemma 7.4.6 that there
exists 0 : (CM, M) — (Y, X) such that 0, : Hy(CM,M) — Hy(Y,X) is an
isomorphism. If we write M = M(G, 1), the rest of the proof proceeds as in
Lemma 7.4.6.

The following theorem gives the homology decomposition of a map.

Theorem 7.4.8 Let X and Y be 1-connected spaces and let f: X — Y be
a map. Then for every k = 1, there exist spaces and maps

Xjk W fr v

with ji an inclusion map such that
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L f= frik-

2. jrx : Hi(X) — H;(Wy) is an isomorphism for i > k and a monomorphism
fori=k.

3. frs : Hi(Wy) — H;(Y) is an isomorphism for i < k and an epimorphism
fori=k.

4. If we regard [ and fi as inclusions, then H;(Y, W) = H;(Y, X)) fori > k.

5. There exists a map lp11 : M(Hp1 (Y, X), k) = Wy such that Wiy, =
Clk+1 = Wk Ulk+1 CM(Hk+1(Y, X), k)

6. If iy, : Wy — Wiy1 is the inclusion, then the following diagram commutes

Wi

- Wk+1 —=Y
Jk+1 41

X

Proof. We define the spaces W), and the maps ji and fj inductively on k.
For k=1, weset W = X, j; =1id, and f; = f. Now assume the theorem for
k, so H;(Y,Wy) = 0 for ¢ < k. We then apply Lemma 7.4.6 to fx : Wy > Y
and obtain a factorization of fi as

Wi, —> Wi Y.

Therefore from Lemma 7.4.6 we conclude that fry1s @ Hi(Wgy1) — Hi(Y)
is an isomorphism for ¢ < k£ 4+ 1 and an epimorphism for « = k 4+ 1 and
H;(Y,Wii1) = H(Y, X) for ¢ > k + 1. We then define ji41 = i1ji and note
that it only remains to prove (2) for k + 1, that is, H;(Wy41,X) = 0 for
i = k + 2. From the exact homology sequence of the triple X € W), € Wi,
and the fact that H;(Wy~1, W) = 0 for i # k+1, we see that H;(Wy11, X) =
H;(Wy, X) fori # k, k+1. Hence for i > k+2, it follows that H; (W41, X) =
H;(Wy, X) = 0. This establishes (2) for £ + 1 and completes the proof. o

The spaces Wy, together with the maps ji, fi, pr, and I, that satisfy (1)—
(6) of Theorem 7.4.8 constitute a homology decomposition of the map f. The
spaces Wy, are homology sections of the map f and the maps [ or homotopy
classes [lx] are the k'-invariants of the map f.

It is interesting to compare the factorization of f in Theorem 7.4.8 as
f = frjx with that of f in Theorem 2.4.9 which we write as f = fix

ik fr

X Tk Y.

In the first case, as k gets larger, fry : m-(Wi) — m.(Y) is an isomorphism
for more values of r and Wy “looks more like” Y. In the second case, as k
gets larger, igy : m.(X) — m,.(T)) is an isomorphism for more values of r and
Ty “looks more like” X.
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We observe that if we take the map {#} — Y for f, then the homology
decomposition of the map f reduces to the homology decomposition of the
space Y.

Corollary 7.4.9 If X and Y are 1-connected spaces such that H;(X) = 0
fori= N and Hi(Y) =0 fori 2 N+ 1 and f : X —> Y is a map, then
N Wx = Y is a homotopy equivalence.

Proof. The hypothesis implies that Hy.1(Y,X) = 0 and so Wy = Wxy
and fy = fyi41- But jy @ X — Wy induces homology isomorphisms in
dimensions > N. Therefore H;(Wy) = 0 for ¢ > N. Also fnv = fn+1 :
Whni1 — Y induces homology isomorphisms in dimensions < N + 1. Because
Wy and Y are 1-connected, fy = fnyi1 is a homotopy equivalence. ]

This corollary can be interpreted as asserting that if X and Y are 1-connected
finite-dimensional CW complexes, then any map f: X — Y can be factored
as an inclusion X - X v CM(Hz,1) u---u CM(Hy, N — 1) followed by a
homotopy equivalence, for some N, where H; = H;(Y, X).

Exercises

Exercises marked with (*) may be more difficult than the others. Exercises
marked with (f) are used in the text.

7.1. (+) Let F ——> E—2> B be a fibration such that (1) B is (n — 1)-
connected, n =2, (2) if i<m—1ori>=m+n—1, then m;(F) =0, and (3)
F = X, for some space X, then prove that there is a map k: B — X such
that the principal fibration (X —— I, — B is equivalent to the given
fibration.

7.2. (%) 1. Let X be a space and let n : X x X — X be a map such that
nji,njs : X — X have right homotopy inverses. Prove that there is a map
m: X x X — X such that (X,m) is an H-space.

2. Consider the fibration 2X —=X—2 =X x X, where X is a CW com-
plex and p(I) = (1(0),1(1)). Prove that if this fibration is equivalent to a
principal fibration, then X is an H-space.

7.3. Show the existence of a Postnikov decomposition for a space with abelian
fundamental group by dualizing the proof of Theorem 7.3.2.

7.4. (1) Let v, : X"l — X be the n-connected fibration of a CW complex X.
Prove that there is a map 60,41 : X" — X[l such that v,0,11 = vpi1.
What is the homotopy fiber of 6,417

7.5. Let vy : X1 - X be the 1-connected fibration of X. Prove that X!
has the homotopy type of the universal cover of X.
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7.6. (1) Let

fi41 fi42

Gi Gt Gii2

be a sequence of groups and homomorphisms and let r; : Lir_ns> lGS — G; be

the projection of the inverse limit. Prove: If there is a & > [ such that f; is
an isomorphism for i = k+ 1,k + 2,..., then r; is an isomorphism for ¢ > k.

7.7. Give a definition of the product of weak homotopy systems {X ) Gy P }
and {Y("), Ny qn }- If the first system is a weak homotopy decomposition of
X and the second is a weak homotopy decomposition of Y, then prove that
this product is a weak homotopy decomposition of X x Y. Given a Post-
nikov system for X and one for Y, what is the relation between the Postnikov
invariants of X, Y and X x Y7

7.8. (1) If {X™) g, p, } is a weak homotopy decomposition of X and (X, )
is an H-space, show that there is an H-space multiplication u, on X (™ such
that g, : (X, 1) = (X, p,) and prgr o (XOFD pq) = (X0 p1y,) are
H-maps.

7.9. If X is a space and m < n, prove that (X)) ~ (xn])(m),

7.10. (+) If {X™, g,,, p, } is a weak homotopy decomposition of a 1-connected
space X and dim X < n, then prove that H,, (X)) = 0 and H, (X)) =~
Tnt1(X). Use this result to determine 73(5?).

7.11. () Prove that H"*1(K(Z,n)) = 0.

7.12. () Let (X, m) be an H-complex and let (Y, n) be a grouplike space. Let
f:X — Y beamap and let [Ds] € [X A X,Y] be the H-map deviation of f.
Prove that there is a multiplication 7 on Y such that f : (X,m) — (X', 7)
is an H-map if and only if [Dy] is in the image of (f A f)* : [Y AY, Y] —
[X A X,Y].

7.13. If X is a 1-connected space, show that there exist spaces X|,,] and maps
qn : X — X such that H; (X)) = 0 for i <nand gns : Hi(X) — Hi(X[n))
is an isomorphism for ¢ > n. Show that there exist maps Xp,) — X413
whose mapping cone is an M (H,11(X),n + 2).

7.14. (%) (1) Let M = M(Zp,,n) = S™ U "™, m > 2, and let ¢ : M —
M/S™ = S™*! be the projection. Prove that g % .

7.15. Prove the following dual of Proposition 7.3.5. Let {X( g, p,, k"}
be a Postnikov decomposition for a 1-connected space X. Then k7+! = 0 :
Hyo(X™) = H,y oK (mp21(X),n 4 2)) if and only if the Hurewicz homo-
morphism A, 41 : Tp11(X) = H,11(X) is a monomorphism.
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7.16. () Consider a commutative diagram

F ' E B
| | |
P ! Jo— B

where the top line and bottom line are fiber sequences and «, £, and ~
are weak homotopy equivalences. Let P be the pullback of p’ and v and let
I’ — P — B be the resulting fiber sequence. Show that this fiber sequence
is equivalent to F' - E — B.

7.17. Prove that Proposition 7.4.2 implies Proposition 7.2.2 by showing that
m1(F) operates trivially on 7, +1(B, E), under the hypothesis of Proposition
7.2.2.

7.18. Let f : X — Y be a map with homotopy fiber F' = Iy. Assume that
a weak homotopy decomposition for f exists as in Definition 7.4.3 and let
F,, be the homotopy fiber of b,,. Show that there exists a map ¢, : ' — F,
which is an n-equivalence and that 7;(F,) = 0 for ¢ = n. (Thus Fj, could be
taken to be the (n — 1)-homotopy section of F.)

7.19. Prove the assertion made at the end of the proof of Lemma 7.4.6.

7.20. Let X be 1-connected and consider a homology decomposition of the
map X — {#}. What is the relation of the space X to the spaces W} of
Theorem 7.4.87



Chapter 8
Homotopy Sets

8.1 Introduction

In this chapter we consider [X,Y], the collection of morphisms from X to
Y in the homotopy category HoTop,. For arbitrary spaces X and Y, [X,Y]
is just a set and there is not too much to say. We could ask if it is finite or
infinite. If finite, how many elements does it have? If infinite, is it countable or
not? We answer some of these in the next section. However, by giving [X, Y]
natural group structure we can then study properties of the group [X,Y].
But before doing this we discuss the category of a space in Section 8.3. This
is a nonnegative integer invariant (or 00) associated to a space X and denoted
cat X. We showed in Chapter 2 that [X,Y] has a natural binary operation
with two-sided identity if Y is an H-space or if X is a co-H-space. In Section
8.4 we prove that this set with binary operation is an algebraic loop if Y is
an H-complex or if X is a 1-connected co-H-complex. From this we deduce
that H-complexes and 1-connected co-H-complexes always have left and right
homotopy inverses. We then study the nilpotency of the group [X, Y] when
Y is a grouplike space. We prove that the group is nilpotent whenever X has
finite category and that the nilpotency class of [X,Y] is bounded above by
cat X.

8.2 The Set [X,Y]

In the preceding chapters we have proved several results that give conditions
for an induced map of homotopy sets to be a bijection. In order to summarize,
we state the most general of these results next.

Proposition 8.2.1 (Proposition 2.4.6) Let X be a CW complez, let B and
Y be spaces (not necessarily of the homotopy type of CW complexes), and
let e : B =Y be an n-equivalence, n < 0. Then ey : [X,B] — [X,Y] is

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 267
DOI 10.1007/978-1-4419-7329-0_8, © Springer Science+Business Media, LLC 2011
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an injection if dim X < n and a surjection if dim X < n. If n = oo, then
ex : [X,B] = [X,Y] is a bijection.

Special cases of this proposition are Proposition 1.5.24 (where e is the in-
clusion (Z,C)"* — Z of the n-skeleton of a relative CW complex (Z,C))
and Proposition 7.2.17 (where e is the map g, 1 : Y — Y= of a weak
homotopy decomposition of Y).

Proposition 8.2.2 Let f : X — Y be an n-equivalence, let Z be a space,
and let f* : Y, Z] — [X, Z] be the induced map. If m;(Z) = 0 fori = n, then
f* is a surjection. If mi(Z) =0 fori=n+ 1, then f* is an injection.

This proposition has not been proved explicitly, but it follows immediately
from Corollary 2.4.10 and Proposition 2.4.13.

We next give conditions for [X,Y] to be finite. We first introduce some
terminology and notation. If G is a finitely generated abelian group, then
r(G) denotes the rank of G. If we write G = Z @ --- ®Z ® T, where there
are 1 copies of Z and T is a finite group, then r(G) = r. For a space X with
H™(X) finitely generated, we define the nth Betti number 8,(X) of X to be
r(H™(X)). If m,(X) is a finitely generated abelian group, we define ~,,(X)
to be r(m,(X)).

Lemma 8.2.3 Let X be a space and let G be an abelian group such that
H™(X), H" (X)), and G are finitely generated. If 3,(X)r(G) = 0, then
H™(X; Q) is a finite group.

Proof. Consider the exact sequence of the universal coefficient theorem for
cohomology (Theorem 5.2.4)

0—=H"(X)®G —— H"(X;G) — H""}(X) + G —0.

Because 3,(X)r(G) =0, H*(X) ® G is finite. Because H"T}(X) and G are
finitely generated, H"*1(X) % G is finite. Therefore H"(X;G) is finite. o

We next give an easily verifiable criterion for the set [X, Y] to be finite.

Proposition 8.2.4 Let X be a finite CW complex of dimension N and let
Y be a simply connected space with finitely generated homotopy groups m;(Y")
fori < N. If (X)) (Y) = 0 for all n < N, then [X,Y] is finite.

Proof. Let {Y™ g, p,, k™ } be a Postnikov system for Y. By Proposition
8.2.1, g« : [X, Y] — [X,YN)] is a bijection, and so it suffices to prove that
[X,Y(N)] is finite. We do this by showing by induction on n that [X,Y ("]
is finite for all n < N. Let m; = m;(Y) and consider the case when n = 2.
Then Y? = K(m3,2) and [X,Y )] = H?(X; 7). But f2(X)72(Y) = 0, and
so [X, Y] is finite by Lemma 8.2.3. Now assume that [X,Y ("~ Y] is finite
for n < N. We have the principal fiber sequence
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K(mp,n) y ()
and the resulting exact sequence
[X, K (0, m)] —— [X, V(0] = [X, y (D).

Because [X, Y (»=1] is finite by induction, the image set p,«[X, Y (] is finite.
Next consider the operation of H™(X;m,) = [X, K(m,,n)] on [X,Y(™]. If
z,y € [X,Y™], then ppy(x) = pnx(y) if and only if y = z®, for some
a € [X, K(m,,n)] by Theorem 4.4.4. But 3, (X)7,(Y) = 0, and so the group
[X, K(m,,n)] is finite. Therefore for w € p,4[X,Y™], each preimage set
pra(w) is finite. Thus [X, Y (™] is finite. This completes the induction and
shows that [X,Y] is finite. o

Proposition 8.2.4 holds if the condition 8, (X)y,(Y) = 0 for all n < N is
replaced by the condition that H"(X) is a finite group for all n < N or by
the condition that 7, (X) is a finite group for all n < N. Furthermore, the
converse of Proposition 8.2.4 does not hold as we show by example. There are
many such examples, but the one we give uses an interesting fact about the
Hopf map. For any sphere S™, we denote a map of degree k by k: S™ — S™.

Lemma 8.2.5 The following diagram is homotopy-commutative

SSL)SS

Pk

52*1()52,

for any integer k, where ¢ is the Hopf map.

Proof. The map k¢ represents an element in 73(S?) and so k¢ ~ n¢ for some
integer n. Therefore there is a map n: S — S of degree n such that k¢ = ¢n.
Then n and k induce a map 6 : CP? — CP? because CP? is the mapping
cone Cyp. If u € H?(CP?) = Z is a generator, then 6*(u) = ku. Furthermore,
u? € H*(CP?) =~ Z is a generator and

nu® = 0*(u?) = 0(u)f(u) = k*u?.
Hence n = k2. o

The following example provides a counterexample to the converse of Propo-
sition 8.2.4.

Example 8.2.6 (Cf. Exercise 8.4) The set [CP?, 5?] is a finite set.

Proof. Consider the mapping cone sequence
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¢ J

53 52 !

CP? St

where j is the inclusion and ¢ is the projection, and the exact sequence of
sets

* 3 *
[54,52] —L = [CP?, §2] - [5?, §2] -2~ [$3, 52

[E——

Then ¢*(k) = k¢ = k?¢ by Lemma 8.2.5, and so ¢*(k) = =
0. Therefore Imj* = 0 and thus ¢* is onto. Because [S%, 5?] =
74(S®) = Zy by Theorem 5.6.10, [CP?, S?] is finite. o

||E

Next we consider when [X, Y] is a countable set. For this we use some ba-
sic facts about simplicial complexes that can be found in [73]. In addition,
a countable CW complex is one in which the number of cells is finite or
countably infinite.

Proposition 8.2.7 If X is a finite CW complex and Y is a countable CW
complex, then [X,Y] is a countable set.

