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Preface

This book deals with homotopy theory, which is one of the main branches of
algebraic topology. The ideas and methods of homotopy theory have pervaded
many parts of topology as well as many parts of mathematics. A general ap-
proach in these areas has been to reduce a geometric, analytic, or topological
problem to a homotopy problem, and to then attempt to solve the homotopy
problem, usually by algebraic methods. Thus, in addition to being interest-
ing and important in its own right, homotopy theory has been successfully
applied to geometry, analysis, and other parts of topology. There are several
treatments of homotopy theory in general categories. However we confine
ourselves to a study of classical homotopy theory, that is, homotopy theory
of topological spaces and continuous functions. There are a number of books
devoted to classical homotopy theory as well as extensive expositions of it in
books on algebraic topology. This book differs from those in that the unify-
ing theme by which the subject is developed is the Eckmann–Hilton duality
theory.

The Eckmann–Hilton theory has been around for about fifty years but
there appears to be no book-length exposition of it, apart from the early
lecture notes of Hilton [40]. There are advantages, both expository and ped-
agogical, to presenting homotopy theory in this way. Dual concepts occur in
pairs, such as H-space and co-H-space, fibration and cofibration, loop space
and suspension, and so on, and so do many theorems. We often give complete
details in describing one of these and only sketch its dual. This is done when
the latter can essentially be derived by dualization. In this way we shorten
the exposition by reducing the amount of repetitious material. This also al-
lows the reader to test his or her understanding of the subject by supplying
the missing details.

There is another advantage to studying Eckmann–Hilton duality theory.
Frequently the dual of a result is known or trivial. But from time to time
the dual result is neither of these and is in fact an interesting problem. This
could give the reader material to work on.
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viii Preface

A feature of this book is that it is designed primarily for students to learn
the subject. The proofs in the text contain a great deal of detail. We also
try to supplement the discussion of several of the concepts by explaining
them intuitively. We provide many pictures and include a large number of
exercises of varying degrees of difficulty at the end of each chapter. The
exercises that have been used in the text are marked with a dagger p:q and
the more difficult exercises are marked with an asterisk p�q. It is generally
regarded as important to do the exercises in order to learn the material. It
has been said many times that mathematics is not a spectator sport.

This book has been written so that it can be used as a text for a university
course in algebraic topology. We assume that the reader has been exposed to
the basic ideas of the fundamental group, homology theory, and cohomology
theory, material that is often covered in a first algebraic topology course.
We state explicitly the results from these areas that we use and summarize
the essential facts in the appendices. The text could also be used by math-
ematicians who wish to learn some homotopy theory. However, the book is
not intended to introduce readers to current research in topology. There are
many texts and survey articles that do this. Instead it is hoped that this book
will provide a solid foundation for those who wish to work in topology or to
learn more advanced homotopy theory.

We now summarize the text chapter by chapter. The first chapter contains
a discussion of the notion of homotopy and its variations and related notions.
We consider homotopy relative to a subset, homotopy of pairs, retracts, sec-
tions, homotopy equivalence, contractibility, and so on. Most of these should
be familiar to the reader, but we present them for the sake of completeness.
If X and Y are based spaces, we define the homotopy set rX,Y s to be the
set of homotopy classes of based maps X Ñ Y. Next CW complexes are in-
troduced and some of their elementary properties established. These spaces
play a major role in the rest of the book. Finally, there is a short section
indicating some of the reasons for studying homotopy theory.

The next chapter deals with grouplike spaces and cogroups. The former
is a group object in the category of based spaces and homotopy classes of
maps. The latter is the categorical dual of a group object in this category.
We consider loop spaces and suspensions, important examples of grouplike
spaces and cogroups, respectively. This leads to a discussion of basic prop-
erties of the homotopy groups rSn, Y s, where Sn is the n-sphere. We then
define and construct spaces with a single nonvanishing homology group, called
Moore spaces, and spaces with a single nonvanishing homotopy group, called
Eilenberg–Mac Lane spaces. These give rise to homotopy groups with coeffi-
cients and to cohomology groups with coefficients. This gives a homotopical
interpretation of cohomology groups. The chapter ends with a discussion of
Eckmann–Hilton duality.

In Chapter 3 we discuss two dual classes of maps, fiber maps and cofiber
maps. Fiber maps are defined by the covering homotopy property which is a
well-known feature of covering spaces and fiber bundles. Cofiber maps appear
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often in topology because the inclusion map of a subcomplex of a CW complex
into the complex is a cofiber map. A fiber map E Ñ B determines a three
term fiber sequence F Ñ E Ñ B, where F � E is the fiber over the base point
of B. A cofiber map i : AÑ X determines a cofiber sequence AÑ X Ñ Q,
where Q � X{ipAq is the cofiber. We then study fiber bundles. We give
examples of fiber bundles and these provide many examples of fiber sequences.
We conclude the chapter by showing that any map can be factored as the
composition of a homotopy equivalence and a fiber map or as the composition
of a cofiber map and a homotopy equivalence.

The next chapter deals with exact sequences of homotopy sets. The main
sequences are a long exact sequence associated to a fiber sequence and one
associated to a cofiber sequence. By specializing these sequences we obtain the
exact homotopy sequence of a fibration and the exact cohomology sequence
of a cofibration. We next study the action of a grouplike space on a space
and the coaction of a cogroup on a space. These give additional information
on the exact sequences of homotopy sets. We then consider homotopy groups
and define the relative homotopy groups of a pair of spaces. We discuss the
exact homotopy sequence of a pair and the relative Hurewicz homomorphism.
We conclude the chapter by introducing certain excision maps which are used
in Chapter 6.

Chapter 5 is devoted to some applications of the exact sequences of the
preceding chapter. We begin with two universal coefficient theorems. The first
relates the cohomology groups with coefficients of a space to the integral co-
homology groups of the space and the second relates the homotopy groups of
a space with coefficients to the homotopy groups. Then we show how the op-
eration of homotopy sets in Chapter 4 can be specialized to yield an operation
of the fundamental group π1pY q on the homotopy set rX,Y s. This operation
is used to compare the based homotopy set rX,Y s with the unbased homo-
topy classes of maps X Ñ Y. Finally we calculate some homotopy groups of
several spaces including spheres, Moore spaces, and topological groups.

Chapter 6 contains the statement and proof of many of the important
theorems of classical homotopy theory such as (1) the Serre theorem on the
exact cohomology sequence of a fibration, (2) the Blakers–Massey theorem
on the exact homotopy sequence of a cofibration, (3) the Hurewicz theorems
which relates homology and homotopy groups, and (4) Whitehead’s theorem
regarding the induced homology homomorphism and the induced homotopy
homomorphism. In the first part of the chapter we define homotopy pushouts
and homotopy pullbacks and derive some of their properties. A major result
that is used to prove both the Serre and Blakers–Massey theorems is that a
certain homotopy-commutative square is a homotopy pushout square.

In Chapter 7 we discuss two basic and dual techniques for approximating
a space by a sequence of simpler spaces. The obstruction theory developed in
Chapter 9 is based on these approximations. The first technique, called the
homotopy decomposition, assigns a sequence of spaces Xpnq to a space X such
that the ith homotopy group of Xpnq is zero for i ¡ n and is isomorphic to
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the ith homotopy group of X for i ¤ n. From the point of view of homotopy
groups, the spaces Xpnq approach X as n increases. The second technique,
called the homology decomposition, is similar with homology groups in place
of homotopy groups. We consider several properties and applications of these
decompositions. In the last section of the chapter we generalize these decom-
positions from spaces to maps.

In Chapter 8 we derive some general results for the homotopy set rX,Y s.
We give hypotheses in terms of cohomology and homotopy groups that imply
that the set is countably infinite or finite. We consider some properties of the
group rX,Y s when X is a cogroup or Y is a grouplike space. We show that
if Y is a grouplike space, then rX,Y s is a nilpotent group whose nilpotency
class is bounded above by the Lusternik–Schnirelmann category of X.

In the final chapter we consider two basic problems for mappings. In the
first, called the extension problem, we seek to extend a map defined on a
subspace to the whole space. In the second, called the lifting problem, we
seek to lift a map into the base of a fibration to a map into the total space.
These are two special cases of the extension-lifting problem. We develop an
obstruction theory for this problem which gives a step-by-step procedure for
obtaining the desired map. We present two approaches to the theory. For
the first, we take a homotopy decomposition of the fiber map and assume
that the desired map exists at the nth step. This determines an element in a
cohomology group, whose vanishing is a necessary and sufficient condition for
the map to exist at the pn�1qst step. In the final section we discuss a method
for obtaining obstruction elements by taking homology decompositions. These
elements are in homotopy groups with coefficients.

After Chapter 9 there are six appendices. These are of two types. One
type consists of results whose proofs in the text would be a digression of the
topics being treated. The proofs of these results appear in the appendix. The
other type provides a summary and reference for those basic results about
point-set topology, the fundamental group, homology theory, and category
theory that are used in the text. Definitions are given, the results are stated,
and in some cases the proof is either given or sketched.

In conclusion, I would like to acknowledge the many helpful suggestions
of the following people: Robert Brown, Vladimir Chernov, Dae-Woong Lee,
Gregory Lupton, John Oprea, Nicholas Scoville, Jeffrey Strom, and Dana
Williams. I would like to express my appreciation to the following people at
Springer: Katie Leach for editorial assistance, Rajiv Monsurate for advice on
Tex, and Brian Treadway for drawing the figures. Finally, I am particularly
indebted to Peter Hilton for having introduced me to this material and tu-
tored me in it while I was a graduate student. To all these people, many
thanks.
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Chapter 1

Basic Homotopy

1.1 Introduction

In topology we study topological spaces and continuous functions from one
topological space to another. In algebraic topology these objects are studied
by assigning algebraic invariants to them. We assign groups, rings, vector
spaces, or other algebraic objects to topological spaces and we assign ho-
momorphisms of these objects to continuous functions. A basic equivalence
relation called homotopy on the set of continuous functions from one topo-
logical space into another naturally arises in the study of these invariants. By
investigating this relation we obtain interesting, deep, and sometimes surpris-
ing information about topological spaces and continuous functions and their
algebraic representations. In addition, the relation of homotopy leads to new
algebraic invariants for topological spaces and continuous functions.