Proof. By [39, p.182], a finite CW complex has the homotopy type of a finite
simplicial complex and a countable CW complex has the homotopy type of
a countable simplicial complex. Therefore it suffices to show that [K, L] is
countable where K is a finite simplicial complex and L is a countable simpli-
cial complex. We begin by assuming that both K and L are finite simplicial
complexes. Any simplicial map ¢ : K — L carries the vertices of a simplex of
K into the vertices of some simplex in L and is completely determined by its
values on the vertices. Thus there are finitely many simplicial maps K — L.
Next recall that the simplicial approximation theorem states that any map
f : K — L is homotopic to a simplicial map ¢ : K" — L, where K™ is
the nth barycentric subdivision of K. Since K(") is a finite complex, there
are finitely many simplicial maps K™ — L, and we denote the set of these

maps by S,,. Then
S=1{J8n

nz=0

is a countable set. Since every map f : K — L is homotopic to some element
of S, the set [K, L] is countable. If L is countably infinite, the Simplicial
Approximation still holds and there are countably many simplicial maps K —
L. The rest of the preceding argument then goes through. |

8.3 Category

In preparation for studying the group structure on the homotopy set [X, Y]
when Y is a grouplike space, we discuss the notion of category in this section
and establish a few of its basic properties. Category is a numerical invariant
of the homotopy type of a space that is interesting in its own right.
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Recall that a co-H-space consists of a space X and amap c: X —» X v X,
called the comultiplication, such that ¢; ¢ ~ id ~ ¢ ¢, where ¢1,¢2 : X v X —
X are the two projections. This can be restated as follows (Exercise 2.6). If
X is a space, then there is a comultiplication on X if and only if the diagonal
map A : X — X x X is homotopic to a map that factors through X v X.
This latter characterization can be easily generalized.

Definition 8.3.1 For a space X, the nth fat wedge is defined by
TX) = {(x1,22,...,2,) | 2; € X, some z; = =} € X"

If joy1 : T"H(X) — X1 s the inclusion, then X has category < n, written
cat X < n, if there is a map ¢ : X — T"+(X) such that j, 10 ~ A: X —
X+ where A = A% is the diagonal map of X. We say cat X = n if
cat X <nandcat X £n—1.

Remark 8.3.2 For a space X, clearly cat X = 0 if and only if X is con-
tractible, and cat X < 1 if and only if there is a map ¢ : X — X v X such
that (X, ¢) is a co-H-space. The category of a space has also been called the
Lusternik—Schnirelmann category or the LS category. The original definition
given in [58] which is equivalent to Definition 8.3.1 is as follows. A space X
has LS category < n if there is an open cover {Uy, Uy, ..., U,} of X such that
each Uj; is freely contractible in X to a point. The motivation for studying cat-
egory came from a theorem of Lusternik—Schnirelmann on smooth compact
manifolds M [58]. This asserts that a lower bound for the number of critical
points of any smooth function on M is cat X + 1. With some restrictions,
this result holds for infinite-dimensional manifolds, and so has applications
to the calculus of variations. For these and many other results on category,
see [21].

In general, it is difficult to calculate the category of a space. We next prove
two basic results that will enable us to make this calculation for some spaces.

Proposition 8.3.3 If f : X — Y is a map and Cy = Y uy CX is the
mapping cone of f, then

catCy <catY + 1.

Proof. Using the mapping cylinder, we can regard f : X — Y as a cofiber
map. The inclusion map ¢ : CX — Cj is then a cofiber map (Proposition
3.2.10). We denote Cy by Z and consider the diagram
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where ¢ ~ % since CX is contractible. Because 7 is a cofiber map, there is
homotopy 7 : Z — Z such that 7o = id and r|CX = . Now suppose
catY = n — 1 with map ¢ : ¥ — T™(Y) such that Ay ~ j¢ : Y — Y™,
where j = j, : T"(X) — X™. Thus there is a homotopy h; : Y — Y™ with
ho = Ay and hy = j¢. Consider the diagram

Y
l knht
k
—— n
Z e zm,

zZ

where k : Y — Z is the inclusion. Since k is a cofiber map, there exists
a homotopy l; : Z — Z™ such that Iy = A% and l1k = k"j¢. Now define
my : Z — Z" by my(2) = (ri(2),1:(2)) for z € Z. Then mg = AL
Furthermore my{x,t) € {#} x Z"™ and mi{yy € Z x T™(Z), forx € X, t € I,
and y € Y. Therefore mi(Z) € T"*1(Z), and so cat Z < n. O

Corollary 8.3.4 If X is a finite-dimensional CW complex, then cat X <
dimX. If X is 1-connected and N is the number of nontrivial positive-
dimensional homology groups of X, then cat X < N.

Proof. For the first assertion, apply Proposition 8.3.3 to the skeletal decom-
position of X. For the second assertion, apply Proposition 8.3.3 to a homology
decomposition of X. ]

In order to prove the next result, we digress to discuss cup products in
cohomology, where cohomology is regarded as homotopy classes of maps into
an Eilenberg-Mac Lane space. Let G; be abelian groups, let n; > 1 be integers
and let K; denote the Eilenberg—Mac Lane space K(G;,n;), i =1,...,k We
define T'(K1,...,Ky) € Ky x --- x K} to consist of all k-tuples (z1,...,zx)
such that some z; = . Thus T(X, ..., X) with k copies of X is just T%(X).
Weset K1 A+ A K=Ky %X+ x K, /T(Kq,...,Ky).

Lemma 8.3.5 With the above notation,
INEKL A AKp) 2G1® -Gy,

where N =nq + -+ + ng.

Proof. Because the (n; — 1)-skeleton K"~ = {#}, the (N — 1)-skeleton
T(Ky,...,Kp)N 1 = (Kyx---xKp)N 71 Therefore (Ky A+ AKp)N 71 = {4},
and so K7 A--- A K is (N—1)-connected. Thus my (K1 A---AKy) = Hy (K71 A
-+ A K}) by the Hurewicz theorem. But Hy(K; A--- A Ki) 2 G1®- - QG
by the Kiinneth theorem [83, p.235]. o

Lemma 8.3.6 If G is an abelian group and m : G1 ® - - @ G — G is any
homomorphism, then there exists a unique element [0,,,] € HN (N[, K;; G)
such that n:[0m] = m, where
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ne s HY(AL K;; G) — Hom(nn (AL, K;), G) = Hom(G1 ® -+ ® G, G)

is the homomorphism that assigns to a homotopy class the induced homotopy
homomorphism in dimension N and /\:'l:1 K, =K A nKj.

Proof. By Proposition 2.5.13, 1, is an isomorphism. |

Now we define the cup product of k cohomology elements. Given «; = [f;] €
H"(X;G;) and a homomorphism m : G ® -+ ® Gy — G, we consider the
maps

X 2 xp I g T AT K -2 K(GLN),

where ¢ is the projection, 6, is defined in Lemma 8.3.6, and N = nj+---+ny.
The k-fold cup product oy U -++ U ap, € HY(X;G) is the homotopy class
[0mg(f1 % --- x fr)A]. If R is a commutative ring and G; = R for all i, we
choose m to be the multiplication homomorphism m : R®Q---®R — R defined
by m(z1,...,xk) = x1---x for x1,...,2, € R. In this case we obtain the
k-fold cup product as a function H™ (X; R) x---x H™(X; R) — HY(X; R).

Definition 8.3.7 Let X be a space and let R be a commutative ring. The
R-cup length of X, denoted cupgX, is the least integer k such that all (k+1)-
fold cup products of positive-dimensional elements of H*(X; R) are zero.

Proposition 8.3.8 For any commutative ring R and space X,
cuppX < cat X.

Proof. We suppose that cat X = k — 1 and so there is a map ¢ : X — TF(X)
such that jr¢ ~ A : X — X¥ where j, : TF(X) — X% is the inclusion. If
a; = [f;] € H"(X;R), with ¢ = 1,...,k and n; > 0, then we must show
a1 U U ag = 0. There is a homotopy-commutative diagram

TH(X) —L  ~ T(K,,... K)

e

X 2 Xk X n?:l Ki;fl)/\?:l KZ‘LK(G’NL

where j is the inclusion and f is induced by f; x --- x fi. Then

Omq(f1 % = o x fr) A = Opq(fi x = % fi)jrd

= %

because qj = #. Therefore oy U --- U o = 0. O
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Corollary 8.3.4 and Proposition 8.3.8 enable us to make some computa-
tions.

Corollary 8.3.9 For the projective spaces,
cat RP™ = cat CP" = cat HP" = n.

Proof. We have cupz, RP" = n, cupzCP"™ = n, and cupzHP" = n. The result
for RP™ now follows from the first assertion of Corollary 8.3.4 and the results
for CP™ and HP" follow from the second assertion of Corollary 8.3.4. |

There is another definition of category that we now describe and which is
equivalent to Definition 8.3.1. Let

F—>p-2-p

be a fibration that we denote by F. The excision map « : C; — B is defined by
a|CF = » and a|F = p (Definition 4.5.20). Furthermore, by Corollary 6.3.6
and the proof of the Serre theorem 6.4.2, the homotopy fiber I, ~ F = {2B.
By replacing « by a fiber map, we obtain a fibration

F——FE —>B

with fiber F' ~ F' « {2B. We denote this fiber sequence by F' and call this
construction, which assigns the fibration F to the fibration F, the cofiber—
fiber construction.

Definition 8.3.10 For a space X, the nth Ganea fibration

Fo(X) —> Gp(X) 22> x|
n = 0, denoted F,, is inductively defined as follows: Fy is the path space

fibration 2X — EX — X. Assuming that F,,_1 has been defined, we define
Fn to be F,_4, that is, we apply the cofiber—fiber construction to JF,, .

As we have seen, the fiber F,,(X) has the homotopy type of 2X #--- % 2X,
the join of n + 1 copies of 2X. In addition, the nth Ganea fibratiion is easily
seen to be natural, that is, amap f : X — X' yields a map G, (f) : G,(X) —
G, (X') which is compatible with f and the Ganea fiber maps.

Next we consider the space CNY'n(X ) defined by the homotopy pullback

Gn(X) —= T+ (X)

Pn ljnﬂ

X 4A> X"+1.
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Theorem 8.3.11 There is a homotopy equivalence 6 : G, (X) — é'n(X)
such that the following diagram is homotopy-commutative

Gn(X) ————= G, (X)

The proof of this theorem is long and we omit it. It can be found in [5] and
[21, pp. 29-31].

It now follows that p, : G,,(X) — X has a homotopy section if and only if
Pn : Gn(X) — X has a homotopy section. But from the definition of G,,(X)
as a homotopy pullback, we see that p,, has a homotopy section if and only if
the diagonal map A : X — X"*! factors up to homotopy through 7"+ (X).
Thus we have the following result.

Proposition 8.3.12 For a space X, cat X < n if and only if the nth Ganea
fiber map p,, : G, (X) — X has a homotopy section.

The condition that p, has a homotopy section is sometimes taken as the
definition of cat X < n.

8.4 Loop and Group Structure in [X, Y]

We begin with the definition of an algebraic loop.

Definition 8.4.1 Let S be a set with a binary operation that is written
additively. Then S is called an algebraic loop if for every a, b € S, the equations
a+x =b and y + a = b have unique solutions =,y € S.

Lemma 8.4.2 Let S be a set with a binary operation and define o, : S X
S — S xS byo(a,b) =(a,a+b) and p(a,b) = (b,a +b) for a,be S. Then
S is an algebraic loop if and only if o and w are bijections.

Proof. The assertion that o is a bijection is equivalent to the assertion that
a + x = b has a unique solution. Similarly for 4 and y + a = b. o

Next let X, Y, A, and B be spaces and consider the projections p; : A X
B - A and py : A x B - B and the inclusions i; : A > A v B and
io: B — A v B. We proved the following results in Corollary 1.3.7. There is
a bijection A : [X, A x B] — [X, A] x [X, B] defined by

AMa) = (pr#(), p2x(a))

and a bijection 7: [A v B,Y] — [A,Y] x [B,Y] defined by
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7(a) = (i (@), i3 ().
The first part of the following proposition is due to James [52].
Proposition 8.4.3

1. If (Y,m) is an H-complex and X is a space, then [X,Y], with the binary
operation induced by m, is an algebraic loop.

2. If (X, ¢) is a I-connected co-H-complex andY is a space, then [X,Y], with
the binary operation induced by c, is an algebraic loop.

Proof. (1) By Lemma 8.4.2, it suffices to show that o, p: [X,Y] x [X, Y] —
[X,Y] x [X,Y] are bijections. We do this only for ¢ because the argument
for p is similar. Consider the square diagram (actually rectangular)

[X,Y x Y] [X,Y x Y]
g 8
[XaY] X [X7Y] — [XaY] X [va]v

where A is the bijection above and o’ is defined by ¢’ = (p1,m) : ¥ x Y —
Y x Y. If [f] € [X,Y x Y], then

Aoy [f] = ([p1f], [mfD)

and

oA[f] = ([pof];, [pLf] + [p2£])-

Because mf ~ (p1+p2)f =~ p1f+p2f, the square diagram is commutative. We
now show that o7, is a bijection by showing that ¢’ is a homotopy equivalence.
For this, it suffices to prove that ¢’ induces an isomorphism of all homotopy
groups by Whitehead’s first theorem. Consider the square diagram with X =
S™. Because m,(Y) is a group, o : mp(Y) X mp (V) = 1 (V) x m,(Y) is a
bijection by Lemma 8.4.2. Therefore o/ : m,(Y xY) — m,(Y x Y) is an
isomorphism. This completes the proof of (1).

For (2) we show that the map x : X v X — X v X defined by x = {¢,i2} is
a homotopy equivalence. For this we prove that x induces an isomorphism of
all homology groups (Exercise 8.7). Since X is 1-connected, so is X v X, and
thus y is a homotopy equivalence by Whitehead’s second theorem 6.4.15. o

Hence if (Y, m) is an H-complex, then [Y, Y] is an algebraic loop. Thus there
are maps [, : Y — Y such that [I] + [id] = 0 and [id] 4+ [#] = 0. This
yields m(l,id) ~ # and m(id,r) ~ %, and we call [ a left homotopy inverse
and r a right homotopy inverse of m (see Definition 2.2.1). If m is homotopy
associative, then [Y,Y] is associative. Therefore

l~l+(Gd+r)~({(+id) +r =~
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Similar considerations hold for co-H-spaces. Thus we have the following.

Proposition 8.4.4 If (Y, m) is a homotopy-associative H-complex, then
(Y,m) is a grouplike space. If (X,c) is a 1-connected homotopy-associative
co-H-complex, then (X, c) is a cogroup.

We next consider the group [X,Y] when X is a cogroup. We first introduce
some simple facts about (not necessarily abelian) groups. A group G is said to
satisfy the mazimal condition if G and all its subgroups are finitely generated.
The following facts are not difficult to prove (see Exercise 8.13).

o If (G satisfies the maximal condition, then so does every subgroup of G and
every quotient group of G.
o If

A—B——>C

is an exact sequence of groups and A and C satisfy the maximal condition,
then B satisfies the maximal condition.

Proposition 8.4.5 Let X and Y be spaces such that X is a finite complex
and a cogroup and w;(Y') is a finitely generated abelian group for all i > 1.
Then [X,Y] satisfies the mazimal condition.

Proof. Let {Y(")7 Jn, Dn} be a weak homotopy decomposition of Y and sup-
pose that dimX < N. Because gy : [X,Y] — [X, Y] is an isomorphism
by Proposition 8.2.1, it suffices to prove that [X,Y(”)] satisfies the maxi-
mal condition for all n, and we do this by induction on n. If 7;(Y) = 0 for
i < k, where k > 1, then the weak homotopy decomposition of Y starts with
Y ) = K(mp(Y), k). Because [X,Y*)] = H*(X; 7, (Y)), it follows from the
universal coefficient theorem for cohomology (Theorem 5.2.4) that [X,Y ()]
satisfies the maximal condition. Now assume that [X, Y ()] satisfies the max-
imal condition for some n > 1 and consider the principal fibration

K(mp41(Y),n+1) —=y+l) ——y(n),
We obtain the exact sequence of groups
H" (Xm0 (Y) — [X, Y0 D] —— [X, Y (W],

Because H"*'(X;7m,41(Y)) and [X,Y ()] satisfy the maximal condition, so
does [X,Y("+1)]. This completes the induction. O

A similar result holds when Y is a grouplike space.

Proposition 8.4.6 If X is a I-connected finite complex and Y is a grouplike
space with m;(Y) a finitely generated group for all i = 1, then [X,Y] satisfies
the maximal condition.
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The proof is left as an exercise (Exercise 8.14).

We now consider the group [X,Y] in more detail when Y is a group-
like space (or by Proposition 8.4.4, a homotopy-associative H-complex). We
first recall some group theory. If G is a group, we denote the commuta-
tor zyx~ty~! of 2,y € G by [z,y]. A k-fold commutator [x1, s, ..., zx] of

elements x1,xs,...,2, € G is inductively defined as follows. A 1-fold com-
mutator is a group element and a 2-fold commutator is just a commuta-
tor. If (k — 1)-fold commutators have been defined, set [x1,z2,..., 2] =

[[x1,z2,...,2x_1], z]. For subgroups H and K of G, we let [H, K] equal
the subgroup of G generated by all commutators [h, k] for h € H and k € K.
We then inductively define subgroups I,(G) as follows. Let It (G) = G. We
assume I, _1(G) defined and set I, (G) = [I},-1(G), G]. Then there is a chain
of subgroups

S (G S Th-1(G) S-S hG) S [1(G) =G

called the lower central series of G. If there is an n such that I,(G) = 1,
the trivial group, then G is called nilpotent. The smallest k& > 0 such that
I'vi1(G) = 1 is called the nilpotency of G and is denoted nilG. Clearly
nilG < k if and only if all (k+ 1)-fold commutators [z1, 22, ..., Tk+1] = 1. In
particular, nil G < 1 if and only if G is abelian. An exact sequence of groups

H sk

is called a central sequence if j(H) is contained in the center of G.

We next state and prove two simple lemmas that lead to a short proof of
a result of G. W. Whitehead that relates the category of X to the nilpotency
of [X,Y]. This proof has appeared in [6].

Lemma 8.4.7 If
H—>c—>K
is a central sequence of groups and nil K < k — 1, then nilG < k.

Proof. If [[x1,22,...,2k],2k+1] is a (k + 1)-fold commutator in G, then

Q[xthv"‘vxk] = [Q(xl)aQ(xZ)aaQ(xk)] = 1. Hence [xlvau"'vxk] =
j(z), for some x € H. Therefore [[z1,za,...,zk],2k+1] = [J(z),zr41] = 1
because j(z) is in the center of G. Therefore nil G < k. o

The next lemma deals with category. We take Definition 8.3.10 using the
Ganea fibrations

Fo(X) = Gy (X) >

as the definition of category.

Lemma 8.4.8 If X is a space and Y is a grouplike space, then the nilpotency
nil [G(X),Y] < k.
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Proof. This is proved by induction on k. Clearly nil [Go(X),Y] = 0 because
Go(X) is contractible. Suppose the result true for k£ —1. Recall that G5 (X) ~
C._,, the mapping cone of the inclusion ix_1 : F—1(X) - Gr_1(X). There-

fore it suffices to show nil [C;, _,, Y] < k. Consider the mapping cone sequence

Fioa(X) —=> Gyy (X) 25 €, —%> 9F, 1 (X),

where j,_1 is the inclusion and ¢ is the projection. This gives an exact
sequence of groups
-3k

q;f Jk—1

[Ekal(X)a Y] - [Cik—l’Y] — [kal(X)a Y]

By Proposition 5.4.6, this is a central sequence. But nil [G_1(X), Y] < k-1
by induction. Therefore, nil [G(X),Y] < k, by Lemma 8.4.7. o

Theorem 8.4.9 [91, Chapter X, §3] If X is a space of finite category andY
is a grouplike space, then the group [X,Y] is nilpotent and

nil[X,Y] < cat X.

Proof. Let cat X = n. Then the Ganea fiber map p,, : G,(X) — X has a
homotopy section s : X — G,(X). Therefore s* : [G,(X),Y] — [X,Y] is
onto. Since nil [G,,(X),Y] < n by Lemma 8.4.8, nil[X, Y] <n

Remark 8.4.10

1. For a product of k spheres S™* x - -+ x S™ it can be shown that cat (S™* x
coex 8™) <k [21, p.18]. Thus nil[S™ x -+ x S™ V] < kEif YV is a
grouplike space. In [91, p.467] an explicit lower central series is given for
[S™ x .- x S™ Y] whose successive quotients are homotopy groups of Y.

2. Several papers have been written that dualize the notion of category. One
such is [74, pp.323-347] which contains references to many others. The
definition of category in terms of open covers or of the fat wedge seems
less amenable to dualization than the definition in terms of the Ganea
fibration. Although many of the results on category have been dualized,
the notion of cocategory is of lesser interest than that of category. This
may be partially due to the fact that, aside from contractible spaces, H-
spaces, and spaces with a finite number of nontrivial homotopy groups, it
appears that the cocategory of no other space has been calculated.

Exercises

Exercises marked with (*) may be more difficult than the others. Exercises
marked with (f) are used in the text.
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8.1. Let X and Y be CW complexes with weak homotopy decompositions
{X™ g, pn} and {Y ™ h,. q,}, respectively. Let f : X — Y be a map
and let £ : X — Y be the induced map (Proposition 7.2.11). Prove
that if dim X < n, then the function p : [X,Y] — [X™), Y ()] defined by
p[f] = [f™] is a bijection.

8.2. Let X be an (n — 1)-connected H-space, n > 2, and let Y be a grouplike
space such that m;(Y) = 0, for ¢ > 2n. Prove that every map f: X — Y is
an H-map (Cf. Exercise 2.7).

8.3. Determine for which integers k,1 > 1 the set [RP*, S'] is finite and for
which integers it is infinite. (For this problem it is necessary to know the
Betti numbers of RP*.)

8.4. Prove that [CP?, S?] = 0.

8.5. How many elements are there in the sets [RP2*, CP*], [RP?*+1 CPk+1],
and [RP>*, CP*]?

8.6. Let X, Y, A, and B be spaces and consider the projections ¢; : Av B —
Aand ¢z : Av B — B and the inclusions j; : A > AxBand jo : B—> AxB.
By Corollary 1.3.7 the function 6 : [X, A] x [X, B] = [X, A x B] defined by
0([f],[g]) = [(f,9)] is a bijection. Prove that if X is a co-H-space, then
0 : [X,A] x [X,B] - [X,A x B] is given by 0(8,7) = ji«(8) + j2x (7).
Dually, show that the function p : [A,Y] x [B,Y] — [A v B,Y] defined by
p([f]; [9]) = [{f, g}] satisfies p(B,7) = ¢f'(B) + ¢3(7) if Y is an H-space.

8.7. (1) In the proof of Proposition 8.4.3, show that xy : X v X - X v X
induces the following homomorphism of homology groups: x:(c, 8) = (a, a+
B), where we identify H,(X v X) with H,(X) ® H.(X).

8.8. Let Y be an H-complex and [,r : ¥ — Y left and right homotopy
inverses respectively.

1. Prove that Ir ~ id and rl ~ id.

2. Prove that [ and r are homotopy equivalences without using part (1).

3. Dualize (1) and (2).

8.9. If X is a CW complex of dimension < 2n—1, then show that [X, S™] has
abelian group structure with the following property. If X’ is a CW complex of
dimension < 2n — 1 and f: X — X’ is a map, then f*: [X’, S"] — [X,S"]
is a homomorphism. The group [X, S™] is called the cohomotopy group of X.

8.10. Let X be a (k—1)-connected CW complex of dimension < nk—1, where
k = 2. Prove that cat X < n — 1. If dimX < nk —1 and ¢,¢ : X - T"(X)
are maps such that jo ~ A ~ jip : X — X", then prove that ¢ ~ 1.

8.11. By using the covering definition of category in Remark 8.3.2, prove
Proposition 8.3.3.
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8.12. Let py : G1(X) — X be the first Ganea fiber map and let 7 : X Q2X —
X be the map defined by m(w,t) = w(t), for w e 22X and t € I. Use Exercise
6.13 to show that there is a homotopy equivalence 6 : G1(X) —» Y 2X such
that the diagram

is homotopy-commutative. Conclude that X is a co-H-space if and only if 7
has a homotopy section.

8.13. (f) Prove the following assertions which appear in Section 8.4.

1. If G satisfies the maximal condition, then so does every subgroup of G and
every quotient group of G.

2. If A——= B——= (' is an exact sequence of groups and A and C' satisfy
the maximal condition, then B satisfies the maximal condition.

8.14. () Prove Proposition 8.4.6.

8.15. By dualizing the Ganea fibrations, give a definition of cocat X < n,
where cocat is the dual of cat.






Chapter 9
Obstruction Theory

9.1 Introduction

There are two basic topological problems regarding mappings that are called
the extension problem and the lifting problem. In algebraic topology, these
problems are often treated by means of obstruction theory. In this chapter
we give an introduction to the main ideas of this theory.

In the extension problem we are given a relative CW complex (X, A) with
inclusion i : A — X, a space Y, and a map ¢g: A — Y and we ask if there is
amap h: X — Y called an extension of g, such that the diagram

g9
Ay
o
X/

commutes. In the obstruction theory for the extension problem discussed in
Section 9.3, we consider the homotopy sections Y (™) of Y and assume that
there is a map X — Y (") compatible with g. This determines an element
in H"*1(X, A;7,(Y)) called the obstruction element. The vanishing of the
obstruction element is a necessary and sufficient condition for the existence
of a compatible map X — Y (™D If dim (X, A) is finite, the existence of
compatible maps X — Y (") for large n implies the existence of an extension
h. Thus there is a systematic procedure to determine if g has an extension.

In the lifting problem there is a fiber mapp: £ — Bandamap f: X —» B
and we ask if there is an h : X — E, called a lift, such that the following
diagram commutes

-7
X —

7E
no l
// p
B.

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 283
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Obstruction elements in cohomology are also defined for this problem (in 9.3)
so that the nth stage lift yields an (n + 1)st stage lift if and only if the nth
obstruction vanishes.

We combine both of these problems into a single problem by considering
the following diagram

A—2 .5

X—B

with commutative square called the extension-lifting square. We assume that
(X, A) is a relative CW complex and that p is a fiber map. The problem is to
determine if there exists a map h : X — E such that hi = g and ph = f. This
is called the extension-lifting problem and the solution h is called a relative
lift. By taking B = {+}, we obtain the extension problem, and by taking
A = {+}, we obtain the lifting problem.

The approach in this chapter uses a homotopy decomposition of the map
p ([14], [39]) or a homology decomposition of the map i. In the former case,
we develop an obstruction theory for the extension-lifting problem with ob-
struction elements in H"*(C;; 7, (F)), where C; is the mapping cone of i
and F' is the fiber of p. We specialize these results in Section 9.3 to obtain
obstructions for the extension and lifting problems. In the last section we
briefly discuss some additional topics in obstruction theory and indicate how
to obtain obstructions to the extension-lifting problem by using a homology
decomposition of the map i. In this case the obstructions lie in homotopy
groups with coefficients.

9.2 Obstructions Using Homotopy Decompositions

We begin with a key lemma that is needed to define the obstruction.
Suppose that (X, A) is a relative CW complex and that there is a commu-

tative diagram

a u

A 1. EK
li lp \LPO
X b Z K K,

where the square on the right is the pullback diagram that defines Iy, p and
po are fiber maps and 4 is the inclusion map. Let wa : CA — K be the adjoint
of ua : A — EK. We then have the diagram
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in which the square is the pushout diagram defining the mapping cone C; =
X u; CA. Because kbi = uaj, there is a map w : C; —> K such that wv = ua
and ww = kb.

The following lemma gives necessary and sufficient conditions for the ex-
istence of a relative lift in the case when p is a principal fiber map.

Lemma 9.2.1 [14, p.500] With the above notation, there exists a map b :
X — I, such that pb’ = b and V't = a,

if and only if * ~w : C; - K.

Proof. Suppose that # ~ w with homotopy w; : C; — K, and so # =~ kb :
X — K and * ~,,, ua : CA — K. Thus the adjoint w;v : A - EK is a
homotopy between * and ua, and we have the diagram

k>~ua

A———FK

f b

X—K.

Because powiv = wiwi, by the CHEP (Corollary 3.3.6), there is a homotopy
h; : X —» EK such that hg = *, poh; = wyw, and hyt = wyv. Then hy : X —
EK and b : X — Z determine a map b’ : X — I such that ub’ = h; and
pb' =10,

It follows that b’i = a.
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Conversely, suppose there exists b’ : X — I}, such that pb’ = b and b'i = a.
We define [ : CA - EK by

_fua(z)(s+t)if 0<s<1—t
e = { ! s

for x € A and t, s € I. Note that I{x, t) is the path along ua(z) from ua(x)(t)
to wa(z)(1) = = followed by the constant path and thus [j = ua. We consider

the diagram
X
lj |

CA z C;

<

Because [j = ub'i, there exists a map A : C; — EK such that Aw = ub’ and
Av = [. It then easily follows that pgA = w : C; — K. Therefore # ~ w since
E K is contractible. ]

Now suppose that (X, A) is a relative CW complex with inclusion map
i: A— X and that p: E — B is a fiber map with fiber . We assume that
there are maps g : A —» E and f : X — B such that the following diagram
commutes

g
_—

A E
f
X —— B,
so that this is an extension-lifting square. We also assume that there is a
Moore—Postnikov decomposition for the map p. By Theorem 7.4.4 this occurs
if m(F) acts trivially on m,(B, E) (see Exercise5.17), for all n. Thus by
Definition 7.4.3, there are spaces Z™) and maps a, : F — Z™ and b, :

Z — B such that p = byay,, for all n > 1. Furthermore, there are principal

fibrations

Pn+1
—_—

K, Hz(rﬁl) Z(”)’

where K,, = K(m,(F'),n) and ppy1an41 = @y and bpppy1 = by,

Z(n+1)
Pn+1
FE Z(n) B.

An,

bn
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Now suppose that there is a map h,, : X — Z(™ such that the following
diagram commutes

an+1 9

7(n+1)

A—————
lz‘ \Lpn+1

X Z/(n)

We can then define an obstruction to a relative lift X — Z(n+1),

Definition 9.2.2 The obstruction to the existence of a map h,y1 : X —
Z(+1) guch that hpi1t = Gpi19 and ppiihper = hy, is the element w =
wh, € H"Y(Cy;m,(F)) defined just before Lemma 9.2.1, where C; is the
mapping cone of 1.

By Lemma 9.2.1, h,+; exists if and only if wy, = 0. In this case, h,417 =
Prt20ni2g and by 1hpy1 = f, and so the obstruction wy,, ., can be defined.

Now suppose that dim(X, A) < N and hy exists. Then there is the com-
mutative diagram

A ! E
J{l \L \
7 anN
X Iy Z(N) by B.
g A ——
f

Since ay is an N-equivalence, the HELP lemma (4.5.7) implies that there
exists a map h' : X — FE such that h'i = g and ayh’ ~p hy, where F :
X x I — ZW) is a homotopy which is stationary on A x I. Thus ph' =
byanh’ ~ byhy = f, and this homotopy is stationary on A x I. By the
CHEP applied to the fiber map p, there is a map h : X — E with h ~ b/,
hi = g, and ph = f. Therefore h is a relative lift.

The map hy can be obtained by requiring that a sequence of obstruc-
tions is zero. We do this next and in the process we add a few restrictive
assumptions. We begin by defining a map h; : X — Z. If we assume
m1(B) = 0, then we can take Z) = B because b; is a homotopy equivalence.
Then b; = id, a; = p, and hy; = f. An alternative assumption would be to
take Z() to be the covering space of B which corresponds to the subgroup
ps71(E) € m1(B). Hence by : Z() — B is the covering map and we require
that fum1(X) € pemi(E) (see [39, p.418]). Then f lifts to hy : X — Z™M), and
by the uniqueness of lifts, h;|A = a;g. Thus we obtain wy,, € H*(C;; w1 (F)),
where m (F') is assumed to be abelian. We suppose that this element is zero
and get hy : X — Z(2). We continue in this way until we reach wy,,_, which
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is assumed to be zero. Thus the map hy exists, and so we have the desired
relative lift h : X — FE.

In general, there are problems in carrying out this procedure. This is be-
cause if wy, , = 0, then the resulting map h,, is neither unique nor described
explicitly. Hence it may be difficult then to determine wy,, . However, with
the above assumptions, there is one obvious situation in which all the ob-
structions vanish.

Proposition 9.2.3 Let (X, A) be a relative CW complex with dim(X, A) <
N, letp: E — B be a fiber map with fiber F, and suppose that the cohomology
group HIYY(Cy;m;(F)) =0 for all j < N. Then for any maps g : A — E and
f: X — B such that pg = fi, there is a relative lift h : X — FE.

This proposition also holds when N = co. We give the proof of this in the
next section for the case when B = {#} (the extension problem).
If H S";ng denotes singular cohomology, then

HITN(Cysmy(F)) = Hlo (Cismy(F)) = HIG o (X, Ay (F)),

sing sing

and so the obstructions can be regarded as elements of Hsji:gl (X, A (F)).

9.3 Lifts and Extensions

In this section we consider special cases of the results of Section 9.2 in order
to develop an obstruction theory for lifts and extensions.

We begin with obstructions of lifts which we discuss very briefly because
it easily follows from Section 9.2. The extension-lifting square with A = {«}
yields a diagram

X/

where X is a CW complex, f is a map, and p is a fiber map with fiber F.
We seek a map h : X — FE such that ph = f. It is assumed that there is
a Moore—Postnikov decomposition of p as in Section 9.2 and that there is a
map h, : X — Z(") such that the following diagram commutes

/ \L
bn
f

X—B.

Assuming the hypotheses of Section 9.2, we have wy,, € H"*1(X;7,(F)) by
Definition 9.2.2. Then a map h,, 41 exists such that b, 1h,+1 = f if and only
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if wp,, = 0. In this case, the obstruction wy,,,, can be defined. The following
proposition is a special case of Proposition 9.2.3.