We begin this chapter by recalling the notion of homotopy and its proper-
ties. We discuss derivative concepts such as homotopy retract, homotopy lift,
homotopy equivalence and contractibility. We describe the homotopy cate-
gory whose objects are spaces and whose morphisms are homotopy classes of
continuous functions. In Section 1.5 we introduce CW complexes and derive
many of their properies. These spaces are of fundamental importance in ho-
motopy theory. They are broad enough to include most of the spaces that are
of interest to topologists. But they are sufficiently restricted so that many
important results which do not hold for arbitrary spaces such as the homo-
topy extension property and Whitehead’s theorems hold for CW complexes.
Furthermore, the definition of a CW complex is recursive, and so inductive
arguments can often be used. From Chapter 2 on we assume that all spaces
under consideration have the homotopy type of CW complexes. In Section 1.6
we briefly discuss some reasons for studying homotopy theory by indicating
a few applications of homotopy theory to other areas of topology.

DOI 10.1007/978-1-4419-7329-0_1, © Springer Science+Business Media, LLC 2011
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2 1 Basic Homotopy

As stated in the Preface, we assume that the reader has some familiarity
with the main ideas of homology theory and the fundamental group. These
are summarized in Appendices B and C.

1.2 Spaces, Maps, Products, and Wedges

We consider topological spaces, often denoted by roman letters X,Y, . . . , and
functions f : X Ñ Y. Unless otherwise stated, spaces are path-connected and
functions are continuous. We usually assume that a fixed point has been
chosen in each topological space X which is called the basepoint of X and
denoted by �X or just �. Such topological spaces are called based spaces or,
more commonly, spaces. Subspaces of based spaces contain the basepoint.
Topological spaces without a basepoint or spaces in which the basepoint is
ignored are called unbased spaces or free spaces. We usually assume that any
continuous function f : X Ñ Y of spaces carries the basepoint of X to
the basepoint of Y, fp�Xq � �Y , and we refer to such functions as based
maps or just maps. Continuous functions of unbased spaces or those of based
spaces that are not required to preserve the basepoint are called continuous
functions, free maps, or unbased maps.

The product of two spaces X and Y is just their cartesian product X � Y
with the product topology and basepoint p�, �q. There are then projection
maps p1 : X � Y Ñ X and p2 : X � Y Ñ Y defined by p1px, yq � x and
p2px, yq � y, for all x P X and y P Y. Clearly maps f : AÑ X and g : AÑ Y
determine a unique map pf, gq : A Ñ X � Y such that p1pf, gq � f and
p2pf, gq � g. Let id � idX : X Ñ X be the identity map defined by idpxq � x,
for x P X. Then the diagonal map ∆ � ∆X : X Ñ X �X which is defined
by ∆pxq � px, xq, can be expressed as ∆ � pid, idq. Also, if f : X Ñ X 1 and
g : Y Ñ Y 1 are maps, then there is a map f�g : X�Y Ñ X 1�Y 1 defined by
pf � gqpx, yq � pfpxq, gpyqq for all x P X and y P Y or by f � g � pfp1, gp2q.

We next define the wedge of two spaces. We first introduce some notation
that is used throughout the book. If Z is a space or an unbased space with
an equivalence relation and z P Z, then xzy denotes the equivalence class
containing z, and so xzy is an element in the set of equivalence classes. Now
we let X and Y be two spaces and define their wedge X _ Y. We form the
disjoint union of X and Y which we write as X \ Y and give it the weak
topology with respect to tX,Y u (Appendix A). Thus U � X\Y is open if and
only if UXX is open in X and UXY is open in Y. But X\Y does not have a
natural basepoint. We therefore consider the subspace S � t�X , �Y u � X\Y
and set the wedge X _ Y equal to the quotient space X \ Y {S obtained by
identifying S to a point (Appendix A). The basepoint ofX_Y is x�Xy � x�Y y.
There are maps i1 : X Ñ X_Y and i2 : Y Ñ X_Y called injections defined
by i1pxq � xxy and i2pyq � xyy, for all x P X and y P Y. Maps f : X Ñ B
and g : Y Ñ B determine a unique map tf, gu : X _ Y Ñ B such that
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tf, gui1 � f and tf, gui2 � g. The folding map ∇ � ∇X : X _ X Ñ X is
defined by ∇ � tid, idu. Furthermore, maps f : X 1 Ñ X and g : Y 1 Ñ Y
determine a map f _ g : X 1 _ Y 1 Ñ X _ Y defined by f _ g � ti1f, i2gu.

Y
Y 1

�

Y _ Y 1

Y Y

Y

�

fold

then project down

∇ : Y _ Y Ñ Y

Figure 1.1

For spaces X and Y, there is a natural map j : X _ Y Ñ X � Y defined
by jxxy � px, �q and jxyy � p�, yq, for all x P X and y P Y. Then j is a
homeomorphism of X _ Y onto the subspace X � t�u Y t�u � Y of X � Y.
Because of this we usually regard X _ Y as X � t�u Y t�u � Y and j as an
inclusion map.

NOTATION For the remainder of the book, we consistently use p1 : X�Y Ñ
X and p2 : X � Y Ñ Y for the projections and i1 : X Ñ X _ Y and
i2 : Y Ñ X _ Y for the injections. In addition, q1 � p1j : X _ Y Ñ X and
q2 � p2j : X _ Y Ñ Y denote the maps from the wedge and j1 � ji1 : X Ñ
X � Y and j2 � ji2 : Y Ñ X � Y denote inclusions into the product.

1.3 Homotopy I

Our main example of an unbased space is the closed unit interval

I � r0, 1s � tt | t a real number, 0 ¤ t ¤ 1u.

This space plays a special role in homotopy theory. If X is a space or unbased
space, then the unbased space X � I is called the cylinder over X. Occasion-
ally, we would like the cylinder X � I to be a based space when X is a based
space. To do this we choose 0 P I or 1 P I as basepoint. We always note when
this is done.

Definition 1.3.1 Suppose maps f, g : X Ñ Y are maps. We say that f is
homotopic to g, written f � g, if there is a continuous function F : X�I Ñ Y
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such that

F px, 0q � fpxq, F px, 1q � gpxq, and F p�, tq � �,

for all x P X and t P I. We call F a homotopy between f and g, and write
f � g or f �F g. We describe the condition F p�, tq � � by saying that � is
fixed by the homotopy F , that the homotopy F preserves the basepoint, or
that t�u is stationary during the homotopy. If X and Y are unbased spaces
and f, g : X Ñ Y are free maps, then f and g are freely homotopic if there
is a continuous function F : X � I Ñ Y such that F px, 0q � fpxq and
F px, 1q � gpxq. We write this as f �free g. We sometimes refer to such a
homotopy as a free or unbased homotopy. If Y is contained in a Euclidean
space Rn, then a homotopy F is called linear if for each x P X and t P I,
F px, tq � p1� tqfpxq � tgpxq.

I
F

X

g

f

Y

X � I

Figure 1.2

Another way to think of a homotopy is as a collection of maps ft : X Ñ Y in-
dexed by t P I such that f0 � f and f1 � g. We simply define ftpxq � F px, tq
and note that ftpxq is jointly continuous in x and t. It is often very use-
ful to consider homotopies this way for stating definitions or proving results
(e.g., Lemma 1.3.6), although it is necessary to verify that any homotopy
constructed in this way is jointly continuous. We can carry this description
of homotopy further by imagining that t represents time and that the ho-
motopy provides a temporal deformation of the subspace fpXq of Y into the
subspace gpXq of Y. That is, at time t � 0 we have f0pXq � fpXq � Y and
at time t � 1 we have f1pXq � gpXq � Y. At intermediate times t, 0   t   1,
fpXq has been moved within Y to ftpXq. See Figure 1.3. Strictly speaking,
however, it is the map f that is being deformed into the map g rather than
their images. The collection of all maps ft for t P I is also called a homotopy
between f and g.
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fX gX

ftpXq
ÐÝ Y

Figure 1.3

Proposition 1.3.2 For all spaces X and Y, homotopy is an equivalence re-
lation on the set of maps from X to Y. Furthermore, if f � g : X Ñ Y
and k : A Ñ X and l : Y Ñ B are maps, then fk � gk : A Ñ Y and
lf � lg : X Ñ B. These results also hold for free maps and free homotopies.

Proof. If f : X Ñ Y, then f �F f, where F px, tq � fpxq, for all x P X and
t P I. If f �F g, then g �G f, where Gpx, tq � F px, 1� tq. Thus the relation
of homotopy is reflexive and symmetric. For transitivity, suppose that f �F g
and g �G h. Then define a homotopy H between f and h by

Hpx, tq �
"
F px, 2tq if 0 ¤ t ¤ 1

2
Gpx, 2t� 1q if 1

2
¤ t ¤ 1.

Because F px, 1q � gpxq � Gpx, 0q, H is a well-defined function X�I Ñ Y. By
the pasting lemma in Appendix A, H is continuous, and thus is the desired
homotopy. Therefore homotopy is an equivalence relation. Finally, to prove
that homotopy is compatible with composition we use the alternative view
of a homotopy and let ft be a homotopy between f and g. Then ftk is a
homotopy between fk and gk and lft is a homotopy between lf and lg. [\

When two homotopies F and G such that F px, 1q � Gpx, 0q are put to-
gether to form a homotopy H as in the preceding proof, then H is said to be
a concatenation of F and G and we write H � F �G.

Definition 1.3.3 For a map f : X Ñ Y, we let rfs denote the equivalence
class containing f, called the homotopy class of f. The collection of all ho-
motopy classes of maps X Ñ Y is denoted rX,Y s and called the homotopy
set (of homotopy classes from X to Y ).

We make a few simple observations.


 We first note that we can compose homotopy classes. If α � rf s P rY, Zs
and β � rgs P rX,Y s, then by Proposition 1.3.2 we can define αβ � rfgs P
rX,Zs.