Proposition 9.3.1 Let X be a CW complex with dimX < N, letp : E —
B be a fiber map with fiber F, and suppose that the cohomology group
HIYYX;7;(F)) = 0 for all j < N. Then for any map f : X — B, there
is a lift h : X — E, that is, ph = f.

Next we turn to the obstruction theory of extensions. We consider the
extension-lifting square of Section 9.1 in the case B = {#} and F =Y. Thus
there is the diagram

A—=Y

where (X, A) is a relative CW complex with inclusion ¢, and we seek a map
h that makes the triangle commutative. The results of Section 9.2 are then
applied to the fibration Y — Y — {#}. The Moore-Postnikov decomposition
of Y — {«} is just the Postnikov decomposition of ¥ which we write as
(Y™ g, pn, k™}. We suppose that there is a map h, : X — Y () such that
the following square is commutative

gn+19

A—m Y(’I’LJrl)

lz‘ lpn+1
hn

X sy (o),

There is then an obstruction element.

Definition 9.3.2 The obstruction to the existence of a relative lift h,q :
X — Y+ in the above square is the element wy,, € H"+t(Cy; 7, (Y)) given
by Definition 9.2.2, where C; is the mapping cone of 1.

As in the previous section, if there is a map h, : X — Y such that
hni = gng, and wp, = 0, then a relative lift h,41 : X — Y+ exists.
Therefore the obstruction wy,,,, exists, and this process can be repeated. We
then obtain the following result.

Proposition 9.3.3 Let (X, A) be a relative CW gomple:c, let Y be a simple
space, and suppose that the cohomology group H ™ (Cy;mi(Y)) = 0 for all
j=0. Then any map f: A —Y has an extension h: X — Y.

Proof. Most of the proof is a straightforward consequence of Proposition
9.2.3. The assumptions of Proposition 9.2.3 hold because the simplicity of Y’
implies that a Postnikov decomposition of Y exists (Remark 7.4.5) and that
m1(Y) is abelian. It only remains to prove the proposition when dim(X, A) =
o0. Suppose for every n > 1, there exist h,, : X — Y™ such that hni = gng



290 9 Obstruction Theory

and pph, = h,—1. The h, determine a map p : X — lir_nY(”) and the
gn Y — Y determine a weak homotopy equivalence v : Y — @Y(")
(Proposition 7.2.9). Then there is a commutative diagram

A4g>Y4’Y>liLI1Y(”)

b

If M = M, is the mapping cylinder of v, then ~ factors as

’ "

YL>ML>@Y(”)7

where +' is a weak homotopy equivalence and 7" is a homotopy equivalence
with homotopy inverse [ : @Y(”) — M. Since lpi ~ ~'g,

iix
X — " 2

and 7 is a cofiber map, there is a map s : X — M such that the following
square is commutative

A—r vy

| X
X - M.
By the HELP lemma, there exists h : X — Y such that hi = g. ]

The following corollary is a generalization of the surjective part of Proposition
2.4.13 and follows immediately from Proposition 9.3.3. (The injective part is
generalized in Proposition 9.4.2.)

Corollary 9.3.4 Under the hypotheses of Proposition 9.3.3, the function i* :
[X,Y] — [A,Y] is surjective, where i : A — X is the inclusion map.

We complete the discussion of obstructions to an extension by characteriz-
ing the first nontrivial obstruction. We assume that 7;(Y) = 0 for j < n,
where n > 2, and let 7; = m;(Y). Then h,, 1 : X — Y1 = {4} and the
obstruction wy,, , € H™"(Cj;mp—1) is zero. Thus there exists hy, : X — y (n)
and an obstruction wy, € H"*(Cy;m,). This element is denoted by w and
is called the primary obstruction. Let n, : H"(Y;w,) — Hom(m,, ,) be the
isomorphism that assigns to a homotopy class its induced homomorphism
of n-dimensional homotopy groups (Lemma 2.5.13). Let b, € H"(Y;m,) be
defined by n,(b,) = id.
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Lemma 9.3.5 With the notation and assumptions above,

w = q*F.g*(b"),
where q : C; — X A is the projection and Ry is the adjoint isomorphism,

g*

R *
H™(Y;7,) — H"(A;7,) s H" Y X A;m,) 2 H" Y (Cis 7).

The proof is left as an exercise (Exercise 9.3). Note that by Corollary 4.2.10,
q*Ry = 0" 1 H"(A;m,) — H"(C;;m,), the connecting homomorphism in
the exact cohomology sequence of the map i : A — X (Cf. [14, p.508]).

9.4 Obstruction Miscellany

We begin this section by showing how the obstruction theory of the previous
sections can be applied to some common problems in homotopy theory.

Sections and Retracts

Suppose that

F—sE—>pR

is a fiber sequence. A section of p is a map s : B — E such that ps = id.
Thus a section is just a lift of the identity map id : B — B. There is an
obstruction theory for this which is a special case of the obstruction theory
for lifts, and so the obstructions lie in the groups H"*!(B;7,(F)). Dually,
suppose (X, A) is a relative CW complex with inclusion map i : A — X. A
retraction r : X — A is a map such that ri = id. The retraction r is just an
extension of the identity map id : A — A to X. Therefore the obstruction
theory for extensions yields obstructions to a retraction that lie in the groups
H™ (X, Ay, (A)).

Obstructions to Homotopy

We next show how to define obstructions for homotopy of maps. A homotopy
between two given maps fq, f1 : X — Y is an extension of the map X x oI u
{#} x I — Y determined by fo and f; to the space X x I, therefore we
can use the previously defined obstruction theory to obtain obstructions for
homotopy. However, we proceed more generally by considering homotopy
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between two relative lifts. Let

A g

Lk

X

be an extension-lifting square, where (X, A) is a pair of CW complexes and
p: E — B is a fiber map with fiber F, and suppose that hg,h; : X — E are
two relative lifts for this diagram. Then hg, h1, g, and f determine continuous
functions ¥ : X x 0 u A x I — E defined by

_fh(x)ift=0,1andze X
(o, t) = {g(az) ifze A

and @ : X x I — B defined by

P(z,t) = f(x)

for x € X and t € I. Then there is a commutative square

Xx@IquI—¢>E
: k
X x 1 kd Bv

where j is inclusion. A relative lift A : X x I — FE for this square is a
homotopy between hg and h; such that A(a,t) = g(a) and pA(x,t) = f(x),
forae A, x € X, and t € I. But the obstructions to this relative lift lie in

H" W (Cjimp(F)) = H"™HX x I/(X x 0l U A x I);m,(F))
=~ HPY (XX /X A;m(F))
= A (S(X/A): m ()
= H™(Ci;mn(F)).

Thus we have an obstruction theory for homotopy between relative lifts.
This can be generalized as follows. Let

7

g g

A————F and A———=F
% p i p
X—f>B X%B

be two extension-lifting squares with relative lifts A and h’. Suppose that
f =p f and g ~¢ ¢ such that pG = F|A x I. Using h, I/, F, and G, we
obtain as before an extension-lifting square
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Xx@IquI—¢>E

I

X x1 B.

Thus the obstructions to a homotopy H between h and &’ such that H|AxI =
G and pH = F lie in the groups H"(C;; 7, (F)).

Remark 9.4.1 There are other situations that come up frequently to which
obstruction theory can be applied. We list two of them.

e Suppose A = {#} and h,h' : X — E are both lifts of f. Then we ask if
h ~g h' such that pH(z,t) = f(x), for x € X and t € I. If f is a fiber
map, then h and h’ are fiber-preserving maps and we are asking if they
are fiber homotopic (Definition 3.3.18).

e Suppose that h,h' : X — Y are maps such that h|A = h'|A. Are h and
I’/ homotopic rel A? This question deals with a special case of homotopy
of relative lifts with £ = Y and B = {x}. More generally, suppose that
h,h': X — Y are maps such that h|A ~p h'|A. Then is there a homotopy
H between h and h' such that H|A x [ = F7?

A consequence of the last remark is the following generalization of Proposition
2.4.13 whose proof is omitted.

Proposition 9.4.2 Let (X, A) be a relative CW complex with dim(X, A) <
N, let Y be a simple space, and let the cohomology group H(Ci;m;j(Y)) =0
for all j < N. Then the function i* : [X,Y] — [A,Y] is an injection, where
1: A — X is the inclusion map.

We end this section by sketching an obstruction theory for the extension-
lifting problem by using a homology decomposition of the map i: A — X.

Obstructions Using Homology Decompositions

We begin with the dual of Lemma 9.2.1. Consider the commutative diagram

M b Z a E
\Lig iz \Lp
CcCM ~ Cy = B,

where the left square is the pushout diagram defining the mapping cone Cj,
7 and 7o are inclusion maps, and p is a fiber map. Let cu : M — EB be the
adjoint of cu : CM — B. Then there is the diagram
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in which the square is the pullback diagram that defines the homotopy fiber
I,,. Because pak = poct, there is a map v : M — I, such that vv = ¢t and
wv = ak.

We then have the following lemma.

Lemma 9.4.3 With the above notation, there exists a map ¢’ : Cy, — E such
that pc’ = ¢ and c'i = a,

a
_ >
7

A E
\Li /CI/ - lp

Ck—C>B,

if and only if * ~v: M — I,

The proof is a straightforward dualization of the proof of Lemma 9.2.1, and
is left as an exercise (Exercise 9.5). Next assume that there is an extension-
lifting square

g

A E
ii lp
X ! B

)

where (X, A) is a relative CW complex and p : E — B is a fiber map with
fiber F. We further assume that A and X are 1-connected and so the inclusion
map i : A — X has a homology decomposition. By Theorem 7.4.8, there exist
spaces and maps

A In Wn kn X

such that ¢ = k,,j,, for all n > 1. Furthermore, there are principal cofibrations

Wn b Wn+1 EMna

where M, = M(H,+1(X,A),n) and Wy,.1 = (), for some map I, :
M,, — W,. Finally, the following diagram commutes
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Wa
A N Wn+1 X
Jn+1 kni1

Now suppose that there is a map h,, : W,, — E such that the diagram

g

A In Wn hon E
kn
Wit fhn+1 B

commutes. We then define an obstruction to a relative lift W, ., — E.

Definition 9.4.4 The obstruction to the existence of a map hpy1: Wy —
E such that h,41i, = hy, and phyy1 = fkpy1 is the element v = vy, of
the homotopy group with coefficients m,,(I,; H,+1(X, A)) defined just before
Lemma 9.4.3.

Because I, ~ F, the obstruction can be regarded as an element of
Tn(F; Hyy1(X, A)). By Lemma 9.4.3, h,41 exists if and only if v, = 0.
In this case, phpi1 = fkni2ins1 and hyy1jne1 = ¢, and so the obstruction
Vh,., can be defined.

Now suppose that a relative lift hy : Wy — E exists by requiring that
a sequence of obstructions is successively zero. If (X, A) is a relative CW
complex and H;(A) = 0 for ¢ > N and H;(X) = 0 for i« > N + 1, then by
Corollary 7.4.9, fn : W — X is a homotopy equivalence. Thus we obtain a
relative lift A’ : X — E up to homotopy, that is, h'i ~ g and ph’ ~ f. It can
be shown that there is a relative lift h : X — E by May’s coHELP lemma
[65] and the CHEP. However there are two important special cases where the
existence of a relative lift can be shown directly.

Remark 9.4.5

1. We consider the extension-lifting square with B = {#}, and so the rela-
tive lift is just an extension of g : A — E to X. The obstructions lie in
o (E; Hyy1(X, A)) and are assumed to be trivial for n < N. If H;(A) =0
for i = n and H;(X) =0 for i > N + 1, we obtain A’ : X — E such that
h'i ~ g as above. Then by the homotopy extension property for the pair
(X, A), we conclude that there is an extension h : X — E.

2. We consider the extension-lifting square with A = {«}, and so the relative
lift is a lift of f : X — B to E. The obstructions lie in 7, (F; Hy41(X))
and are assumed to be trivial for n < N. If H;(X) =0 fori > N + 1, we
obtain A’ : X — FE such that ph/ ~ f as above. Then, either directly or by
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the covering homotopy property for the fiber map p : E — B, we conclude
that there is a lift h: X — E.

In general, the obstructions that are obtained from a homology decom-
position of i are less well known and often less useful than those that are
obtained from a homotopy decomposition of p.

Exercises

Exercises marked with () may be more difficult than the others. Exercises
marked with (f) are used in the text.

9.1. Use obtruction theory to prove Corollary 4.5.9.
9.2. Given an extension-lifting square

qp—9 o

E

I I
f

X — B,
with the fiber F of p an (n— 1)-connected space, n > 2. Assume that there is
a Moore—Postnikov decomposition of p for which we take Z(" = B, a,, = p,
b, =id, and h,, = f. Let w = wy,, € H"(C;; 7, (F)) be the obstruction to
the existence of a relative lift h, 1 : X — Z+1) and let w : X — C; be the
inclusion. Prove

w(w) = FH ().
9.3. Prove Lemma 9.3.5.

9.4. (%) If Ay, As,..., A, are spaces, define the r-fold join inductively by
Ay e Ap g w Ap = (Ap - Apq) = Ay

1. Prove that if the space A; is (p; — 1)-connected, i = 1,...,r, then A; %
cew A w Apis (p1 4+ - -+ + pr + 7 — 2)-connected.
2. Let X be a (p — 1)-connected space, p = 1, of dimension < (k + 1)p. Give
two independent proofs that cat X < k using the two characterizations of
category (Definition 8.3.1 and Proposition 8.3.12).

9.5. (1) Prove Lemma 9.4.3.

9.6. Let (X, A) be a relative CW complex with i : A — X the inclusion
map and let ho,hy : X — Y be maps such that Y is simple and ho|A =
hi|A. The obstructions to hg and h; being homotopic rel A lie in the groups
H*(Ci;m(Y)) (see Remark 9.4.1). Suppose that Y is (n — 1)-connected and
that w e H™(Cy; m,(Y)) is the first nontrivial obstruction. Prove that
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I*(w) = hg (0") — hT ("),
where [ : X — C; is the inclusion and b € H"(Y; m,(Y")) is the basic class.

9.7. Let Y be a simple space. Prove that 7.(Y) = 0 for r < n — 1, where
n > 1, if and only if for every CW complex K of dim < n — 1, any map
f+ K — Y is nullhomotopic.

9.8. [39, p.418] (*) Let X and Y be simple CW complexes and let f : X - Y
be a map that induces isomorphisms on all homology groups. Show that f is
a homotopy equivalence.

9.9. Let (X, A) be a relative CW complex with dim (X, A) < n and let Y be
an (n — 1)-connected space. Then it follows from Proposition 9.2.3 that every
map g : A — Y has an extension. Prove this result using the obstructions
obtained from a homology decomposition (Section 9.4).






Appendix A
Point-Set Topology

In this appendix we present some definitions and results on point-set topology
that are used throughout the book. The topological spaces that we consider
here are unbased and Hausdorff. The terms “map” and “continuous function”
are used synonymously in this appendix.

Weak Topology

Definition A.1 Let X be a set and let W, € X be subsets for a € A such
that each W, is a topological space. The weak topology on X with respect
to {Wataea is the largest topology on X such that the inclusion functions
W, — X are continuous. This is defined explicitly as follows. A set U € X
is open if and only if U n W, is open in W, for every a € A. It is easily
verified that this is a topology on X and that any topology on X such that
the inclusion functions W, — X are continuous is contained in the weak
topology.

The following simple example of a weak topology is referred to several times
in the text.

Example A.2 Given topological spaces W, for a € A. We form their disjoint
union X written | | .4 Wa. (If the W, are not disjoint, we replace them with
homeomorphic spaces that are.) Then X is given the weak topology with
respect to {Wy }aea.

Quotient Spaces

Definition A.3 Let X be a topological space, let Q be a set, and let ¢ :
X — @ be a surjection. The quotient topology, also called the identification

M. Arkowitz, Introduction to Homotopy Theory, Universitext, 299
DOI 10.1007/978-1-4419-7329-0, © Springer Science+Business Media, LLC 2011
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topology, on @ is defined as follows. U € @ is open <= ¢~ !(U) is open in X.
This is equivalent to the condition that F' € Q is closed <= ¢~ !(F) is closed
in X. This topology is denoted 7 (¢). If X and Y are topological spaces and
p: X — Y is a surjection, then p is called a quotient map or identification
map if the topology on Y is T (p).

The following example of a quotient space occurs throughout the book.

Example A.4 Let X be a topological space, let ~ be an equivalence relation
on X, and let X/~ be the set of equivalence classes. Let ¢ : X — X/~ be
the projection defined by ¢(z) = (x), where x € X and {(x) is the equivalence
class containing x. Then X/~ is given the quotient topology 7 (q).

There is a special case that arises frequently. If X is a topological space
and A € X is a subspace, then we define an equivalence relation on X as
follows. If z, 2’ € A, then x ~ 2/, and if x ¢ A, then x is equivalent only to
itself. The resulting quotient space X /~ is denoted X /A and called the space
obtained from X by identifying (or shrinking) A to a point.

The following are some basic properties of the quotient topology.

e FEvery continuous open surjection or continuous closed surjection is a quo-
tient map.

e Let ¢: X — @ be a quotient map, let Y be a topological space and let
f: X — Y be a function that is constant on each set of the form ¢=*(z),
for z € Q. Then there is a function f @ — Y such that fq =f.If fis
continuous, then f is continuous.

o If f: X >Y and g :Y — Z are quotient maps, then gf : X —» Z is a
quotient map, that is, 7(g) = T (gf).

e If f: X — X'is a quotient map, id : Y — Y is the identity map, and Y
is locally compact, then f xid : X x Y — X’/ x Y is a quotient map. More
generally, if f: X — X" and ¢g: Y — Y’ are quotient maps and X’ and
Y are locally compact, then f x g: X xY — X’ x Y’ is a quotient map.

The first three of these properties are easily proved. The fourth is more
difficult and we refer to [72, p. 186].

Compact—Open Topology

Definition A.5 Let X and Y be topological spaces and let M (X,Y’) denote
the set of continuous functions X — Y. We give M(X,Y) a topology by
specifying a subbasis. Let C' be a compact subset of X and let U be an
open subset of Y. Then W(C,U) denotes the subset of M(X,Y) consisting
of all continuous functions f such that f(C) € U. The sets W(C,U) as C
runs over all compact subsets of X and U runs over all open subsets of Y



A Point-Set Topology 301

is a subbasis for the compact-open topology on M(X,Y’). Unless otherwise
stated, M(X,Y) has the compact-open topology and is often denoted Y.
For details on the compact—open topology, see [72, pp. 285-289)].

Now let X,, Y, and Z be topological spaces and define a function T :
M(X,Y) x M(Y,Z) - M(X,Z) by T(f,9) = 9.

Proposition A.6 IfY is locally compact, then the function T is continuous.

A special case occurs when X is a one-point space. Then the function T
becomes the evaluation map e : Y x M(Y,Z) — Z given by e(y,g) = g(v),
for y e Y.

Corollary A.7 IfY is locally compact, then the evaluation map e is contin-
UOUS.

Next let f: X xY — Z and g : X — M(Y,Z) be functions such that

f(z,y) = g(x)(y),
forre X andyeY.
Proposition A.8 [72, p.287]

1. If f is continuous, then g is continuous.
2. If g is continuous and Y is locally compact, then [ is continuous.

Thus there is a function M (X xY, Z) - M (X, M(Y,Z)) when Y is locally
compact.

Proposition A.9 [14, p.438] If X and Y are locally compact, then

M(X xY,Z) = M(X, M(Y, Z)).

Two Useful Results

The following simple result, called the pasting lemma, is surprisingly useful.

Proposition A.10 [72, p.108] Consider the space X = Fy u---u F,, where
F; is a closed subset of X, i = 1,...,n. Suppose that there are continuous
functions f; : Fy =Y such that f;|F;n Fj = f;|FinFj, foralli,j=1,...,n.
Then the function f : X — Y defined by f(x) = fi(x), for x € F; is continous.

The next result is also referred to in the text. Let X be a metric space with
metric d. For a subset A € X, the diameter of A is sup{d(z,y) | z,y € A} < 0.

Proposition A.11 (Lebesgue covering lemma)[72, p.175] If (X,d) is a
compact metric space and U is an open cover of X, then there is a num-
ber e, 0 < € < o0, such that any subset of X which has diameter < € is
completely contained in some member of U.
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The number € (or any positive number less than it) is sometimes called
the Lebesgue number of the covering.

Compactly Generated Spaces

We can delete the hypothesis of local compactness in the previous results
by working with compactly generated spaces. We give a brief discussion of
this without details. A space X is called compactly generated if X has the
weak topology with respect to all compact subsets. It can be shown that
locally compact spaces, metric spaces, and CW complexes are all compactly
generated. Furthermore, for any space X, we can introduce a compactly gen-
erated topology on X by giving it the weak topology with respect to compact
subspaces. This space is denoted by k(X) and is closely related to X (for ex-
ample, their homotopy and homology groups are isomorphic). However, if X
and Y are compactly generated, their cartesian product X x Y need not be
compactly generated. To get around this, we consider compactly generated
spaces k(X x Y), denoted X xj Y. This is called the k-product and it is
the categorical product in the category of compactly generated spaces. In the
preceding results on quotient spaces and the compact—open topology, we can
assume that all the spaces are compactly generated. If we replace “x” with
“x”, then these results hold without the hypothesis of local compactness.
We do not do this in the text because all of our spaces have the homotopy
type of CW complexes and the CW product agrees with the k-product. For
more information about compactly generated spaces, see [23] and [37].



Appendix B
The Fundamental Group

We begin with some basic group theory.

Free Products of Groups

Let {Ga}aca be an indexed collection of groups with identity element
o € Gq. The groups are not necessarily abelian and the index set A is
not necessarily finite.

A word is an m-tuple of elements from the disjoint union | | ., Ga, for
some m > 0. The m-tuple (g1,...,9m) is called a word of length m, and for
m = 0, we take the empty word. The set of all words is denoted W and a
multiplication in W is defined by juxtaposition

(917"'7gm)(h17-~’7h’n) = (917"'agm7h17"'7hn)~

There are elementary operations in W that send one word to another. These
are one of the following.

(917"'7giagi+17"'7gm) and (917---7gi9i+17---,9m) if gi,9i11 € Ga
(G153 Gi=1,Gir Git1s - -2 9m) = (91, -, Gim15 Git1s- - - Im) if gi = eq € G

or its inverse operation. This gives an equivalence relation on W as follows.
If words w,w’ € W, then w ~ w’ if w can be transformed into w’ by a
sequence of elementary operations. The set W/~ is called the free product
of the groups G, and is denoted ko 4G, or just k., G,. If A is a finite set,
say A = {1,2,...,n}, then the free product is written Gy * --- % G,,. The
multiplication in WV induces a multiplication in s,G.

Proposition B.1 [39, p.41] With the multiplication defined above, %,G ., is
a group whose identity is the class of the empty word.
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A word (g1,...,9m) is called reduced if its length cannot be shortened
by any sequence of elementary operations. Then it can be shown that the
equivalence class of any word in W contains a unique reduced word [56, p. 196].
We write the equivalence class of (g1,...,9m) as g1 -+ gm and also call it a
word, reduced if (g1, ..., gm) is reduced. Note that there is a monomorphism
io : Go = %4 G, defined by setting i,(g) equal to the equivalence class of
the word g, for g € G,,. The following property of the free product is easily
obtained. If ¢, : G, — H are homomorphisms, then there exists a unique
homomorphism @ : %, G, — H such that @i, = ¢,. Thus (k4 Ga,is) is the
categorical sum of the groups G, in the category of groups (Appendix F).
The homomorphism @ is denoted {@q}.

The Seifert-van Kampen Theorem

The free product of fundamental groups appears in the Seifert—van Kampen
theorem which we discuss next.

Suppose that X is a space containing open subsets U and V such that (1)
X=UuV,(2)U,V,and U NV are path-connected, and (3) the spaces X,
U, V,and U nV have a common basepoint which is the base point for their
fundamental groups. We consider the inclusion maps

1:UnV-oU, j:UnV >V, k:U—-X, and [:V - X.
These induce homomorphisms of fundamental groups
ix 2T (U V) > mU), ju:mUnV)—m(V)

kg :m(U) > m(X) and 1y : m (V) - 71 (X).

We define a function F : 1 (UnV) — 71 (U)#11 (V) by F(w) = iy (w) iy (w),
for we m (U nV), and let F(m (U nV)) be the normal closure of F(m(U n
V) in m(U) = m1(V) (that is, the intersection of all normal subgroups of
m1(U) = 71 (V) that contain F(m (U n V)).) Furthermore, let @ : m(U) =
71 (V) — m(X) be the unique homomorphism determined by k, and I,.

Proposition B.2 (Seifert—van Kampen) The homomorphism @ : 71(U) *
m1 (V) = m(X) is surjective and its kernel is F(m (U n'V')). Thus

’/Tl(X) = (7T1(U) *7T1(V))/F(7T1(U N V))

For a proof, see [56, pp. 221-226].

We give two applications of Theorem B.2 that are used in the text. First
consider the wedge of circles \/_, S, for o € A, where A is any index set and
So =5, and let iy : S — \/,, Sa be the inclusion.
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Proposition B.3 {ig.} : kaea m1(Sa) = T (V 4e4 Sa) s an isomorphism.

acA

Proof. We assume that each circle is a CW complex with a 0-cell and a 1-cell
and that the O-cell is the basepoint. We first prove the proposition for the
wedge of two circles, X = S; v S5. Let #; denote the basepoint of 5;, let
#; = —u; be the antipode of #;, and consider W; = S; — {«;}. Then W; is an
open subset of S; and #; is a strong deformation retract of W;. If U = S; u W5
and V =Sy uWj, then X =U uV and U n'V = Wy n Ws. Furthermore Sy
is a strong deformation retract of U, Sy is a strong deformation retract of V'
and U n V is contractible. We then apply Theorem B.2 and obtain

7'&'1(51 4 SQ) = 7'('1(51) * 7T1(52).

The case of n > 2 circles follows by induction from Theorem B.2 because
we can easily find open subsets U and V of S; v --- v S, that contain S; v
---v . S,—1 and S, respectively, as strong deformation retracts and such that
UV is contractible. Finally, if A is an infinite set, we show that 04 = {iq«} :
*aea T1(Sa) = T1(V aea Sa) is a bijection. If f : St — V oea Sa; then
f(S1) is compact and so is contained in \/,p Sa, for some finite set £ € A,
by Lemma 1.5.6. Therefore [f] € 71(\/,cp Sa) and so is in the image of
05 : %kaer T1(Sa) = T1(V 4ep Sa)- Because kaecp m1(Sa) S %aca m1(Sa), it
follows that 6 4 is onto. Now we show that the kernel of 64 is trivial. Suppose
W E %aea T1(Sy) with 4(w) = [f] and f ~g * : St — V oea Sa- Then
there exists a finite set £ € A such that w € skoeg m(Sa). Furthermore,
H(S' x I) is compact, thus there exists a finite set ' € A such that f ~
ST > \/aeF‘S‘l‘ If Oror @ *acEUF 7T1(Sa) — ﬂ-l(\/aeEuFSa)? then
Opor(w) = [f] = 0. Because E u F is finite, Og_p is an isomorphism, and
so w = 0. O

Proposition B.4 Let X and Y be spaces, let f: X — Y be a map, and let
Cy be the mapping cone of f. Then

m1(Cyp) = m(Y)/fami(X).

Proof. Let #x be the basepoint of X and #y the basepoint of Y. Instead
of Cy, we consider the unreduced mapping cone Ky = (X x I u Y)/~
with equivalence relation defined by (z,1) ~ (2/,1) and (z,0) ~ f(x), for
x,2" € X, basepoint # = (x#x,1/2) and quotient map ¢ : X xI 1Y — Kj.
Let U = ¢(X x[0,2/3)uY) and V = ¢(X x (1/3,1]). Then V is contractible
and it follows that m (V. %) = 0 (see Exercise 5.11). We obtain from Theorem
B.2,
7T1(Kf, i) = 7T1(U7 i)/Z*’ﬂ'l(U N ‘/, i),

where 7 is the inclusion of U n'V into U. Because U ~ Y and U n'V ~ X, we
have

7-‘-1([(.f7 *) = 7T1(Ya *)/f*ﬂ'l(Xv *)a
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where * = (xx,0) = (*y). The result for m (C}) follows from Proposition
1.5.18. m]

The Hurewicz Homomorphism

We conclude this appendix with a result on the first Hurewicz homomor-
phism. Let X be a space with basepoint = and let A,, be the standard ordered
n-simplex in R**1. We consider the chain complex C’ (X) which is the free-
abelian group generated by all singular n-simplexes T': A,, — X such that
T(v) = =, for every vertex v of A,. The nth homology group of this chain
complex is denoted by H/ (X). If i : C/(X) — C,(X) is the inclusion of this
chain complex into the standard singular chain complex, then it can be shown
that iy : H (X) — H,(X) is an isomorphism([31, p.440], [80, p.68]). (We
need this result only for n = 1.) From this we see that the definition of the
first Hurewicz homomorphism hy : 71 (X) — H;(X) in Section 2.4 is equiva-
lent to the following definition of hf : 71 (X) — H{(X). Let a = [f] € m1(X),
where f: (I,0I) — (X, ), then b (a) = {f) € H{(X), the homology class of
the 1-cycle f: I = A —» X.

Proposition B.5 The Hurewicz homomorphism hy : 7w (X) — H1(X) is an
epimorphism whose kernel is the commutator subgroup of w1 (X).

Proof. We prove the proposition for hy. If f : (I,0I) — (X, #), we can regard
f as a representative of a homotopy class [f] € m1(X) or as a 1-chain in
C1(X) = Z{(X) whose homology class is denoted {f) € H{(X). Note that
Wi [f] = {f), so that A is onto. Furthermore, since H{(X) is abelian, the
commutator subgroup [m(X), m (X)] is contained in Ker h}. Thus it suffices
to prove the reverse inclusion.

Let mf(X) = m1(X)/[m1(X), 71 (X)] be the fundamental group abelianized
and let v : 1 (X) — 7¥(X) be the projection. We define x : C1(X) — 7§ (X)
by x(f) = v[f]. We show x(Bi(X)) = 0. Let T : Ay — X, be a singular
2-simplex in C](X) and let ¢’ : C4(X) — C7(X) be the boundary operator.
Then ¢/(T) = T — TM + T where the vertices of A are written 0, 1,
and 2 and T denotes T restricted to the edge opposite the vertex i. Then

X0 (T) = x(T© —7M) 4 7(2))
(T®)) + x(T) —x(TM)
[T [TOy[TM] 1

Il
=

Il
\.O N

because [TM] = [T@][T®]. Since (B} (X)) is generated by the 0'(T), we
have x(B1(X)) = 0, and so x induces a homomorphism x* : H{(X) —
7§ (X). Clearly x*h} = v, and so Ker b} € [m(X), m1(X)]. O



Appendix C
Homology and Cohomology

We assume that the reader is familiar with the rudiments of homology and
cohomology theory. There are many excellent books that present this material
such as [83], [39], [61], [43], [90], and [14]. In this section we briefly discuss
a number of topics in homology and cohomology theory that are used in
the text. We consider singular homology and cohomology and CW homology
and cohomology. All of our spaces have the homotopy type of CW complexes
(unless otherwise stated), thus the singular theory and the CW theory are
isomorphic. Therefore we write H, (X, A; G) (respectively, H"(X, A; G)) for
the nth singular or CW homology group (respectively, cohomology group).

Definition of CW homology

We now recall how CW homology is derived from singular homology theory.
Let K be a CW complex and consider the relative singular homology group
H, (K™, K"~1). This group is known to be the free-abelian group with a basis
in one—one correspondance with the n-cells of K and we write

Cp(K) = Hy(K™, K"™1)

for the nth CW chain group of K. The boundary homomorphism 0, :
Cp(K) — Ch—1(K) is defined to be the composition

Hy (K" K1) == Hyy (K1) = Hyy g (K" K72,
where A is the connecting homomorphism in the exact homology sequence of
the pair (K™, K"~ ') and j is the inclusion of K"~ ! into (K"~!, K"~2). This
defines the CW chain complex {C),(K), 0, } whose homology is the CW ho-

mology of K. These homology groups are isomorphic to the singular homology
groups of the space K.
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Exact Homology Sequence of a Triple

If X is a space with subspace A and B is a subspace of A, that is, BC A C X,
then there is a long exact sequence

e Ho (A, B G) — = Ho (X, By G) —2 H (X, A;G) — -

where i : (A,B) - (X,B) and j : (X,B) — (X, A) are inclusion functions.
This sequence is called the exact homology sequence of the triple (X, A, B).
There is a similar result for cohomology. Note that in Exercise 4.22 there is an
exact sequence for homotopy groups that is analogous to the exact homology
sequence of a triple.

The Five Lemma

This is a very useful algebraic result dealing with a homomorphism from
one exact sequence to another. Consider the diagram of abelian groups and
homomorphisms

A B C D E
T
A’ B o D' E',

where both rows are exact and each square is commutative.

Proposition C.1 1. If b and d are surjective and e is injective, then c is
surjective.

2. If b and d are injective and a is surjective, then c is injective.

Consequently, if a, b, d and e are isomorphisms, then c is an isomorphism.

This proposition can be easily proved.

Ext and Tor

We first define a function of a pair of abelian groups A and B called Ext(A, B).
We omit details and do not state the definition in full generality. However, this
is sufficient for our purposes. We write A = F//R, where F is a free-abelian
group and R € F is a subgroup. Then there is a short exact sequence

4 P

0 R F A 0
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which is called a free resolution of A. We denote the group of homomorphisms
A — B by Hom(A, B) and note that Hom(—, B) is left exact [42, p. 17]. Thus

# .
0 — > Hom(A, B) —> Hom(F, B) —~ Hom(R, B)
is an exact sequence, where p# and i# are induced by p and i. Then
Ext(A, B) = Hom(R, B) /i* Hom(F, B).