 It follows that there is a category (see Appendix F) whose objects are

spaces and whose morphisms are homotopy classes of maps. This category is
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called the (based) homotopy category and is denoted HoTop�. A major goal
of homotopy theory is to study the category HoTop�.

 For any spaces X and Y, there is the constant map �X,Y � � : X Ñ Y

which takes all of X to the basepoint of Y. The homotopy class of � is denoted
0 P rX,Y s, and so rX,Y s is a set with a distinguished element 0.

 If k : AÑ X and l : Y Ñ B are maps, we obtain the induced functions

k� : rX,Y s Ñ rA, Y s and l� : rX,Y s Ñ rX,Bs

defined by k�rfs � rfks and l�rf s � rlf s for rf s P rX,Y s, such that k�p0q � 0
and l�p0q � 0. Furthermore, if k � k1, then k� � k1� and if l � l1, then l� � l1�.

There is an equivalent way to define homotopy. For a space Y, let Y I

be the set of all continuous functions I Ñ Y. Then Y I is a space with the
compact–open topology (Appendix A). An element of Y I is called a path. We
regard Y I as a based space with basepoint the constant path � which takes
all of I to the basepoint of Y.

Proposition 1.3.4 Let f, g : X Ñ Y be maps. Then f � g if and only if
there is a map G : X Ñ Y I such that Gpxqp0q � fpxq and Gpxqp1q � gpxq,
for all x P X.
Proof. Suppose F : X � I Ñ Y and G : X Ñ Y I are functions such that for
all x P X and t P I,

F px, tq � Gpxqptq.
Then by Appendix A, F is continuous if and only if G is continuous. The
proposition now follows. [\

Although this characterization of homotopy is equivalent to Definition
1.3.1, the latter is more frequently used. The functions F and G in the above
proof are said to be adjoint to each other (see Appendix F). In particular, we
say that F is the adjoint of G and that G is the adjoint of F.

Remark 1.3.5 If F : X � I Ñ Y is a homotopy between maps f and g, we
require in Definition 1.3.1 that F p�, tq � �, for all t P I. Then F induces a map
F 1 : X
I Ñ Y, where X
I � X�I{tp�, tq | t P Iu. We call X
I the reduced
cylinder of X. Therefore we can regard a homotopy between f and g as a
map F 1 : X 
 I Ñ Y such that F 1xx, 0y � fpxq and F 1xx, 1y � gpxq, where
xx, ty denotes the equivalence class of px, tq. In the equivalence between the
definition of a homotopy as a function X�I Ñ Y and as a function X Ñ Y I

in Proposition 1.3.4, it would be more consistent to replace X� I with X
 I
as the domain of the homotopy. This is because X 
 I is a based space and
X� I is not, whereas Y I does have a natural basepoint. We would then have
based maps X
I Ñ Y in one–one correspondence with based maps X Ñ Y I .
However, it is customary to regard X � I as the domain of a homotopy, and
we usually do so.

We next give a simple but useful result.
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Lemma 1.3.6

1. Let A, X, and Y be spaces. If f0 � f1 : AÑ X and g0 � g1 : AÑ Y, then
pf0, g0q � pf1, g1q : AÑ X � Y.

2. Let B, X, and Y be spaces. If f0 � f1 : X Ñ B and g0 � g1 : Y Ñ B,
then tf0, g0u � tf1, g1u : X _ Y Ñ B.

Proof. For (1), let ft be the homotopy between f0 and f1 and gt the homotopy
between g0 and g1. Then pft, gtq : A Ñ X � Y, which is continuous as a
function A � I Ñ X � Y, is a homotopy between pf0, g0q and pf1, g1q. The
proof of (2) is similar. [\
Corollary 1.3.7

1. There is a bijection θ : rA,Xs�rA, Y s Ñ rA,X�Y s defined by θprfs, rgsq �
rpf, gqs.

2. There is a bijection ρ : rX,Bs�rY,Bs Ñ rX_Y,Bs defined by ρprfs, rgsq �
rtf, gus.

Proof. The inverse of θ is defined by λrhs � prp1hs, rp2hsq, for rhs P rA,X�Y s.
The inverse of ρ is defined by τ rks � prki1s, rki2sq, for rks P rX _ Y,Bs. [\

1.4 Homotopy II

We begin by defining some important notions both for maps and for homo-
topy classes.

Definition 1.4.1 Let X be a space and A a subspace (containing the base-
point of X). A map r : X Ñ A such that rpaq � a, for all a P A, is called a
retraction of X onto A and A is then called a retract of X. This can be re-
stated as follows. If i : AÑ X is the inclusion map, then r : X Ñ A is a map
such that ri � idA. If, in addition, ir � idX , we call r a deformation retrac-
tion and A a deformation retract of X. Similarly, if f : X Ñ Y is a map, then
a section of f is a map s : Y Ñ X such that fs � idY . A homotopy retraction
of f, also called a left homotopy inverse of f , is a map g : Y Ñ X such that
gf � idX . In this case we say that X is dominated by Y. A homotopy section
of f, also called a right homotopy inverse of f , is a map h : Y Ñ X such
that fh � idY . Clearly g is a homotopy retraction of f if and only if f is a
homotopy section of g. Also, we consider maps f : X Ñ Y and p : E Ñ Y. A
map f 1 : X Ñ E such that pf 1 � f is called a lift or lifting of f . If pf 1 � f,
then f 1 is called a homotopy lift. If f : X Ñ Y is a map and i : X Ñ C is
an inclusion map, then a map f2 : C Ñ Y such that f2i � f is called an
extension of f. If now f and i are arbitrary maps and f2i � f, then we call
f2 a homotopy extension. In the first case we say that f factors or homotopy
factors through E and in the second case that f factors or homotopy factors
through C. The analogous notions exist for unbased spaces and free maps.
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We frequently use the following notation. En is the unit ball in Euclidean
n-space Rn that is defined by En � tx P Rn | |x| ¤ 1u. Then Sn�1 is the
unit sphere in Rn, that is, the boundary of En, and is defined by Sn�1 �
tx P Rn | |x| � 1u, n ¥ 1. We take � � p1, 0, . . . , 0q as the basepoint of
Sn�1 and of En. Furthermore, the upper cap (of Sn) is defined by En� �
tpx1, x2, . . . , xn�1q P Sn |xn�1 ¥ 0u. Similarly, the lower cap (of Sn) is defined
by replacing the condition xn�1 ¥ 0 with the condition xn�1 ¤ 0. It is easily
shown that there are homeomorphisms En� � En � En�.

Example 1.4.2 We give examples of retractions, deformation retractions,
and homotopy retractions. Clearly these examples yield examples of sections
and homotopy sections.

First suppose that A � X is a retract, and so the retraction r : X Ñ A
is a continuous surjection. Thus if X is connected or compact, so is A. This
observation yields examples of nonretracts by taking X connected or compact
and the subspace A nonconnected or noncompact, respectively. For instance,
it applies to the (nonpath-connected) 0-sphere S0 � t�1u � E1 � r�1, 1s.
This is the lowest-dimensional case of the well-known result that Sn�1 is not
a retract of En [61, Chap. 8, Prop. 2.3]. This latter result is usually proved
with elementary homology theory and is equivalent to the Brouwer fixed point
theorem [61, Chap. 8, Prop. 2.5].

Next we easily give examples of retracts that are not deformation retracts.
For instance, if X is a space and P � t�u � X, then P is a retract of X.
But P is not a deformation retract if X is not contractible (see Definition
1.4.3). Another class of examples is obtained by taking the wedge X _ Y of
X and Y. We consider the subspace X � X _ Y and define a retraction r �
q1 : X _Y Ñ X that is a projection onto X. If r is a deformation retraction,
it would follow that X _ Y and X have isomorphic homology groups. But
for a large class of spaces the homology of X _ Y is the direct sum of the
homologies of X and Y. This implies that Y has trivial homology groups.
Thus r is not a deformation retraction when Y has nontrivial homology.

However, many retracts are deformation retracts, and we next give a few
examples of the more common ones.

1. Consider the inclusion map i : En Ñ Rn and define r : Rn Ñ En by

rpxq �
# x

|x| if |x| ¥ 1

x if |x| ¤ 1.

Then r is a retraction. This map fixes points in En and pushes points x
outside of En along a straight line from the origin to x onto Sn�1. The
homotopy F : Rn � I Ñ Rn given by

F px, tq �
" p1� tqx� tx{|x| if |x| ¥ 1
x if |x| ¤ 1
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yields id �F ir, and so r is a deformation retraction. The homotopy F fixes
En and moves points x outside of En linearly from x to rpxq along the
straight line determined by x and the origin. In this example, the basepoint
of Rn and En could either be the origin or the point p1, 0, . . . , 0q.

2. Similarly Sn�1 � En � t0u is a deformation retract. Let i : Sn�1 Ñ
En � t0u be the inclusion. Define a retraction by s : En � t0u Ñ Sn�1 by

spxq � x

|x| .

This map pushes points x P En�t0u to the boundary Sn�1 along a straight
line from x to the origin. Then the linear homotopy

Gpx, tq � p1� tqx� t
x

|x|
yields id �G is. This homotopy moves linearly along the straight line
mentioned above from x to rpxq. It follows from (1) that r|Rn � t0u :
Rn � t0u Ñ En � t0u is a deformation retraction. This, together with
Exercise 1.5, shows that Sn�1 � Rn � t0u is a deformation retract.

3. Consider pSn�1 � Iq Y pEn � t0uq � En � I. A deformation retraction
r is obtained from the straight line projection from the point p0, . . . , 0, 2q
that maps En � I onto pSn�1 � Iq Y pEn � t0uq as indicated in Figure
1.4. Because this retraction is frequently used, we define it explicitly as
follows.

rpx, sq �
$&%
�
x{|x|, 2� p2� sq{|x|� if |x| ¥ 1� s

2�
2x{p2� sq, 0

�
if |x| ¤ 1� s

2 ,

where x P En and s P I. As in the previous cases, the deformation homo-
topy is given by the straight line between px, sq and rpx, sq. Since En�I is
unbased, the deformation retraction is a free map. However, by taking 0 P I
to be the basepoint, we obtain a based deformation retraction. In addition,
there is a homeomorphism En � In, and under this homeomorphism Sn�1

corresponds to BIn, where BIn is the boundary of In. Thus the deformation
retraction r yields a deformation retraction In�I Ñ pBIn�Iq Y pIn�t0uq.

Definition 1.4.3 A map f : X Ñ Y is called nullhomotopic if f � � :
X Ñ Y, where � : X Ñ Y is the constant map. A homotopy between any
map f and � is called a nullhomotopy. A space X is contractible if idX is
nullhomotopic and the nullhomotopy is called a contracting homotopy. More
generally, if A is a subset of X with inclusion map i : A Ñ X, then A is
contractible in X if i is nullhomotopic. An unbased space X is contractible if
idX is homotopic to a constant function, that is, any function which carries
all of X to single point.
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En � I

p0, 0, . . . , 0, 2q

I

Õ
rpx, tq

px, tq

px, 0q En

Figure 1.4

If either space X or Y is contractible, then any map f : X Ñ Y is nullho-
motopic. This is because f can be written as idY f or f idX . If ft : X Ñ X
is a contracting homotopy, then ft can be regarded as a deformation within
X of the entire space f0pXq � X to the basepoint f1pXq � � of X (with �
fixed during the homotopy). One often says that a contractible space “can
be shrunk to a point”. The previous remarks also hold in the unbased case.

We use the following lemma in the next example.

Lemma 1.4.4 If X is a contractible space, then for every neighborhood W
of �, there is a neighborhood U of � such that U � W and U is contractible
in W.

Proof. Let id �F � : X Ñ X. Then F p�, tq � � P W, and so by continuity of
F , there exist neighborhoods Ut of � and Vt of t such that F pUt � Vtq � W.
Clearly tVtutPI covers I. By compactness of I, there is a finite subcover
Vt1 , . . . , Vtn , and we set U � �Uti . It follows that F |U � I : U � I Ñ W is
the desired nullhomotopy of the inclusion map. [\

We give some examples of contractible spaces.

Example 1.4.5

1. Let X be a subset of Rn with any point � taken as basepoint in X. We say
that X is �-convex if for every x P X, the line segment from x to � lies in X.
If X is �-convex, then X is contractible. The contracting linear homotopy
F : X � I Ñ X is given by F px, tq � p1 � tqx � t � . The notion of �-
convexity is weaker than that of convexity, therefore any convex subspace
of Rn is contractible.

2. Let Sn be the unit n-sphere and choose p � �� in Sn, the antipode of �.
Then Sn�tpu is contractible. The contracting homotopy F : Sn�tpu�I Ñ
Sn � tpu is defined by
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F px, tq � p1� tqx� t�
|p1� tqx� t � | ,

where x P Sn � tpu and t P I.
3. Other examples are the cones CX and the path spaces EY for any spaces
X and Y that are defined in Definition 1.4.6 and proved to be contractible
in Proposition 1.4.8.

4. An interesting example is the comb space C. This is the subspace of R2

consisting of the union of r0, 1s � t0u, t0u � r0, 1s and all t1{nu � r0, 1s for
n � 1, 2, . . . . We give C the induced topology as a subset of R2. We choose
two possible basepoints for C, namely, �0 � p0, 0q and �1 � p0, 1q.

0 ��� 15
1
4

1
3

1
2 1

�0

1
�1

Figure 1.5

We show that C with basepoint �0 is contractible, but C with basepoint
�1 is not. Let ci : C Ñ C be the constant map defined by cipxq � �i, for
i � 0, 1. We first show idC � c0 (where the homotopy fixes the basepoint
�0). The homotopy is given by concatenating two homotopies. The first
homotopy projects C vertically downward onto r0, 1s � t0u by a linear
homotopy; the second projects r0, 1s � t0u horizontally to the left onto �0

by a linear homotopy. The resulting homotopy fixes �0, but moves �1. We
next show idC �� c1 (with basepoint �1 fixed). We assume that idC � c1,
that is, C with basepoint �1 is contractible. Thus if W is a sufficiently
small neighborhood of �1 (e.g., pr0, 1

2 q�p 1
2 , 1sqXC), then by Lemma 1.4.4

there is a neighborhood U � W of �1 and a nullhomotopy U � I Ñ W
of the inclusion map. We choose x P U � pt0u � r0, 1sq and restrict the
nullhomotopy to txu � I. This gives a path in W from x to �1. This is
not possible because the path would lie in several different path-connected
components of W, and so idC �� c1.

Definition 1.4.6 Let X be a space and X � I the cylinder over X. By
identifying X � t1u Y t�u � I in X � I to a single point, we form an iden-
tification space which is denoted CX and called the cone on X (sometimes
called the reduced cone). See Figure 1.6. There is a map i : X Ñ CX defined
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by ipxq � xx, 0y, where xx, 0y denotes the equivalence class of px, 0q. Also, for
any space Y, a subspace EY of Y I (with the subspace topology) is defined
by EY � tl P Y I | lp1q � �u and called the path space of Y. The constant
path defined by �ptq � �Y , for t P I, is the basepoint of EY. There is a map
p : EY Ñ Y defined by pplq � lp0q. Elements of EY or of Y I are called paths
in Y. The initial point of a path l is lp0q and the terminal point is lp1q. We
also say that the path l begins or starts at lp0q and ends at lp1q.

The cone and path space constructions are functorial: if f : X Ñ Y is any
map, then there are maps Cf : CX Ñ CY and Ef : EX Ñ EY defined
by Cfxx, ty � xfpxq, ty and Efplq � fl (the composition of f and l), where
xx, ty P CX and l P EY. Also a map f : CX Ñ Y and a map g : X Ñ EY
are said to be adjoint (to each other) if

fxx, ty � gpxqptq,

for x P X and t P I.

X � I CX

identified to
a point

×

� �X X

Figure 1.6

Remark 1.4.7 We note that certain pairs of paths in Y I can be added
together. If l, l1 P Y I are two paths such that lp1q � l1p0q, then l � l1 is the
path in Y I defined by

pl � l1qptq �
"
lp2tq if 0 ¤ t ¤ 1

2
l1p2t� 1q if 1

2 ¤ t ¤ 1.

Some authors write this multiplicatively as l � l1, l � l1 or ll1. Furthermore, �l
is the reverse path defined by p�lqptq � lp1 � tq, for all t P I. We return to
these path operations in Chapter 2.

Proposition 1.4.8 For every space X, the cone CX and path space EX are
contractible.
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lp0q

l

lp1q�l1p0q
l1

l1p1q Y

Figure 1.7

Proof. Define F : CX � I Ñ CX by

F pxx, ty, sq � xx, s� p1� sqty,

for xx, ty P CX and s P I. Then F is a well-defined continuous function that is
the desired nullhomotopy. The nullhomotopy G : EX � I Ñ EX is similarly
defined by Gpl, tqpsq � lps� p1� sqtq for l P EX and s, t P I. [\
If 0 ¤ s ¤ 1, then s�p1� sqt is the line segment from t to 1. With xx, 1y the
apex of the cone, the nullhomotopy F may be described as “pulling the cone
up to its apex”.

CX

ftpCXq

X

Figure 1.8

The nullhomotopy G may be visualized as follows. The elements of EX are
paths in X ending at �. We can regard the images of these paths as strands
of spaghetti sticking out of a mouth (identified with �) at time t � 0. The
spaghetti is then sucked into the mouth. At time t � 1, all the spaghetti has
disappeared and we are left with �. This is indicated in Figure 1.9. This de-
scription should be taken with a grain of salt because the strands of spaghetti
are of different lengths and the points on each strand are not moving with the
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same speed. For example, at time t � 1
2 , each point on a strand has moved

halfway to the mouth.

Figure 1.9

In the definition of the cone CX we identified X � t1u Y t�u � I to a single
point. Let us denote this cone by C1X. If instead we identify X�t0u Y t�u�I
in X � I to a point, we get the cone C0X which is homeomorphic to C1X.
We use either of these cones, but CX always denotes C1X. Similarly we have
E1X � EX and E0X � tl P XI | lp0q � �u which are homeomorphic path
spaces.

Proposition 1.4.9 For any map f : X Ñ Y, the following are equivalent:

1. f is nullhomotopic.

2. f can be extended to CX, that is, there is a map pf : CX Ñ Y such thatpf i � f : X Ñ Y.

3. f can be lifted to EY, that is, there is a map rf : X Ñ EY such that
p rf � f : X Ñ Y.

Proof. Suppose f is nullhomotopic with f �F �. Then F pX�t1u Y t�u�Iq �
�, and so F induces pf : CX Ñ Y such that pf i � f. Thus (1) implies (2).

Conversely, if pf i � f, then, because CX is contractible, f � pf pidCXq i �pfp�CXqi � �. Thus (1) and (2) are equivalent. The proof that (3) is equivalent
to (1) is similar, and hence omitted. [\
Lemma 1.4.10 For all n ¥ 1, the cone on the unit pn� 1q-sphere CSn�1 is
homeomorphic to the unit n-ball En.

Proof. Define a continuous function K : Sn�1 � I Ñ En by

Kpx, tq � t � �p1� tqx,
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where x P Sn�1 and t P I. Then K
�pSn�1 � t1uq Y pt�u � Iq� � � and so K

induces a map

rK : CSn�1 � Sn�1 � I{pSn�1 � t1u Y t�u � Iq Ñ En,

which is a homeomorphism. [\

�

Sn�1
Ô

�

Sn�1 � I En

K

Figure 1.10

By putting Proposition 1.4.9 and Lemma 1.4.10 together we have that a map
f : Sn�1 Ñ Y is nullhomotopic if and only if f is extendable to En. For later
use we give an unbased version of this.

Corollary 1.4.11 Let Y be an unbased space and f : Sn�1 Ñ Y a free map.
Then f is homotopic to a constant function if and only if f is extendable to
a free map pf : En Ñ Y.