For this definition to be well-defined, it would be necessary to show that
Ext(A, B) is independent of the choice of resolution of A. We next list some
well-known properties of Ext (see [42, pp. 89-98] or [59, Chap. III]).

Proposition C.2 1. For a fized abelian group B, a homomorphism f : A —
A’ induces a homomorphism [* : Ext(A’, B) — Ext(A, B). Furthermore,
Ext(—, B) is a contravariant functor (Appendiz F).

2. For a fized abelian group A, a homomorphism g : B — B’ induces a homo-
morphism gy : Ext(A, B) — Ext(A, B"). In fact, Ext(A, —) is a covariant
functor (Appendiz F).

3. If A is free-abelian, then Ext(A, B) = 0 for all B.

4. Ext(Zy,, B) = B/mB and so Ext(Zy,,Zn) = L n), where (m,n) is the
greatest common divisor of m and n.

5. If A; is a collection of abelian groups for i € I, then
Ext <Z Ai, B) = H EXt(Ai, B),

where Y, denote direct sum of abelian groups and | | denotes direct product.

6. If Bj is a collection of abelian groups for j € J, then
Ext(A,HBj) =~ [T Ext(A, B)).
J J

It follows that if A and B are finitely generated abelian groups which are
written as direct sums of cyclic groups, then Ext(A, B) can be determined as
a direct sum of cyclic groups.

We next consider the functor Tor. For abelian groups A and B, we define
an abelian group written A = B or Tor(A, B) called the torsion product of A
and B. There are some analogies with Ext, and we begin with a free resolution
of A,

0 R——=F—=A4 0.
We apply the tensor product — ® B, which is right exact [59, p. 148], to this
exact sequence and obtain the exact sequence
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R®B—'>F®B '~ A®B—>0,
where py and 74 are induced by p and <. Then
A+ B = Kernel ix.

As before, it is necessary to show that A # B is independent of the choice of
resolution of A. We list some well-known properties of Tor [42, pp. 112-115]
and [59, pp. 150-153].

Proposition C.3 1. For a fized abelian group B, a homomorphism f: A —
A’ induces a homomorphism fy : Ax B — A"« B. Furthermore, — = B is
a covariant functor.

2. For a fived abelian group A, a homomorphism g : B — B’ induces a
homomorphism g, : A+ B — A« B'. Moreover, A « — is a covariant
functor.

3. AxBx~B=xA.

4. If A or B is torsion-free, then A« B = 0.

5. Lm+ B={xe B|mr =0} and 50 Ly, + Ln, = Ly, p)-
6. If A; is a collection of abelian groups for i € I, then

(ZAJ *B;ZAH«B,

where Y denotes direct sum.

7. If B is a collection of abelian groups for j € J, then
A= (ZBJ) =ZA * B
J J

It follows that if A and B are finitely generated abelian groups which are
written as direct sums of cyclic groups, then A * B can be determined as a
direct sum of cyclic groups.

Universal Coefficient Theorems

We begin with the universal coefficient theorem for cohomology. This theorem
expresses cohomology with coefficients in an abelian group in terms of integral
homology.

Theorem C.4 Let X is be a space and let G be an abelian group. Then there
is a short exact sequence
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0 — > Ext(Hp_1(X),G) —2> H"(X; Q) —> Hom(H,(X), &) — 0,

The sequence splits and o and 3 are compatible with homomorphisms induced
by continuous functions from one pair to another. Furthermore, the result
holds if the space X is replaced by a pair of spaces (X, A).

This theorem could be compared to the universal coefficient theorem 5.2.4.
The latter result gives a short exact sequence that expresses cohomology with
coefficients in an abelian group in terms of integral cohomology.

Next we state the universal coefficient theorem for homology.

Theorem C.5 Let X be a space and let G be an abelian group. Then there
is a short exact sequence

Oﬁ-Hn(X)@)GL-Hn(X;G)—ﬁ) n_1(X)* G ——=0.

The sequence splits and o and 3 are compatible with homomorphisms induced
by continuous functions from one space to another. Furthermore, the result
holds if the space X is replaced by a pair of spaces (X, A).



Appendix D
Homotopy Groups of the n-Sphere

In this appendix we determine 7, (S™) and 7, 1(S™).

T (S™)

Proof of Proposition 2.4.16 We show that the degree function deg :
T (S™) — Z is an isomorphism, for all n > 1. We have seen that deg is an epi-
morphism, thus it remains to prove that deg is one—one. For this it suffices to
show that m, (S™) = Z. We do this by induction on n. For n = 1, the Hurewicz
homomorphism h; : 71 (S1) — H(S) is an epimorphism whose kernel is the
commutator subgroup by Theorem B.5. Because S! is an H-space, m;(S?)
is abelian, and so 71(S') =~ H;(S') = Z. For n = 2, we consider the exact
homotopy group sequence of the Hopf fibration S' — S% — S2. We obtain
the exact sequence

0 — m(5?) —=m(S) —0,
and hence 72(S?) =~ Z. Next, by the Freudenthal theorem (5.6.7), there is a

sequence of isomorphisms

~

m(5?) —= 7m3(S%) —> my(SY) ="+,
and so m, (S™) = Z, for all n > 1. O

Remark D.1 There are other proofs that deg : m,(S™) — Z is a monomor-
phism, for all n > 1. A direct and elementary proof that is much longer than
the proof above appears in [91, pp. 13-17] and [14, pp. 301-304]. In addition,
there is a short, elegant proof that deg : w1 (S') — Z is an isomorphism using
covering spaces (see [14, p. 142]).

312
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n
Tn+1 (S )

We next prove m,41(S™) = Zy for n = 3 (Theorem 5.6.10(1)) and identify
the generator. For this we use the Wang sequence which is a long exact
cohomology sequence of a fibration in which the base is a sphere. We state
this result without proof. It follows easily from the spectral sequence of a
fibration, and proofs can be found in [45, p.282] and [91, p. 319].

Theorem D.2 (Wang) Let FF — X — S™ be a fibration with n = 2. Then
there is an exact sequence of unreduced integral cohomology groups

i ——= HI (X)) —— HTY(F) g[{q—n(p) — > HY(X)—> -

Furthermore, 0, : H"(F) — H"™1""(F) is a homomorphism and a deriva-
tion, that is,

Oprq(zy) = Op(x)y + (_l)p(n_l)xeq(y)a
forx e HP(F) andy € HI(F).

Proof of Theorem 5.6.10(1) Tt suffices to show m4(S3) = Z,. For then, since
Y m3(S8?) > m4(93) is onto and X : 1, (S™ 1) — m,41(S™) is an isomor-
phism for n > 4, by the Freudenthal theorem, it follows that m,+1(S™) = Zs
with generator [X"~2¢]. We consider the 3-connective fibration of S3 (see
Definition 7.2.7). Thus we have a fiber sequence F — X — S3, where
mi(X) = 0 for i < 3 and m(X) = 7;(S3) for i > 4. Also m;(F) = 0 for
i > 3 and m;(F) = m;;1(S3) for i < 2. Hence F is an Eilenberg-Mac Lane
space K(Z,2) ~ CP*. Because X is 3-connected, Hy(X) = my(X) = m4(S3)
by the Hurewicz theorem, and so it suffices to prove that Hy(X) = Zs. For
this we apply the Wang sequence to the fibration above and obtain the exact
sequence

o ——= HIY(X) — HT\(F) thfB(F) — > HIY(X) —>---

with FF = CP*. If ¢ = 3 in the sequence above, then H*(X) = 0 = H3(X),
and so 0y : H*(F) — H°(F) is an isomorphism. We choose a generator
x € H?(F) such that 63(x) = 1. Then 2™ is a generator of H*"(F) =~ Z.
Because 6 is a derivation, 64(2?) = 2x. Now consider the previous sequence
with ¢ = 5. We obtain the exact sequence

04

HY(F) — HY(X) —— H"(F) —— H*(F) — H°(X) — H"(F)
with HY(F) = 0 = H5(F) and H*(F) ~ H*(F) = Z. Hence the homomor-
phism 64 : Z — Z is multiplication by 2. Thus H*(X) = 0 and H®(X) = Zs,
and so Hy(X) = Zs by Theorem C.3. O



Appendix E
Homotopy Pushouts and Pullbacks

In this appendix we prove two theorems on homotopy pushouts and homotopy
pullbacks. We give detailed proofs of these important results. Because the
proofs are long and technical they have been relegated to an appendix. In
addition, we show how the cube theorem 6.5.1 can be used to give another
proof of Lemma 6.3.4. We begin by introducing some useful notation.

NOTATION Let W and Z be spaces and let F; : W x I — Z be unbased
continuous functions, i = 1,...,n. Suppose F;|(W x {1}) = F;11|(W x {0}),
for = 1,...,n — 1. Then we define an unbased continuous function F; +
Fo+---+F,: W x I — Z as follows

(Fy + Fo + -+ Fy)(w,t) = Fi(w,nt —i+ 1) for =L <t< L

n?

where w € W and t € I. Furthermore, for F' : W x I — Z, we define
—F W x1I— Zby
(_F)(w7t) = F(wa 1-— t)7

where we W and t € 1.

By reparametrizing the interval I, it is easily seen that there is general
associativity up to relative homotopy, that is, Fy + F5 +- - -+ F}, is homotopic
rel (W x 0I) to any bracketing of Fy, Fy, ..., F,. For example,

(F1+F2)+F3 ~ | + F5 + F3 rel (WX@I) and

Fy + (Fo + F3) ~ Fy + Fy + F5 rel (W x 01).

The Induced Map

The first result gives conditions for the induced map of homotopy pushouts
to be a homotopy equivalence. We recall Definition 6.2.7.

314
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For spaces and maps

g f

Y<~—A——X,
we denote the standard homotopy pushout square by

U

_

X
g lu

— 0.

h

-

i-<

If we are given

Yy <— A —— X,
then we obtain a standard homotopy pushout square as above with all spaces
and maps primed. Assume that there are maps a: A — A’, f: X — X', and

~v:Y — Y’ such that the following diagram is homotopy-commutative

Y J A ! X
| | |
Y v A ! X’

with f'a ~p Bf and ¢’ ~¢ vg. Then A = Ap ¢ : O — O’ is defined by

Au = 'S,
Av = v'y, and
Aw = —(U'F) +w'(a xid) + VG,

where w : A x I — O is the inclusion defined by w(a,t) = {#, (a,t), *), for
ac€Aand tel, and w : A’ x I — O’ is similarly defined.

Theorem 6.2.8 If o, 3, and v are homotopy equivalences, then the induced
map A is a homotopy equivalence.

This theorem is proved by three lemmas that are of independent interest.
Suppose that we are given the previous homotopy-commutative diagram and
the following similar one

g I’

Y’ A X'
l’v' l o lﬁ'
Y g A" ! X" ,

with f"a/ ~p 'f" and ¢"a' ~g ~'¢’. Define Fo F': Ax I — X" by
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FoF' =F(axid)+BF

and define Go G’ : A x I — Y’ similarly. Then f"o¢’a ~pop ('8f and
9"’ ~gogr ¥'vg. Therefore the function Apopr gogr : O — O” exists, where
0" is the standard homotopy pushout of f” and ¢”. For notational simplicity
we write A = Apvg, A = AF’,G’, and A” = AFoF’,GoG’-

Lemma E.1 AF’,G’ AF,G >~ AFoF’,GoG’ :0— 0.

Proof. Since O is a quotient of X v (A x I) vY, we first define the homotopy
on each of the three summands of the wedge. Now

(A" Nu = A"v" and (A A)v = A"v".

Therefore we take the stationary homotopy between A’ A and A” on X and
on Y. Furthermore,

AN Aw=—u"BF + (—u”F'(a xid) + w” (oo x id) +v" G’ (o x id)) +0"y'G
and
A w = (—u" "F—u"F'(a x id)) +w" (o' x id) + (U”G'(a xid)) + v”’y'G).

Thus these two maps of A x I into O” are homotopic rel A x 0I. We put
these homotopies together on X v (A x I) v Y. This induces a homotopy
O x I — O" which is the desired homotopy. O

For the next lemma we assume that there is a homotopy-commutative dia-
gram as before with f'a ~p f and ¢'a ~¢ vg. We further assume that there
aremaps @: A — A, f: X - X' and ¥ : Y — Y’ and homotopies E, B,
and C such that a ~p @, 8 ~p 3, and v ~¢ 7. We define F : Ax I — X' by

F=—f'E+F+B(f xid)

and we define G : A x I — Y’ similarly. Then f'a ~z Bf and g'a ~g 7g.
Thus there is a map Ap g : O — O".
Lemma E.2 Apg ~Apg:0 — o'

Proof. In the proof we will sometimes write the homotopies E, B, and C as
ay, B¢, and 74, respectively. For fixed s € I, define @*: A x I — X’ by

f'E(a, s — 3t) for0<t< g
t —
P°(a,t) = F(a’??:—QZ) for §<t<1-3
B(f(a),3t +s—3)for1 -3 <t <1,

forae Aand te I. Then °(a,0) = f'as(a) and 9°(a,1) = Bsf(a). Similarly
we define ¥* : A x I — Y’ and have that ¥*(a,0) = ¢’as(a) and ¥*(a,1) =
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vsg(a). Thus in the diagram

Y J A ! X
\L'Ys las l,@s
Y v A I X/,

the squares are homotopy-commutative with homotopies @° and ¥*. For each
s € I, we form Ags ys : O — O'. Then Ago go = Apc and Ag1 g1 = Ap g.
Therefore Ags w- is the desired homotopy. m]

Next consider the diagram

g f

Y A X
lid lid lid
Y g A T x,

with homotopies H : A x I - X and K : A x I —» Y such that f ~y f and
9=K9-

Lemma E.3 Ay i is a homotopy equivalence.

Proof. We have f ~_p) [ and g ~_g) g, and so by Lemma E.1,

An k A —my (k) = AHo(—H),Ko(~K) = N(—H)+ H,(~K)+K -
We fix s € I and define @° : A x [ — X by

H(a,1 — 2st) for0 <t

. <3
P*(a1) = {H(a,l—2s(1—t))) for L <t <1

where a € A and ¢ € I. For fixed s, this function starts at H(a,1) and goes
backward along H to H(a,1—s) for 0 <t < 3 and then goes from H(a,1—s)
forward along H to H(a,1) for £ <t <1.If py : Ax I — Ais the projection,
then @° = fp; and ¢! = (—H) + H. Furthermore, #*(a,0) = f(a) = #*(a, 1),
and so for every s € I, we have f ~g- f. Similarly, thereisa ¥®*: Ax [ ->Y
with W9 = gp;, ¥! = (=K)+ K and g ~y: g. Therefore Ag: y- is a homotopy
between Agy, gp, and Apo(— ), ko(—k)- But it is clear that Agp, g5, =~ id. Thus
AH,KA(_H),(_K) ~ id and similarly A(—H),(_K)AH,K ~ id. Therefore Ay g
is a homotopy equivalence. ]

Proof of Theorem 6.2.8 We apply Lemma E.1 to the case where «, 3, and
~ are homotopy equivalences and their homotopy inverses are o/, 3, and ~'.
Then by Lemma E.2,

Apr g Apc ~ Apor cocr =~ Al i,
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where H and K are homotopies such that f ~y f and g ~x ¢g. By Lemma
E.3, A Kk is a homotopy equivalence, and so Ar ¢ has a left homotopy in-
verse. Similarly, Ar ¢ has a right homotopy inverse. By Exercise 1.11, A g
is a homotopy equivalence. This completes the proof. ]

Remark E.4 1. This theorem appears in the literature in many places.
Some of these are [13, Chap. 12, Sect. 4.2], [60, Thm. 4.9], and [63, Cor. 9].
Our proof follows Nomura [76, Thm. 2.6].

2. In Definition 6.2.15, we have defined induced maps for homotopy pullbacks
and stated the dual of Theorem 6.2.8 as Theorem 6.2.16. We remark that
the proof of the latter theorem is obtained by dualizing the proof of The-
orem 6.2.8 that we have just given.

3. We briefly discuss a shorter, but less explicit and general proof of Theo-
rem 6.2.8. By Remark 6.2.2, the standard homotopy pushout squares of
Theorem 6.2.8 can be replaced by pushout squares

A—— My and Al — My
M94>O Mg’4>0/.

Thus O is a space with subspaces My, M, and A such that O = My u M,
and A = My n M,, and similarly for O’. Then, with mild restrictions
on the spaces, we apply standard Mayer—Vietoris methods [61, p.207]
to the triads (O; My, My) and (O’; My, My ). The map of the first triad
into the second gives a map of the Mayer—Vietoris sequence of the first
triad into the second. This together with the five lemma shows that
Ayt Hy(O) — Hy(O') is an isomorphism for all ¢. If X, X', Y, and Y’ are
all 1-connected CW complexes, then O and O’ are 1-connected. We then
apply Whitehead’s theorem 2.4.7 to A to conclude that it is a homotopy
equivalence.