Proof. We only show that if c : Sn�1 Ñ Y is a constant function and c �free f
with homotopy F, then there is an extension pf. We represent points in En

as tx for x P Sn�1 and 0 ¤ t ¤ 1 set pfptxq � F px, tq. [\
Next we consider homotopy equivalences.

Definition 1.4.12 A map f : X Ñ Y is called a homotopy equivalence if
there is a map g : Y Ñ X that is a left and right homotopy inverse of f, that
is, fg � idY and gf � idX . Two spaces X and Y have the same homotopy
type if there is a homotopy equivalence from one to the other. We write this
as X � Y.

Clearly, any map that is a homeomorphism is a homotopy equivalence.
Also, a map g that is a left and right homotopy inverse of f is unique up to
homotopy. For if g1 is another such map, then

g1 � g1pfgq � pg1fqg � g.
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We often denote the map g by f�1. Then f�1 : Y Ñ X is a homotopy
equivalence whose homotopy class is uniquely determined. The composition
of homotopy equivalences is a homotopy equivalence, thus same homotopy
type is an equivalence relation among spaces. In fact, homotopy equivalences
play the role of isomorphisms in homotopy theory, and their homotopy classes
are categorical isomorphisms in the homotopy category HoTop�. We regard
two spaces of the same homotopy type as essentially the same.

Example 1.4.13

1. Let P � t�u be a one-point space. Then clearly a space X is contractible if
and only if X � P. In particular, all cones CX and path spaces EY have
the same homotopy type.

2. Next we consider the image of a curve in R2 called the theta curve and
denoted by Θ. It is obtained from two disjoint circles by identifying points
on the upper semicircle of one circle with corresponding points on the
upper semicircle of the second circle. The theta curve is so-called because
it looks like the Greek letter theta. We now show that Θ � S1 _ S1. This
follows from the fact that both Θ and S1 _ S1 are deformation retracts
of the same elliptical region in R2 with foci deleted (for details, see [73,
p. 110]). Alternatively, the horizontal bar of Θ is homeomorphic to I and
hence contractible. By Corollary 1.5.19 below, Θ � Θ{I � S1 _ S1.

3. If i : AÑ X is an inclusion map and r : X Ñ A a deformation retraction,
then i and r are homotopy equivalences and A � X. Therefore all the
deformation retractions in Example 1.4.2 are homotopy equivalences.

4. For any space X, the set rX,Xs with the operation of composition of
homotopy classes is a monoid with identity element ridXs. This means
that rX,Xs has an associative binary operation with two-sided identity
ridXs. The group of units or invertible elements of this monoid consists of
all homotopy classes of homotopy equivalences of X to itself, and is called
the group of (homotopy classes of) self-homotopy equivalences of X. This
group has been studied and calculations have been made for Moore spaces,
Eilenberg–Mac Lane spaces, projective spaces, and low-dimensional Lie
groups (see [3]).

There are variations of the notion of homotopy that are useful, and we
next discuss some of them.

The first case occurs when X and Y are spaces with subspaces A � X
and B � Y. Then pX,Aq and pY,Bq are called pairs of spaces. A map of
pairs f : pX,Aq Ñ pY,Bq is just a map f : X Ñ Y such that fpAq � B.
Two maps of pairs f, g : pX,Aq Ñ pY,Bq are homotopic, written f � g :
pX,Aq Ñ pY,Bq or f � g if there is a homotopy F as in Definition 1.3.1
with the additional restriction that F pA � Iq � B. In particular, a map of
pairs f : pX,Aq Ñ pY,Bq is a homotopy equivalence (of pairs) if there is
a map of pairs g : pY,Bq Ñ pX,Aq such that fg � id : pY,Bq Ñ pY,Bq
and gf � id : pX,Aq Ñ pX,Aq. This discussion of pairs can be extended
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to n subspaces in an obvious way. Next suppose f, g : X Ñ Y, A � X, and
f |A � g|A. If f �F g and F pa, tq � fpaq � gpaq for all a P A and t P I, then
we say that f is homotopic to g relative to A and write f � g rel A. We say
that A is fixed during the homotopy or that the homotopy is stationary on
A. If f, g : X Ñ Y are maps and � P X is the basepoint, then clearly there
is no difference between f � g and f � g relt�u. A special case of homotopy
rel A occurs when i : AÑ X is an inclusion map, r : X Ñ A is a retraction,
and ir � id rel A. Then r is called a strong deformation retraction. (Note
that some authors refer to a strong deformation retraction as a deformation
retraction.) These notions also exist for unbased spaces and free maps.

A simple extension of the argument in Proposition 1.3.2 yields the follow-
ing result.

Proposition 1.4.14 Homotopy of pairs and relative homotopy are equiv-
alence relations. Homotopy of pairs is compatible with composition of the
appropriate maps of pairs.

Next we illustrate some of these concepts.

Example 1.4.15

1. The comb space C of Example 1.4.5 serves to illustrate several points.
Recall that there are two possible basepoints in C, �0 and �1 with corre-
sponding constant maps c0 and c1. We have seen that idC � c0 : C Ñ C
rel t�0u. Since there is a path in C from �0 to �1, it follows that c0 �free c1
(Exercise 1.1). Therefore idC �free c1, but by 1.4.5, idC �� c1 rel t�1u. This
shows that based maps which are freely homotopic are not necessarily
based homotopic. We show in Section 5.5 that they are based homotopic
when the codomain is a simply connected CW complex. This example also
shows that a contractible space cannot necessarily be contracted onto any
preassigned basepoint.

2. More generally, it is easy to show that if f, g : X Ñ Y are two maps which
agree on A � X and are homotopic, they are not necessarily homotopic rel
A. For example, let Y be the region between two concentric circles in R2

with center at the origin and radii 1 and 3, respectively. Let f, g : I Ñ Y
be given by the two different semicircular paths in Y from p�2, 0q to p2, 0q
with center the origin and radius 2. If A � t0, 1u, then f |A � g|A. But
f �� g rel A. This is clear intuitively, but also follows from Exercise 2.18.
But if c : I Ñ Y is the constant map defined by cptq � p�2, 0q, then clearly
f � c � g rel t0u.

3. Finally, we give an example of two maps of pairs f, g : pX,Aq Ñ pY,Bq
such that f � g : X Ñ Y and f |A � g|A : A Ñ B, but f and g are
not homotopic as maps of pairs. Let f : pEn, Sn�1q Ñ pSn, t�uq be the
quotient map that identifies Sn�1 to a point (see Section 4.5) and let g
be the constant map. Then f � g : En Ñ Sn since En is contractible
and f |Sn�1 � g|Sn�1 : Sn�1 Ñ t�u. But f �� g : pEn, Sn�1q Ñ pSn, t�uq
because f and g induce different homomorphisms of relative homology
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groups. That is, f� : HnpEn, Sn�1q Ñ HnpSn, t�uq is an isomorphism [61]
and g� � 0 : HnpEn, Sn�1q Ñ HnpSn, t�uq.

1.5 CW Complexes

In this section we introduce the notion of a CW complex and discuss its
homotopical properties. This is continued in Sections 2.4 and 4.5. We show
that a CW pair has the homotopy extension property. We discuss the cellular
approximation theorem which asserts that every map of CW complexes is
homotopic to one which preserves the cellular structure. For more details on
CW complexes, see the following references: [33], [57], [20], [39, pp. 519–529]
and [37, Chaps. 14, 16].

NOTE In this section we are mainly concerned with unbased spaces and func-
tions. Recall that such functions are called continuous functions, free maps,
or unbased maps and their homotopies are called free homotopies or unbased
homotopies.

We begin by defining arbitrary unions, adjunction spaces, spaces obtained
by attaching cells, and arbitrary wedges.

Definition 1.5.1

1. Let Xα be a collection of unbased topological spaces, for α P A. Then the
disjoint union

²
αPAXα is given the weak topology with respect to the

collection of subsets tXα |α P Au (Appendix A).
2. Let X and Y be unbased topological spaces, let W � X and let φ : W Ñ Y

be a free map. In the space Y \ X introduce the equivalence relation
w � φpwq for all w P W. The resulting identification space is the adjunction
space Y Yφ X.

3. Suppose that X is an unbased space and φα : Sn�1
α Ñ X are free maps

for α P A, where Sn�1
α � Sn�1. Then the φα determine a free map φ :²

αPA S
n�1
α Ñ X. Since the space

²
αPA S

n�1
α � ²αPA E

n
α, where Enα �

En, we can form the adjunction space X Yφ
²
αPA E

n
α which is called the

space obtained from X by attaching n-cells by the functions φα.
4. Let Xα be a space with basepoint �α, for every α P A. Consider the

unbased space
²
αPAXα and let S � t�α | α P Au be the subspace of all

basepoints. Then the wedge
�
αPAXα is the quotient space

²
αPAXα{S.

Note that for each α P A, there is an injection iα : Xα Ñ
�
αPAXα defined

by iαpxαq � xxαy, for all xα P Xα. Futhermore, maps fα : Xα Ñ Y
determine a unique map f :

�
αPAXα Ñ Y such that fiα � fα.

Remark 1.5.2 Suppose X is a based space and φα : Sn�1
α Ñ X are maps,

for all α P A. Then the φα determine a map φ1 :
�
αPA S

n�1
α Ñ X and�

αPA S
n�1
α ��αPAE

n
α. Therefore the space obtained from X by attaching
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n-cells, X Yφ
²
αPAE

n
α, equals pX _�αPAE

n
αq{�, where p�, zq � pφ1pzq, �q,

for z P�αPA S
n�1
α . We write this as X Yφ1

�
αPAE

n
α.

X

X Yφ
²
Enα

Figure 1.11

The following lemma shows that the homotopy type of a space formed by
attaching cells depends on the homotopy class of the attaching map. A more
general result is given by Proposition 3.2.15.

Lemma 1.5.3 If φ, φ1 : Sn�1 Ñ X are free maps and φ �free φ
1, then there

is a free homotopy equivalence Φ : X Yφ En Ñ X Yφ1 En. The homotopy
inverse Φ1 has the property that ΦΦ1 � id rel X and Φ1Φ � id rel X.

Proof. If F is the free homotopy between φ and φ1, then define Φ by Φxxy �
xxy and

Φxs, ty �
" xF ps, 2tqy if 0 ¤ t ¤ 1

2xs, 2t� 1y if 1
2 ¤ t ¤ 1,

where x P X, s P Sn�1, t P I, and En � Sn�1 � I{Sn�1 � t1u. See Figure
1.12. If F 1 is the opposite homotopy to F, that is, F 1ps, tq � F ps, 1� tq, then
F 1 determines a continuous function Φ1 : X Yφ1 En Ñ X Yφ En analogous to
the definition of Φ. It is left as an exercise (Exercise 1.19) to show that Φ1 is
a homotopy inverse to Φ. [\
Now we turn to the definition of a CW complex. We allow the empty set to
be a CW complex and define a nonempty CW complex next.

Definition 1.5.4 A nonempty CW complex X is an unbased Hausdorff space
together with a sequence of unbased subspaces called skeleta

X0 � X1 � � � � � Xn � Xn�1 � � � � ,

whose union is X. There are two conditions for X to be a CW complex.



20 1 Basic Homotopy

XφpSn�1q
φpSn�1q φ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1qφ1pSn�1q

X

X Yφ E
n

X Yφ1 E
n

Φ

Figure 1.12

1. The skeleta are inductively defined as follows: X0 is a nonempty discrete
set of points. The elements of X0 are called 0-cells or vertices. We assume
that Xn�1 is defined for n ¥ 1 and obtain Xn from Xn�1 by attaching
n-cells. That is, we assume that for some index set B, there exist free maps
φβ : Sn�1

β Ñ Xn�1, where Sn�1
β denotes the pn� 1q-sphere Sn�1, for each

β P B. The φβ determine a free map φ :
²
βPB S

n�1
β Ñ Xn�1. Then Xn

is defined as
Xn � Xn�1 Yφ

º
βPB

Enβ ,

where Enβ � En.
The second condition will be stated after the following notation. The
composition of the inclusion Enβ Ñ Xn�1 \ ²βPB E

n
β and the quo-

tient map Xn�1 \²βPB E
n
β Ñ Xn gives a continuous function of pairs

Φβ � Φnβ : pEnβ , Sn�1
β q Ñ pXn, Xn�1q. The subset ΦβpEnβ q � Xn � X is

called an n-cell or a closed n-cell and is denoted ēnβ .

2. The spaceX has the weak topology with respect to the set tēnβu of all closed
cells. Thus U � X is open (respectively, closed) if and only if U X ēnβ is
open (respectively, closed) in ēnβ , for each closed cell ēnβ .

We next introduce some standard terminology. The free maps φβ : Sn�1
β Ñ

Xn�1 for β P B are called attaching functions, the free maps Φβ are called
characteristic functions, and Φβ|Sn�1

β � φβ : Sn�1
β Ñ Xn�1. The image

ΦβpEnβ �Sn�1
β q, denoted enβ , is called an open n-cell (although it need not be

open in X) and Φβ |Enβ � Sn�1
β : Enβ � Sn�1

β Ñ enβ is a homeomorphism. By
Exercise 1.16, the closure of enβ is the n-cell ΦβpEnβ q (and thus the notation

ēnβ is justified) and the topological boundary Benβ of enβ is ΦβpSn�1
β q. Then

Φβ : pEnβ , Sn�1
β q Ñ pēnβ , Benβq is a continuous function of pairs. Moreover,
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Xn � Xn�1 is a disjoint union of the enβ , for β P B, and we write Xn �
Xn�1 Y�β e

n
β or Xn � Xn�1 Y�β ē

n
β . The CW complex X is called finite

if it has finitely many cells and it is called finite-dimensional if, for some N,
the N -skeleton XN � X. The smallest such N is called the dimension of X.
We observe that condition (2) in Definition 1.5.4 always holds if there are
finitely many cells.

Remark 1.5.5 To make a nonempty CW complex into a based space, we
choose a vertex as basepoint.

The following simple lemma is very useful.

Lemma 1.5.6 Let X be a CW complex.

1. Every characteristic function Φnβ : Enβ Ñ ēnβ is an identification function.

2. X has the weak topology with respect to the set of skeleta tXnu.
3. If C is a compact subset of X, then C is contained in a finite union of

open cells.

Proof. (1) This follows from the fact that Xn is a quotient space of Xn�1 \²
β E

n
β .

(2) Suppose F � X and F XXn is closed in Xn, for every n. Then F X ēnβ
is closed in ēnβ , for every n and every β. Therefore F is closed. Conversely
suppose F � X and F X ēnβ is closed in ēnβ , for every n and every β. Thus

pΦβq�1pF X ēnβq is closed in Enβ , for every β. We argue by induction on n

that F X Xn is closed in Xn. Suppose F X Xn�1 is closed in Xn�1. If q :
Xn�1 \²β E

n
β Ñ Xn is the quotient function, it follows that q�1pF XXnq

is closed in Xn�1 \²β E
n
β . Therefore F XXn is closed in Xn.

(3) We suppose that C meets an infinite number of open cells of X and
choose an infinite set S � tx1, x2, . . .u � C such that each element of S is
in a different open cell. For any subset A � S, we show that A is closed in
X. By (2), it suffices to prove by induction on n that A X Xn is closed in
Xn, for all n ¥ 0. Assume that A X Xn�1 is closed in Xn�1 and let enα be
any n-cell with characteristic function Φα : Enα Ñ enα and attaching function
φα : Sn�1

α Ñ Xn�1. Then φ�1
α pAq is closed in Sn�1

α . Because Φ�1
α pAq consists

of φ�1
α pAq union with at most one additional point, Φ�1

α pAq is closed in Enα.
From this it follows, as in the proof of (2), that AXXn is closed in Xn, and so
A is closed in X. Thus S is a discrete space since every subset of S is closed.
Also S is closed in X and contained in the compact space C. Therefore S is
compact. But a compact discrete space is finite. Hence we conclude that C
is contained in a finite union of open cells. [\

If en is an open cell of a CW complex, then the closed cell ēn is compact.
It then follows from the previous lemma that ēn is contained in a finite union
of open cells. This is called the closure–finite condition. The letters C and W
that appear in the term CW complex are to indicate that a CW complex is
closure finite and has the weak topology of Definition 1.5.4(2).

We now have the following result.
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Lemma 1.5.7 Let X be a CW complex and f : X Ñ Y a function. Then f
is continuous ðñ f |ēnβ : ēnβ Ñ Y is continuous for each closed cell ēnβ ðñ
fΦnβ : Enβ Ñ Y is continuous, for each characteristic map Φnβ . Moreover, f is
continuous if and only if f |Xn : Xn Ñ Y is continuous, for each n.

Proof. The first assertion is an immediate consequence of the weak topology
condition for CW complexes and the fact that Φnβ is a quotient function. The
last sentence follows from Lemma 1.5.6(2). [\
Remark 1.5.8 If X and Y are CW complexes, we next give CW structure
to the product X � Y such that the closed pm� nq-cells of X � Y are of the
form ēm � ēn, where ēm is a closed m-cell of X and ēn is a closed n-cell of
Y. If Φ and Ψ are characteristic functions for ēm and ēn, then

Em�n � Em � En
Φ�Ψ // ēm � ēn,

and this function carries Sm�n�1 � Em � Sn�1 Y Sm�1 � En to the
topological boundary Bpem � enq � em � Ben Y Bem � en. It follows
that this is a characteristic function for ēm � ēn. The skeleta are given by
pX�Y qk � Yi�j�kXi�Y j . If we give X�Y the weak topology described in
Definition 1.5.4(2), then X�Y is a CW complex. We note that this topology
may differ from the product topology on X�Y. For an example, see [25]. If X
or Y is locally compact or if X and Y both have countably many cells, then
it has been proved [39, Thm. A.6] that the two topologies coincide. Whenever
we discuss the product of CW complexes X and Y we assume that X � Y
has the weak topology.

A special case of the product occurs when X is a CW complex and Y is
the closed unit interval I. We give I the structure of a CW complex with
two vertices 0 and 1 and one closed 1-cell I. Because I is compact, the weak
topology and the product topology on X � I agree. Therefore X � I with
the product topology is a CW complex. The following lemma is useful in
determining the continuity of a homotopy.

Lemma 1.5.9 Let X be a CW complex and F : X�I Ñ Y a function. Then
F is continuous ðñ F |ēn � I : ēn � I Ñ Y is continuous for every closed
cell ēn ðñ F pΦ � idq : En � I Ñ Y is continuous for every characteristic
function Φðñ F |Xn � I : Xn � I Ñ Y is continuous for each n.

Proof. The first equivalence is a consequence of Lemma 1.5.7. The second is
based on the fact that Φ and hence pΦ � idq is a quotient function (Lemma
1.5.6 and Appendix A). The third follows from Lemma 1.5.7. [\

We next give some well-known examples of CW complexes.

Example 1.5.10

1. A one-dimensional CW complex is a graph in which we allow the ends of
an edge to have the same vertex.
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2. A compact connected surface can be made into a CW complex with one
vertex, one 2-cell, and several 1-cells. This is described in detail in [61,
Chap. 8].

3. Every simplicial complex is a CW complex. An n-simplex is an n-cell since
every n-simplex is homeomorphic to En.

4. A compact differentiable manifold has the homotopy type of a CW com-
plex. This appears to have first been proved by Radó [77] and is also a
basic result of Morse theory [71].

5. The n-sphere Sn can be given simple CW structure consisting of one vertex
e0 and one open n-cell en, so that Sn � e0Yen. The characteristic function
Φ : En Ñ Sn sends the origin in En to the point p�1, 0, . . . , 0q P Sn

and stretches En over Sn so that the boundary Sn�1 of En goes to the
basepoint � � p1, 0, . . . , 0q P Sn. This function is explicitly defined just
before Proposition 4.5.1 as the function h. Then Sn is a CW complex. As
based space we must choose basepoint e0 � � because it is the only vertex.