The Prism Theorem

We state and prove the theorem. 6.3.3

Theorem E.5 Given a homotopy-commutative diagram

A B C

T
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1. If the right square is a homotopy pullback square, then the left square is a
homotopy pullback square if and only if A-C-F-D is a homotopy pullback
square.

2. If the left square is a homotopy pushout square, then the right square is a
homotopy pushout square if and only if A-C-F-D is a homotopy pushout
square.

Proof. We only prove (1) since the proofs of (1) and (2) are dual. We first
assume that the left and right squares are homotopy pullback squares and
prove that the rectangle is. By Proposition 3.5.8, we factor v as

’ "
il vy
CHC/HFU

where v is a homotopy equivalence and «” is a fibration. We then form the
pullback

P ——

| |

E————F.

Because v : ¢! — F is a fiber map, this pullback square is a homotopy
pullback square by Proposition 6.2.14. Then by Definition 6.2.15, the maps
~v:C—-C,id: F - F, and id : E — FE induce a map B — P; which
is a homotopy equivalence by Theorem 6.2.16. We then have the following
diagram with homotopy-commutative faces

/ B / C
P T) C! v ()
D E F

We now form the pullback

PP

l |

D———>F.

Since v” is a fiber map, by Proposition 3.3.12, P, — E is a fiber map, and
so the previous pullback square is a homotopy pullback square. Then by
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Definition 6.2.15, the maps B — P;,id : F — E and id : D — D induce a
map A — P, which is a homotopy equivalence by Theorem 6.2.16. We then
have the following diagram with homotopy-commutative faces

A
T

D E F

R VA v

D E F.

C

By Exercise 3.14, the rectangle P, — C" — F — D is a pullback square and
hence a homotopy pullback square because v” : C' — F is a fibration. But
the rectangle A—C — F — D is equivalent to P, —C’—F — D because A — Ps,
~v:C—C,id: F — F,and id : D — D are homotopy equivalences. By
Proposition 6.3.2, A — C' — F — D is a homotopy pullback square.

The proof of the other direction is similar. We first prove it under the
assumption that the left square is commutative. The right square B — C' —
F — FE is a homotopy pullback square, thus we have diagram () with B — P;
a homotopy equivalence. We take the pullback P, of D——=F<——P; and
note as before that it is a homotopy pullback. By the first part of this proof,
it follows that P, — C' — F — D is a homotopy pullback square. However,
A—C—F—D is also a homotopy pullback square by hypothesis. By Definition
6.2.15 and Theorem 6.2.16, there is a homotopy equivalence A — P» such
that in the diagram (##), the square A — P, — D — D and the rectangle
A —C — (" — Py are commutative. Because P, — P; — E — D is a homotopy
pullback square, it suffices to show that A — B — E — D is equivalent to it.
For this it suffices to show that the top face of the left cube in diagram ()
is commutative, that is, that the square in the following diagram

A—8B

| |

P, P c’

|

E

is commutative. But it is easily verified that the two maps from A to P; agree
when composed with P, — C’. Furthermore, because the square A—B—E—D
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is commutative, the two maps agree when composed with P, — E. Because
P, is a pullback, the result follows.

In the general case we replace the left square A — B — E'— D by an equiv-
alent one which is commutative. To do this, we first consider the homotopy-
commutative square

B

4o

MQHDHEZ

where M, is the mapping cylinder of o and «v is factored as o”a’. Because o is
a cofiber map, we are able to replace the lower horizontal map M, - D — E
by one that is homotopic to it with the property that the following square is
commutative

A——8B

g |

M, FE

and equivalent to the left square A — B — F — D. This completes the proof
of the prism theorem. ]

Finally, we give a proof of Lemma 6.3.4 based on Theorem 6.5.1, the cube
theorem. We first present a lemma that is will be needed. This lemma may
be of interest in its own right.

Lemma E.6 Let
E E'

B——F

be a commutative square and let p and p' be fiber maps with ﬁbers F and F',
respectively. Let f F — F' be the map induced by f. If f is a homotopy
equivalence, then the given square is a homotopy pullback square.

The proof is left as an exercise (Exercise 6.14).

Now we prove Lemma 6.3.4, and we freely use the notation at the end of
Section 6.3. Consider the following cube diagram, where each of the four side
squares is commutative and each vertical map in the cube is a fiber map,
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T

X x 27

|
i

P

H

/ /
Nz
f
Y
/ /
{} Q.
Since @ = Cy, the bottom square is a homotopy pushout square. The top
square is homotopy-commutative as was shown in the beginning of the proof
of Lemma 6.3.4. Furthermore, it is easily seen that each of horizontal maps
in the top square induces a homotopy equivalence on the fibers. Therefore
by Lemma E.6, each side square is a homotopy pullback square. By the cube

theorem, the top square is a homotopy pushout square, and thus this proves
Lemma 6.3.4.




Appendix F
Categories and Functors

In this appendix we give some basic definitions and examples regarding cat-
egories and functors. Although the reader has most likely seen much of this
material, we present it as a reference for parts of the text, especially for our
discussion of the Eckmann—Hilton duality.

Definitions

Definition F.1 A category C consists of
1. A class obj(C) of objects and for each ordered pair A, B € obj(C), a set
Morph(A, B) = Morph¢(A, B) of morphisms from A to B.
2. A function Morph(A, B) x Morph(B, C') — Morph(A, C') which assigns to
f € Morph(A, B) and g € Morph(B, C'), a morphism ¢gf € Morph(A, C).
We require that
(i) The morphism sets Morph(A, B) be pairwise disjoint.
(ii) For every A € obj(C), there exists a morphism id4 € Morph(A, A) such
that fida = f and idag = g, for every f € Morph(A4, B) and every
g € Morph(C, A).
(iii) If f € Morph(A, B), g € Morph(B,(C), and h € Morph(C, D), then
h(gf) = (hg)f.
If f € Morph(A, B), we sometimes write f : A — B. This notation is used

because in many examples the morphisms are functions. The operation in
(iii) is called composition.

Definition F.2 Let C and D be categories. A (covariant) functor F from
C to D, written F' : C — D, is a function that assigns to each object A
in C, an object F(A) in D and assigns to each morphism f : A — B in
C, a morphism F'(f) : F(A) — F(B) in D such that F(ida) = idp(4) and

323
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F(gf) = F(9)F(f). A contravariant functor F : C — D is defined in the
same way except we require that for f : A — B in C, there is a morphism
F(f): F(B) —» F(A) in D such that F(gf) = F(f)F(g).

Definition F.3 If C and D are categories and every object of C is an object
of D and every morphism of C is a morphism of D, then we say that C is a
subcategory of D and write C € D. If, in addition, for all objects A and B in
C, Morph¢(A, B) = Morphp (A, B), then C is a full subcategory of D.

Examples

We next consider many familiar examples of categories and functors with
particular emphasis on those appearing in this book.

e The category Sets of sets and functions. Thus obj(Sets) consists of all
sets and Morph(A, B) consists of all functions from the set A to the set
B. There is also Setsy, the category of based sets and functions.

e The category Gr of groups and homomorphisms

e The category Ab of abelian groups and homomorphisms

e The category Top of topological spaces and continuous functions and the
category Topy of based topological spaces and maps (continuous, based
functions)

e The category P of pairs of spaces (X, A), where A € X and continuous
functions (of pairs)

In all of the preceding examples, the morphisms are functions. This need
not be the case as the following important example shows.

e The category HoTop, of based topological spaces and based homotopy
classes of maps called the (based) homotopy category

e The category H of H-spaces and homotopy classes of H-maps and the
category HG of grouplike spaces and homotopy classes of H-maps

e The category CH of co-H-spaces and homotopy classes of co-H-maps and
the category CG of cogroups and homotopy classes of co-H-maps

e The category of CW complexes and continuous functions and the category
of CW complexes and cellular functions

e The forgetful functor F' : Gr — Sets that assigns to a group the un-
derlying set of the group and to a homomorphism the function which is
the homomorphism. There are many examples of such forgetful functors:
Top — Sets, Ab — Gr, and so on.

e The nth cohomology group functor H™ : Top — Ab which is a contravari-
ant functor.

e The fundamental group functor m : HoTopy — Gr.

e The loop space functor 2 : HoTop, — HG and the suspension functor
X HoTopsy — CG.
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Adjoint Functors

We define adjoint functors after introducing some notation. Let C be a cate-
gory, let B be an object of C, and let f : A — A’ be a morphism in C. Define
f* : Morph(A’, B) — Morph(A4, B) by f*(h) = hf, for h € Morph(4’, B).
Now let A be an object in C and g : B — B’ a morphism in C. Define
g« : Morph(A, B) — Morph(A4, B') by g«(k) = gk, for k € Morph(A, B).

Definition F.4 Let F : C - D and G : D — C be functors. Suppose
that for every A eobj(C) and every B €obj(D), there is a bijection n4 g, :
Morph,(A, G(B)) — Morphy(F(A), B) such that

1. If f: A — A’ is a morphism in C, then for every object B in D, the
following diagram commutes

Na’ B

Morph,(A’, G(B)) —————— Morphp(F(A’), B)

| [

Morphe (4, G(B)) —— =2 Morphyp, (F(A), B);

2. If g : B —» B’ is a morphism in D, then for every object A in C, the
following diagram commutes

NA,B

Morphe(A, G(B)) ————— Morphp(F(A), B)

lG(g)* lg*

Na,B’

Morph,(A, G(B')) ————— Morphy(F(A), B').

Then F and G are called adjoint functors.

We sometimes say that F' is the adjoint of G and G is the adjoint of
F. We occasionally stretch the terminology by calling f : A — G(B) and
na s(f): F(A) — B adjoint morphisms.

We next give some examples of adjoint functors from the text. The main
example, which is the source of the others, is the following.

e In the category Top of topological (unbased) spaces, the set of morphisms
from X to Y consists of all continuous functions X — Y which we
write as C(X,Y). Consider the functors F,G : Top — Top defined by
F(X) = X x I and G(X) = Y!, where the latter space is the space
of continuous functions ¥ — I with the compact—open topology (Ap-
pendix A). Then these are adjoint functors, that is, there is a bijection
C(X xI,Y) - C(X,YT) such that the two commutative diagrams above
hold (Proposition 1.3.4). This has enabled us to have two equivalent defi-
nitions of a homotopy: one as a function defined on a cylinder X x I and
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the other as a function into a path space Y. In addtion, many examples of
adjoint functors earlier in the book are derived from the previous example.
We next mention two of the most common ones.

e In the category Top, of based spaces and maps the cone functor CX and
the path-space functor EY are adjoint (Section 1.4).

e The most useful pair of adjoint functors that we consider are the suspension
and loop space functors. The adjointness of these two functors is a key
result in many places. In more detail, let HoT op, be the based homotopy
category and let X, (2 : HoTop, — HoTop, be the suspension and the
loop space functors, respectively. We show in Proposition 2.3.5 that there
is a bijection Ky : [XX,Y] — [X, 2Y], for spaces X and Y, and it follows
that X' and (2 are adjoint functors. Moreover, these two homotopy sets
have group structure and we prove that x, is an isomorphism.

Products and Coproducts

We have discussed products and coproducts in HoT op, previously. Now we
give the general definitions in a category.

Definition F.5 Let C be a category and let A; and A5 be two objects in C.

1. A product of these objects consists of an object P in C together with
two morphisms p; : P — A; and py : P — A, satisfying the following
condition. If f : D — A; and g : D — Ay are any morphisms, then there
exists a unique morphism h : D — P such that p1h = f and pah = g. If
for every two objects Ay and As, the product P exists, we say that C is a
category with (finite) products.

2. A coproduct of the objects A; and A, consists of an object C' in C together
with two morphisms i; : A1 — C and i1 : Ay — C satisfying the following
condition. If f: Ay —» D and g : A, — D are any morphisms, then there
exists a unique morphism k : C' — D such that ki; = f and kiy = g. If for
every two objects A1 and As, the coproduct C exists, we say that C is a
category with (finite) coproducts.

We make a few remarks about these definitions. It can be shown that the

objects P and D are essentially unique. We write P = A; x As. and C =

Aj u Ay, Clearly, the definitions can be extended to a product or coproduct

of any number of objects A; in C. The two definitions in F.5 are more than

just similar. They are dual in a formal categorical sense (see Section 2.6).
We conclude this section with a few relevant examples.

e In the group categories Gr and Ab, the product of two groups A; and Ay
is just the cartesian product A; x As of the two groups (also called the
external direct sum A; @ As). However, the coproduct is different in these
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two categories. In Ab the coproduct is the cartesian product. But in Gr
the coproduct is the free product A; = As (see Appendix B).

e In the topological category Top, the product of two spaces A1 and As is just
the cartesian product Ay x Ay (with the product topology) and projection
functions p; and po. The coproduct is the disjoint union A; L1 A; with the
weak topology (Example A.2) and inclusion functions i; and is.

e In the based topological category Top,, the product of two based spaces
Ay and As is just the cartesian product A; x As with projection maps p;
and py. The coproduct is the wedge A; v Ay with inclusion maps i1 and 5.
Of particular interest for homotopy theory are the product and coproduct
in the homotopy category HoT op,. The product of two based spaces Ay
and As is just the cartesian product A; x A with the homotopy classes
of the projection maps [p1] and [p2]. The coproduct is the wedge 4; v As
with the homotopy classes of the inclusion maps [i1] and [iz]. These two
statements follow from Lemma 1.3.6.






Hints to Some of the Exercises

Chapter One

1.10 Let = be a limit point of A with r(x) # = and separate x and r(x) by
disjoint neighborhoods U and V. Consider 7~ (V).

1.17 First embed G in a symmetric group.
1.19 See Proposition 3.2.15.
1.23 Let X =R""! — {0} and RP" = X/~ . Define f : X x X —» R by
f(xay) = Z(xlyj - xjyi)za
i
where x = (1,...,2p11) and y = (Y1, .., Yns1). Then f71(0) = {(z,y) |z ~
y} is closed in X x X.

1.24 It suffices to show that a finite union of open cells L is contained in a
finite subcomplex. Argue by induction on dim L, the dimension of the largest
dimensional cell in L.

1.26 Consider the union of S? and an arc from {} to the South Pole which
is “outside” S? and does not meet S? elsewhere.

1.27 X ~L/(Kn L)~ L.

Chapter Two

2.10 Let p/,7' : I? — I? be defined by p'(z,y) = (1 — z,y) and 7'(z,y) =
(y,x). These are reflections across lines that become reflections across diam-

329
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eters when I? =~ E?. They are then homotopic by a family of rotations of E?
that carry S to itself.

2.15

—-

7(275—5)
(2—2t—s)i

&

—-

H(l,s)(t) =

= Hh Hh Hh
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2.30 Consider the Hurewicz homomorphism h;.

2.18 Map I x I — I x I such that (i) I x {0} goes to [0, 1] x {0}, (ii) {1} x I
goes to the point (3,0), (iii) I x {1} goes to [%,1] x {0} (in reverse direction)
and (iv) {0} x I goes to {0} x I v I x {1} v {1} x I. This is best done by
taking E? instead of I x I.

2.32 If K is a CW complex, the inclusion K* — K induces an epimorphism
Hi(K") - H;(K). Let K = K(G,n) with K(G,n)"*! = M(G,n).

2.35 Let A: X — X x X be the diagonal map and let j; and jo be the two
inclusions of X into X x X. Show that for v € H;(X), Ay (x) = j14()+jox ().

Chapter Three

3.14 (2): Denote themapsa: A —> X, b:Y > Pu: X >Z h:A->Y
and g: X - P.Let a: W — X and g : W — Y be such that ga = bg.
There exists 0 : W — A with uaf = ua and hf = 5. Then ga = gaf, and so
a = af.

3.20 (1) If U is open in G, then p~!p(U) is the union of open sets Uh,
for every h € H. (2) Suppose aH # bH and define F : G x G — G by
F(x,y) = 2~ 'y. Then F(a,b) € H', the complement of H. There exist open
neighborhoods U and V' of a and b such that F(U x V') € H'. (3) Suppose
G =U vV, where U and V are open nonempty subsets of G. Then G/H =
p(U) u p(V), and so there is some aH € p(U) n p(V). Therefore aH n U
is nonempty and aH n V is nonempty. Now aH = (aH nU) U (aH n' V).
Therefore (aH nU) n (aH n'V) is nonempty, and hence U n V' is nonempty.

3.24 (2) Prove this inductively using Exercise 3.23 with k = 1.