6. Let RPn be real projective n-space. This can be defined by considering
Euclidean space minus the origin, Rn�1 � t0u, and introducing the equiv-
alence relation x � y if there exists λ P R� t0u such that y � λx, where
x, y P Rn�1�t0u. Then RPn is the resulting identification space. Note that
l P RPn if and only if l is a one-dimensional vector subspace of Rn�1 (i.e.,
a line through the origin) minus t0u. Now Sn � Rn�1 � t0u and we intro-
duce the following equivalence relation on Sn: x u y if and only if y � �x,
for x, y P Sn. Then the inclusion Sn � Rn�1�t0u induces a continuous bi-
jection θ from Sn{u to RPn. Since Sn{u is compact and RPn is Hausdorff
(Exercise 1.23), θ is a homeomorphism. Furthermore, by restricting θ to the
upper cap En� � tpx1, x2, . . . , xn�1q P Sn |xn�1 ¥ 0u � Sn, we have that
RPn � En�{�, where x � y if and only if y � �x and x, y P Sn�1 � En�.

By mapping px1, . . . , xkq P Ek�1
� to px1, . . . , xk, 0q P Ek�, we see that

Ek�1
� � Ek� and that RPk�1 � Ek�1

� {� is homeomorphic to a subspace
of RPk � Ek�{� . We put a CW structure on X � RPn by defining each
skeleton Xk inductively so that (1) Xk � RPk and (2) Xk�Xk�1 consists
of one open k-cell, for 0 ¤ k ¤ n. Since RP0 is a point t�u, set X0 � t�u.
Now assume that the CW structure has been defined on RPk�1. Define a
characteristic function Φ : pEk, Sk�1q Ñ pRPk,RPk�1q as the composition
of the homeomorphism Ek � Ek� with the quotient function Ek� Ñ Ek�{�
� RPk. Then Φpxq � xx,

a
1� |x|2y, for x P Ek, where x�y denotes the

equivalence class in Ek�. Hence Φ|Ek � Sk�1 : Ek�Sk�1 Ñ RPk�RPk�1

is a homeomorphism with inverse function Ψ : RPk�RPk�1 Ñ Ek�Sk�1

defined by Ψxx1, x2, . . . , xk�1y � px1, x2, . . . , xkq. Furthermore, (1) of Def-
inition 1.5.4 holds for Xk, so this completes the induction. RPn has finitely
many cells, therefore the weak topology condition (2) is satisfied. Thus
RPn � X � Xn is a CW complex. In addition, we can define real projec-
tive infinite-dimensional space RP8 � �RPn. With the weak topology,
this is the CW complex whose nth skeleton is real projective n-space.
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7. Similarly, if C denotes the complex numbers and H denotes the quater-
nions, we can define complex projective n-space CPn and quaternionic pro-
jective n-space HPn and give them CW structure. We just do this for CPn.
An equivalence relation on Cn�1 � t0u is given by x � y if there is a
nonzero complex number λ such that y � λx, for x, y P Cn�1 � t0u. We
set CPn � pCn�1 � t0uq{� . Consider S2n�1 � tpz1, z2, . . . , zn�1q | zi P
C,
° |zi|2 � 1u � Cn�1�t0u. We define an equivalence relation on S2n�1

by x u y if and only if there is a complex number λ with |λ| � 1 such
that y � λx, where x, y P S2n�1. Then CPn � S2n�1{u . We put CW
structure on X � CPn by defining the skeleta Xk inductively such that
(1) X2k � X2k�1 � CPk and (2) X2k � X2k�1 consists of one open
2k-cell, for 0 ¤ k ¤ n. Since CP0 is a single point t�u, set X0 � t�u.
Now assume that CW structure has been defined on X2k�2 � X2k�1

satisfying (1) of Definition 1.5.4. Define a function Φ : E2k Ñ CPk

by Φpxq � xx,a1� |x|2y, for x P E2k. It can be verified that Φ maps
S2k�1 onto CPk�1 and that it is a homeomorphism from E2k � S2k�1 to
CPk � CPk�1. Thus Φ : pE2k, S2k�1q Ñ pCPk,CPk�1q is a characteristic
function, and the skeleta X2k � X2k�1 are defined. For more details, see
[87, p. 67]. This completes the induction and shows that CPn is a CW
complex. Quaternionic projective n-space HPn is treated similarly. It has
one cell in dimensions 0, 4, 8, . . . , 4n and no other cells. The 4k-skeleton
is equal to HPk. Complex and quaternionic projective spaces of infinite
dimensions can also be defined as the union of complex and quaternionic
finite-dimensional projective spaces, respectively, with the weak topology.
We also note for consideration in Chapter 3 that for any k ¥ 1, the attach-
ing functions for complex and quaternionic projective spaces are functions
S2n�1 Ñ CPn and S4n�3 Ñ HPn.

The following lemma is used often.

Lemma 1.5.11 Let Xn be the n-skeleton of a CW complex X with attaching
functions φβ : Sn�1

β Ñ Xn�1, for all β P B, and let f : Xn�1 Ñ Y be any

free map. Then f can be extended to a free map rf : Xn Ñ Y ðñ f φβ �free

cβ : Sn�1
β Ñ Y, for all β P B, where cβ is a constant function.

Proof. If rf is an extension of f and iβ : Sn�1
β Ñ Enβ and j : Xn�1 Ñ Xn are

inclusions, then
f φβ � rfjφβ � rfΦβ iβ �free cβ ,

for some constant function cβ , because the identity function of Enβ is ho-
motopic to the constant function. Conversely, suppose f φβ �free cβ for all
β P B. Then there is a free map Fβ : Enβ Ñ Y such that Fβ iβ � f φβ by

Corollary 1.4.11. If φ :
²
βPB S

n�1
β Ñ Xn�1 is the free map determined by

the φβ , then the Fβ determine a free map F :
²
βPB E

n
β Ñ Y such that

F p²βPB iβq � fφ. It now follows that F and f yield a free map rf : Xn Ñ Y
which is an extension of f. [\



1.5 CW Complexes 25

Definition 1.5.12 Let X be an unbased space and let A be a subspace. We
say that the pair pX,Aq has the homotopy extension property if for every space
Y, every continuous function f0 : X Ñ Y, and free homotopy gt : A Ñ Y
such that g0 � f0|A, there exists a free homotopy ft : X Ñ Y of f0 such that
ft|A � gt.

This notion also exists in the based case. For this we require all spaces,
functions, and homotopies to be based. In the terminology of Chapter 3, the
homotopy extension property for the based pair pX,Aq is just the assertion
that the inclusion map i : AÑ X is a cofibration.

Proposition 1.5.13

1. If X�t0u YA�I is an unbased retract of X�I and A is a closed subspace
of X, then the pair pX,Aq has the homotopy extension property.

2. If the pair pX,Aq has the homotopy extension property, then X�t0u YA�I
is an unbased retract of X � I.

Proof. Let r : X� I Ñ X�t0u Y A� I be a free retraction and assume that
f0 : X Ñ Y and gt : AÑ Y are given such that g0 � f0|A. Since A is closed,
the function f0 and homotopy gt determine a free map H : X�t0u Y A�I Ñ
Y (Appendix A). Then F � Hr : X � I Ñ Y is the desired homotopy of f0.

Next let Y � X � t0u Y A � I and define f0 : X Ñ Y by f0pxq � px, 0q
and gt : A Ñ Y by gtpaq � pa, tq. By hypothesis, there exists a continuous
function F : X � I Ñ Y such that F px, 0q � px, 0q and F pa, tq � pa, tq, for
all x P X, a P A and t P I. Therefore F is a free retraction of X � I onto
X � t0u Y A� I. [\
We next define a subcomplex of a CW complex.

Definition 1.5.14 Let X be a CW complex and A � X. Then A is a sub-
complex of X if A is a union of open cells of X such that if en � A is an
open cell, then ēn � A. Clearly A is then a CW complex. We say that the
pair pX,Aq is a CW pair.

It is not hard to show that A is a closed subspace of X (Exercise 1.22)
and that the CW topology of A coincides with the induced topology of A.

The notion of a CW pair can be generalized.

Definition 1.5.15 A pair of unbased spaces pX,Aq with X Hausdorff and A
a closed subspace of X is called a relative CW complex if there is a sequence
of subspaces of X, called skeleta or relative skeleta,

pX,Aq0 � pX,Aq1 � � � � � pX,Aqn � pX,Aqn�1 � � � �

whose union is X. These subspaces are inductively defined as follows.

1. pX,Aq0 is the union of A and a discrete set of points disjoint from A. We
allow A or the discrete set to be empty. An element of the discrete set is
called a relative vertex or relative 0-cell.
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2. We assume that pX,Aqn�1 has been defined for n ¥ 1 and that there are
free maps φβ : Sn�1

β Ñ pX,Aqn�1 for β P B, where Sn�1
β � Sn�1. The φβ

determine a free map φ :
²
βPB S

n�1
β Ñ pX,Aqn�1. Then pX,Aqn is the

space obtained from pX,Aqn�1 by attaching n-cells, that is,

pX,Aqn � pX,Aqn�1 Yφ
º
βPB

Enβ .

As in Definition 1.5.4, we obtain characteristic functions Φnβ : Enβ Ñ
pX,Aqn, relative n-cells ēnβ � ΦnβpEnβ q and relative open n-cells enβ �
ΦnβpEnβ � Sn�1

β q.
We also require that the topology of X is the weak topology with respect

to the set consisting of A and all the relative n-cells ēnβ . If pX,Aqn � X for
some n, then pX,Aq is called finite-dimensional. The dimension of pX,Aq,
written dimpX,Aq, is the smallest integer n such that pX,Aqn � X.

Remark 1.5.16

1. Some authors write pX,Aq�1 � A (although we do not). We note that for
i ¤ n, pX,Aqi � A could occur.

2. If pX,Aq is a relative CW complex, and we choose a basepoint in A, then
pX,Aq is a based pair of spaces and is called a based, relative CW complex.