3.25 For w € F" and X € Gi(F™), let p,(X) be the square of the dis-
tance from w to X. Then p,, : Gx(F") — R is continuous. If X and Y are
distinct k-planes, choose w € X and w ¢ Y, and so p,(X) # pu(Y). By
separating p,,(X) and p,,(Y) with disjoint neighborhoods, we obtain disjoint
neighborhoods of X and Y.
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Chapter Four

4.1 Consider F': 2B x I — I, defined by F(w,t) = (A(x,w)(t),ws 1).

4.2 Tt suffices to show that the inclusion ¢ : 2B — I, is homotopic to S(—id) :
2B — I, where i(w) = (*,w) and f(w) = (w,*). Then F': 2B x I — I, is
given by F(w,t)(s) = (w((1 — s)t),w((1 — s)t + s)).

43 (1) If j : K - K u CL is the inclusion, then C; is the pushout of
CL<—L—CK . Hence YL ~ C;/CK ~ C; ~ C;/CL ~ CK/L. (2)
Consider the commutative diagram

KuCL ‘ C;
lp ]
K/L =K uCL/CL—"~C;/CK = XL,

where p and ¢ are homotopy equivalences and k is inclusion. Thus 0 ~ * <=
k ~ =. Next consider

KuCL k C;

] ls

K/L =K uCL/CL —— C;/CL = CK/L.

(3) If I : L — K is the inclusion, consider the exact sequence

* o
2K, 21] S (o0, 51— (KL, 51

4.4 It suffices to show Sm =~ ¢¢(8 x id). Consider the homotopy F(w,v,t) =
(W v, ve1).

4.5 The function j, : [W, F] — [W, E] is a bijection by Corollary 4.2.19(1)
and Theorem 4.4.5 because B is contractible.

4.7 The operation +; induces group structure on 7, (X), for every space X,
such that h, is a homomorphism for every h : X — X’. By Proposition 2.2.11
there is a comultiplication ¢; on S™ obtained from +;. But ¢ ~ ¢;, where ¢ is
the standard comultiplication on S™ by Exercise 2.7.

4.14 Let ¢ be the standard comultiplication on S™ and let E = E(X; A, {*}).
If f,g: 8" — E, then f+ g = V(f v g)¢p, where V is the folding map of FE.
Take adjoints of f and g and regard them as maps f, g:(CS™, S™) - (X, A).
The adjoint of f + g is V/(f v §)C¢, where V' : (X v X, Av A) - (X, A) is
the folding map of pairs. Then show (f +G)x = f* + Jx.
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4.19 Let hy : A — X be such that hg =i and hy = = If f: (I"1, 01" 1) —
(A, %), define f': (I", It J" 1Y) — (X, A, {*}) by setting f'(t1,...,tn) =
he, (f(t1,...,tn—1)). This gives a homomorphism pu : m,_1(A) - m,(X, A)
such that 0, = id.

4.24 By Proposition 4.5.15 and Lemma 4.5.17, the left square is commutative
and the right square is anti-commutative

(B, F) ———— m 1 (Ij) ————> 1 1(F)
J{p’* : J{v* iﬁ*
7, (B) - Tn_1(2B) Tn1(I).

*

Chapter Five

5.6 (1) Consider §! L (ST x SH/(S x {«}) . If m is the
multiplication on S, then mi; = id. But S v (S! x S1)/(S* x {}) does
not have the same homotopy type as S* x St. (2) If X is a co-H-space and
i1:A—> AvQandis: Q — Av(Q are inclusions, then i17+isg : X - Av(Q
induces homology isomorphisms. (3) Use Corollary 5.4.7.

5.11 Modify the proofs in Section 5.5.

5.12 Let g be the homotopy inverse of f, let yo = f(xo) and let x1 = g(yo)-
Then id ~p gf : X — X, and if [h] € m,(X,20), then h ~pyiay 9fh.
For x € oI, F(h x id)(x,t) = F(xo,t) is a path a(t) from z to 1. Then
a*[h] = gu fx[h]-

5.14 Let X be the comb space and let Y be a point.

5.18 Counsider py : Y27 — Z.

5.19 m;(RP*) = 7;(RP**1) for i > 2.

Chapter Six

6.4 See Exercise 3.8.

6.13 (1) Define F': C; x I — X by F({w,s),t) = w(t(1—s)) and F({\),t) =
A(t). (2) The map g is a homotopy equivalence and I, ~ 2X =X by Remark
6.4.3. (3) Use Exercise 6.12.
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6.17 (1) Let m > n > 1. Then X and Y have the same fundamental group
and the same universal covering space. By Theorem C.6, they have different
homology groups. (2) S* is a retract of X so m4(X) # 0. But 74(Y) = 0.

6.23 Let X —L>Y —~> 7 be a cofiber sequence with j an inclusion,
let X be (n — 1)-connected and let Z be m-connected and conclude that
(Y, X) — m(C;,CX) is an isomorphism for ¢ < m + n. Then consider the
exact homotopy sequence of the pair (Y, X).

Chapter Seven

7.1 See Proposition 7.2.2.

7.2 (2) Consider the commutative diagram

NX NXx ! NX X
A T A
EX X! I EX
XL>X)<X:X><X4’€>X

Because f’ is a weak equivalence, kj; is also, and hence it is a homotopy
equivalence. Similarly, kja is a homotopy equivalence. Now apply Part (1).

7.10 Because g, is an (n + 1)-equivalence, gy : Hpy1(X) — n+1(X(”))
is onto. For H, (X ™), consider K(m,1,n +1) — x(n+l) ——= x(n)
and its exact homology sequence.

7.12 For the implication <, write [Ds] = (f A f)*[w] and define 11 =
—wq+n, where ¢: Y xY — Y AY is the projection.

7.14 The defining cofibration of M yields the exact sequence

& *
[Snﬂ—l7 Sn+1] f*> [Sn+1’ Sn+1] L> []\47 Sn+1]7

where f* is multiplication by m.

7.16 We obtain a commutative diagram
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Sy

<T'1j
<~—
<
Q.

Show that a ~ «.

Chapter Eight

8.2 Consider j: X v X —» X x X.

8.9 The generalized Freudenthal theorem.

Chapter Nine

9.4 (2) For Definition 8.3.1, use the cellular approximation theorem. For
Proposition 8.3.12, use obstruction theory to show that a section of the fiber
map Gi(X) — X exists.

9.8 Assume that f is an inclusion and show that m; (Y, X)) = 0 for all ¢ using
the relative Hurewicz theorem. For this it suffices to show that 7 (X) acts
trivially on m;(Y, X). Use obstruction theory to obtain a retraction ¥ — X
and conclude that m;(Y) — m;(Y, X) is onto.
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based space, 2

basepoint, 2
basic class, 160, 234
Betti number, 268
Blakers—Massey
exact sequence, 181
theorem, 179, 221
Bott periodicity theorem, 187
bundle map, 88

categorical

coproduct, 326

product, 326
category, 323

of H-spaces, 38

of co-H-spaces, 41

of cogroups, 42

of grouplike spaces, 38

with coproducts, 326

with products, 326
Cayley numbers, 96
cellular approximation theorem, 28
cellular function, 28
central sequence, 278
characteristic function, 20
CHEP, 85
CHP, 83
class of abelian groups, 189
classifying space, 103
closed n-cell, 20
closure—finite, 21
co-H-complex, 41, 276
co-H-map, 41
co-H-space, 41
coaction, 128
coexact, 116
coexact sequence of a map, 120
cofiber, 76
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map, 75

sequence, 76
cofiber—fiber construction, 274
cofibration, 76
cogroup, 40
cohomological n-equivalence, 150
cohomology suspension, 161
cohomotopy group, 280
comb space, 11
commutator map, 70
commutes up to homotopy, 36
compact—open topology, 301
compactly generated space, 302
complex

Grassmann manifold, 100

projective space, 24, 189, 274

Stiefel manifold, 98
comultiplication

on a group, 72

on a space, 41
concatenation of homotopies, 5
cone, 11
connecting homomorphism, 181, 215
connecting map

of a cofibration, 121

of a fibration, 123
connective fibration, 239
connectivity, 219
constant map, 6
continuous function, 2
contractible, 9, 12, 27, 28, 68, 77
contractible in a space, 9, 271
contracting homotopy, 9
contravariant

binary operation, 40

group operation, 40
contravariant functor, 324
covariant

binary operation, 43

group operation, 43
covering homotopy, 83
covering homotopy extension property, 85
covering homotopy property, 83
covering map, 93
cube, 135
cube theorem, 226, 322
cup length, 273
cup product, 273
CW

approximation, 56

homology, 307

pair, 25

subcomplex, 25
CW complex, 19
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dimension of, 21

finite, 21

finite-dimensional, 21
cylinder, 3

deformation

retract, 7

retraction, 7
degree of a map, 57, 312
diagonal map, 2
dimension, 26
disjoint union, 2
dominated, 7
double mapping cylinder, 196
dual category, 67
dual statement, 67

Eckmann—Hilton duality, 66, 225
Eilenberg—Mac Lane space, 63, 156, 234,
254

equivalence class, 2
equivalent

sequences, 117

squares, 207

vector bundles, 94
equivalent to a principal fibration, 234
evaluation map, 301
exact, 116, 117
exact cohomology sequence

of a cofibration, 121

of a map, 120
exact homology sequence of a triple, 308
exact homotopy sequence

of a fibration, 124

of a map, 124

of a pair, 139

of a triad, 154

of a triple, 154
exact sequence

of a cofibration, 121

of a map, 124
excision map, 147, 149, 209, 215, 221
Ext, 308
extendible, 29
extension, 7, 29, 288, 295
extension problem, 283
extension-lifting problem, 284, 293
extension-lifting square, 284, 294

fat wedge, 271

fiber, 83, 88
bundle, 88
homotopy equivalence, 92
map, 83
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over a point, 84
sequence, 84
fiber-homotopic, 92
fiber-preserving, 92
fibration, 84
five lemma, 308
fixed space, 17
flat product, 168
folding map, 3
forgetful functor, 324
free
homotopy, 4, 171
map, 2
space, 2
free product, 58, 303
free resolution, 309
Freudenthal suspension theorem, 181
full subcategory, 324
functor, 323
fundamental class, 160, 234
fundamental group, 50, 52, 304

G. Whitehead’s theorem, 279
Ganea fibration, 274
generalized Freudenthal suspension
theorem, 180
grain of salt, 13
Grassmann manifold
complex, 100
quaternionic, 100
real, 100, 188

group of self-homotopy equivalences, 16

grouplike
complex, 37
space, 36, 279

H-complex, 37, 276
H-equivalence, 167
H-group, 37
H-map, 37
deviation, 245
H-space, 37
HELP lemma, 141
HLP, 83
holonomy, 128
homogeneous space, 96
homological n-equivalence, 219
homology
decomposition, 247
decomposition of a map, 263, 293
section, 247
section of a map, 263
homology suspension, 146, 217
homotopic, 3
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homotopical cohomology group, 64, 160

homotopy, 4

category, 5, 324

class, 5

cofiber, 79

decomposition, 237

decomposition of a map, 257

equivalence, 15

extension, 7

extension property, 25

fiber, 91

inverse, 37, 41

lift, 7

lifting property, 83

pullback, 205

pullback square, 205

pushout, 198

pushout square, 198

retraction, 7, 51, 168

section, 7, 51, 165, 237

section of a map, 257

set, 5, 267

type, 15
homotopy group, 50

relative, 137

with coefficients, 62
homotopy of maps of pairs, 16
homotopy retraction, 8, 51, 168
homotopy section, 7, 51, 165, 237
homotopy type, 15
homotopy-associative, 37, 41
homotopy-commutative, 37, 41
homotopy-commutative diagram, 36
homotopy-commutes, 36
Hopf

classification theorem, 66

fibration, 95

map, 95, 178, 269
Hurewicz

fiber map, 83

fibration, 84

homomorphism, 57, 145

theorem, 58, 189, 218, 223

identification
map, 300
topology, 300
identifying a subspace to a point, 300
identity map, 2
image, 116
initial point, 12
injection, 2, 18
integral cohomology group, 155
inverse limit, 239
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isotropy subgroup, 112
join, 202

K’-invariant, 247
k-invariant, 237
of a map, 257
kernel (of a based function), 116
killing homotopy groups, 239

Lebesgue
covering lemma, 301
number, 302
left homotopy inverse, 7, 276
Lemma
five, 308
HELP, 141
Lebesgue, 301
pasting, 301
lift, 7, 30, 288, 296
liftable, 30
lifting, 7, 30, 91
map, 111
problem, 283
linear homotopy, 4
local section, 96
local trivialization, 88
locally trivializing cover, 88
loop, 44
loop space, 44
lower cap, 8
LS category, 271
Lusternik—Schnirelmann category, 271

map, 2

of maps, 152

of pairs, 16
mapping

cone, 79

cylinder, 104

path, 108
maximal condition, 277
Moore space, 61, 182, 221, 260
Moore—Postnikov decomposition, 257, 286
morphisms, 323
multiplication, 37

nilpotency, 278
nilpotent group, 278
North Pole, 135
notation, 3, 35, 169
nullhomotopic, 9
nullhomotopy, 9

Index

objects (in a category), 323
obstruction, 287, 295
to a homotopy, 291
to a homotopy between relative lifts, 292
to a lift, 295
to a retraction, 291
to a section, 291
to an extension, 289, 295
octonions, 96
open n-cell, 20
operation of homotopy sets, 134
operation of the fundamental group
on the homotopy group, 171
on the homotopy set, 171
on the relative homotopy group, 176
operation on a set, 130
opposite category, 67
ordinary cohomology groups, 155
orthogonal group, 97, 184

pair of spaces, 16
pasting lemma, 301
path, 6, 12
lifting property, 111
space, 12
Postnikov
decomposition, 237
invariant, 237
invariant of a map, 257
section, 237
section of a map, 257
system, 237
tower, 237
preserves the basepoint, 4
primary obstruction, 290
principal
cofibration, 79
fibration, 91
prism theorem, 208, 318
product, 2
projection, 2
projective space
complex, 24, 189, 274
quaternionic, 24, 189, 274
real, 23, 274
pullback, 90
square, 90
Puppe sequence, 120
pushout, 77
square, 78

quaternionic
Grassmann manifold, 100
projective space, 24, 189, 274
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Stiefel manifold, 98
quotient map, 300
quotient topology, 299

real
Grassmann manifold, 100, 188
Grassmannian, 100
projective space, 23, 274
Stiefel manifold, 98, 187
reduced cylinder, 6
reduced word, 304
relative
cell, 26
lift, 284
open cell, 26
vertex, 25
relative CW complex, 25
dimension of, 26
finite-dimensional, 26
relative homotopy, 17
group, 137
group with coefficients, 137

relative Hurewicz homomorphism, 145

relative Hurewicz theorem, 223
relative skeleta, 25

retract, 7

retraction, 7

right homotopy inverse, 7, 276

same homotopy type, 15
Samelson product, 253
section, 7
Seifert—van Kampen theorem, 304
self-dual statement, 67
Serre
exact cohomology sequence, 215
fiber map, 83
fibration, 84
theorem, 214
set of free homotopy classes, 169
simple, 175
simply connected, 52
skeleta, 19, 25
skeleton, 19
smash, 202
smash product, 167, 191
South Pole, 135
space, 2
space of free maps, 169
spaghetti, 13
special orthogonal group, 113, 184
stable
r-stem, 182
homotopy group, 182
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standard
homotopy pullback, 204
homotopy pullback square, 205
homotopy pushout, 196
homotopy pushout square, 197
standing assumptions, 35
stationary, 4, 17
Stiefel manifold
complex, 98
quaternionic, 98
real, 98, 187
strong deformation retraction, 17, 85, 305
subcategory, 324
subcomplex, 25
suspension
functor, 46
homomorphism, 179
symplectic group, 187

tangent bundle, 93
terminal point, 12
theorem
Blakers—Massey, 180, 221
Bott periodicity, 187
cellular approximation, 28
cube, 226, 322
existence of homology decomposition,
247
existence of homotopy decomposition,
237
Freudenthal suspension, 181
G. Whitehead, 279
generalized Freudenthal suspension, 180
Hopf classification, 66
Hurewicz, 218
isomorphism of singular and homotopical
cohomology, 161
prism, 208, 318
relative Hurewicz, 223
Seifert—van Kampen, 304
Serre, 214
Serre’s exact cohomology sequence, 215
universal coefficients for cohomology,
157, 310
universal coefficients for homology, 311
universal coefficients for homotopy, 159
Wang, 313
Whitehead’s first, 53
Whitehead’s second, 59, 220
theta curve, 16
topological group, 38
Tor, 309
torsion product, 309
total space, 83, 88
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transitive G-space, 112
triad, 153

homotopy group, 153
trivial fibration, 84

unbased
homotopy, 4
space, 2
unit ball, 8
unit sphere, 8
unitary group, 102, 186
universal coefficient theorem
for cohomology, 157, 310
for homology, 311
for homotopy, 159
upper cap, 8

vector bundle, 94
vertex, 20, 21, 25

Wang theorem, 313
weak fiber map, 83
weak fibration, 84
weak homotopy

decomposition, 237
decomposition of a map, 257
equivalence, 52

system, 237

weak topology, 2, 299
wedge, 2, 18, 28
Whitehead’s

first theorem, 53
second theorem, 59, 220
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