3. If pX,Aq is a CW pair, then pX,Aq is a relative CW complex with
pX,Aqn � Xn Y A.

4. Let pX,Aq be a relative CW complex. When A is the empty set, pX,Aq is
just the CW complex X. If pX,Aq is a relative CW complex, then pX 1, Aq
is called a subrelative CW complex if (1) X 1 � X, (2) X 1 is a union of
A and relative open cells of X, and (3) if ek is a relative open cell of X
contained in X 1, then ēk is contained in X 1. Clearly pX 1, Aq is a relative
CW complex.

5. Many of the results for ordinary CW complexes easily carry over to relative
CW complexes. For example, if pX,Aq is a relative CW complex, then it
follows that a function f : X Ñ Y is continuous if and only if f |pX,Aqn is
continuous for all n. In addition, F : X � I Ñ Y is continuous if and only
if F |pX,Aqn � I : pX,Aqn � I Ñ Y is continuous for every n.

Proposition 1.5.17 If pX,Aq is a relative CW complex, then pX,Aq has
the homotopy extension property. If pX,Aq is a based, relative CW complex,
then pX,Aq has the based homotopy extension property.

Proof. For the first assertion, it suffices to prove that there is a free retraction
r : X � I Ñ X � t0u Y A � I by Proposition 1.5.13. We inductively define
free retractions rn : X � t0u Y pX,Aqn � I Ñ X � t0u Y A � I such that
rn|X � t0u Y pX,Aqn�1 � I � rn�1. For n � 0, define r0 as the identity on
X � t0u Y A � I and by r0px, tq � px, 0q, where x is a relative vertex and
t P I. Now assume that rn�1 has been defined and let ēnβ be a relative cell in
pX,Aqn, β P B, with characteristic function
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Φβ : pEn, Sn�1q Ñ pēnβ , Benβq � pX, pX,Aqn�1q.

Consider the function

En � I // X � t0u YA� I

which is the composition of

En � I
s // En � t0u Y Sn�1 � I

Φβ�id // X � t0u Y pX,Aqn�1 � I

with

X � t0u Y pX,Aqn�1 � I
rn�1 // X � t0u YA� I,

where s is the free retraction of Example 1.4.2(3). This function induces
tnβ : ēnβ�I Ñ X�t0u Y A�I. Thus the tnβ , for β P B, define a free retraction

X � t0u Y pX,Aqn � I
rn // X � t0u Y A� I

which extends rn�1. It follows that the rn can be extended to a continuous
function r : X � I Ñ X � t0u Y A� I, and so r is a free retraction.

For the second assertion of the proposition note that the free retraction
r : X � I Ñ X �t0u Y A� I defined above satisfies rp�, tq � p�, tq, for t P I.
It now follows as in the proof of Proposition 1.5.13 that pX,Aq has the based
homotopy extension property. [\
Proposition 1.5.18 Let the pair pX,Aq have the based homotopy extension
property. If A is contractible, then the quotient map q : X Ñ X{A is a
homotopy equivalence.

Proof. By hypothesis, there is a homotopy gt : A Ñ A such that g0 � idA
and g1 � �. If i : A Ñ X is the inclusion, then i gt : A Ñ X is a homotopy
and i g0 � idX i

A

i

��

igt

''NNNNNNNNNNNNN

X
idX // X.

By the based homotopy extension property, there is a homotopy ft : X Ñ X
with f0 � idX and ft i � i gt. Therefore f1 i � i g1 � �, and so f1 induces
f 11 : X{AÑ X such that

f 11q � f1 � f0 � idX ,

where q : X Ñ X{A is the projection. Next we show qf 11 � idX{A. Since
ft i � i gt, the homotopy ft induces a homotopy ht : X{AÑ X{A such that
qft � htq. Then h0q � qf0 � q, so h0 � idX{A. Also h1q � qf1 � qf 11q, and
so h1 � qf 11. Therefore
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qf 11 � h1 � h0 � idX{A.

Thus f 11 is a homotopy inverse of q, and the proof is complete. [\
From Proposition 1.5.17 we obtain the following corollary.

Corollary 1.5.19 If pX,Aq is a based, relative CW complex and A is con-
tractible, then q : X Ñ X{A is a homotopy equivalence.

This corollary is useful in determining if two CW complexes have the same
(based) homotopy type.

We next remark on the quotient of a relative complex.

Remark 1.5.20 If pX,Aq is a relative CW complex, then the space X{A
is a based CW complex. The cells of X{A are those of X � A projected
onto X{A and one additional vertex (the basepoint) to take the place of A.
We apply this to an arbitrary wedge. For every β P B, let Xβ be a CW
complex with basepoint �β . Then by Definition 1.5.1 the wedge

�
βPB Xβ is

the quotient space p²βPB Xβq{A, where A � t�β | β P Bu is the subspace of
all basepoints. Since X �²βPB Xβ is a CW complex and A is a subcomplex,�
βPB Xβ � X{A is a based CW complex.

Definition 1.5.21 If X and Y are CW complexes and g : X Ñ Y is a free
map, then g is a cellular function if g carries the n-skeleton of X into the
n-skeleton of Y, that is, gpXnq � Y n, for all n. For relative CW complexes
pX,Aq and pY,Bq, a continuous function g : pX,Aq Ñ pY,Bq of pairs is
cellular if gppX,Aqnq � pY,Bqn, for all n.

The following theorem is one version of the cellular approximation theorem.

Theorem 1.5.22 Let pX,Aq and pY,Bq be relative CW complexes and let f :
pX,Aq Ñ pY,Bq be a continuous function. Then there is a cellular function
g : pX,Aq Ñ pY,Bq such that f �free g : pX,Aq Ñ pY,Bq rel A. This result
also holds for based complexes and maps.

We give a sketch of the proof in Remark 4.5.8. The theorem has the following
corollary.

Corollary 1.5.23 If X and Y are CW complexes and f : X Ñ Y is a free
map, then f is homotopic to a cellular function. If A is a subcomplex of X
and f |A is cellular, then the homotopy can be chosen to be stationary on A.
This result also holds for based complexes and maps.

It is interesting to compare this corollary to the simplicial approximation
theorem ([87, pp. 76–77] or [39, pp. 177–179]).

Theorem 1.5.22 has many consequences. We give one next.

Proposition 1.5.24 Let X be a based CW complex and let pY,Bq be a based,
relative CW complex. If i : pY,Bqn Ñ Y is the inclusion map, then the
induced function i� : rX, pY,Bqns Ñ rX,Y s is injective if dimX   n and
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surjective if dimX ¤ n. In particular, if X and Y are based CW complexes,
then the function i� : rX,Y ns Ñ rX,Y s induced by the inclusion map is
injective if dimX   n and surjective if dimX ¤ n.

Proof. If f : X Ñ Y is a map, then f � g : pX, t�uq Ñ pY,Bq by the cellular
approximation theorem 1.5.22, where g : pX, t�uq Ñ pY,Bq is a cellular map.
If dimX ¤ n, then gpXq � pY,Bqn, and so g � ig1 for some map g1 : X Ñ
pY,Bqn. Therefore in rX,Y s, rf s � rgs � i�rg1s, and so i� is surjective.

Suppose next that f, g : X Ñ pY,Bqn and if �F ig : X Ñ Y. Since pX �
I,X �BI Yt�u� Iq is a relative CW complex, by the cellular approximation
theorem 1.5.22, there exists a continuous function G : X � I Ñ Y such that
F � G rel pX�BIYt�u�Iq and G is cellular. If dimX   n, then GpX�Iq �
pY,Bqn. Therefore G determines a homotopy G1 : X� I Ñ pY,Bqn such that
f �G1 g, and so i� is injective. [\

1.6 Why Study Homotopy Theory?

Homotopy theory is based on the concept of homotopy of maps. The following
is a list of some of the reasons for studying this notion.


 Homotopy is a geometrically intuitive relation. It is natural to consider
two subspaces A and B of a larger space Y and ask if A can be continuously
deformed into B within Y. As we have seen in Section 1.3 this occurs when
f � g, A � fpXq, and B � gpXq. A special case appears in the study of the
fundamental group when f, g : I Ñ Y are two paths with the same initial
point and the same terminal point. Then one wants to know if the path f can
be deformed into the path g with end points fixed, that is, if f � g relt0, 1u.

 The set of homotopy classes rX,Y s can be thought of as an approxima-

tion to the set of all maps of X into Y. The latter set is sometimes extremely
large and unwieldy. This is often not the case for the homotopy set.


 We show that the notion of homotopy is related to the question of ex-
tending a continuous, unbased function. Let X be an unbased space with
subspace A � X and let g : A Ñ Y be a function. If there exists a contin-
uous, unbased function f : X Ñ Y such that f |A � g, then f is called an
extension of g and g is said to be extendible to X. This gives a diagram

A
g //

i

��

Y,

X

f

88qqqqqqq

where i is the inclusion function and f is an extension (which may or may not
exist). If we put mild restrictions on A and X, such as requiring that the pair
pX,Aq be a relative CW complex, then the following result holds. If g � g1 :
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AÑ Y and g is extendible toX, then g1 is extendible toX. This is because the
relative CW complex pX,Aq has the homotopy extension property (Definition
1.5.12) by Proposition 1.5.17. Thus the extendibility or nonextendibility of a
function is a property of the homotopy class of the function. More generally,
this result holds whenever i is a cofiber map (Chapter 3). There is another
relationship between homotopy and extendibility. Two functions f, g : X Ñ
Y are homotopic if and only if the function F 1 : X � BI Ñ Y defined by
F 1px, 0q � fpxq and F 1px, 1q � gpxq, for all x P X is extendible to X � I.
A notion analogous to extendibility (in fact, dual to it) is that of lifting a
function. Let p : E Ñ B and g : X Ñ B be functions. If there exists a
function f : X Ñ E such that pf � g, then f is called a lift or lifting of g
and g is said to be liftable to E,

E

p

��
X

f

77ppppppp g // B.

With certain restrictions on the function p : E Ñ B (namely, that it is a fiber
map; see Chapter 2), we have that if g � g1 : X Ñ B and g is liftable, then
so is g1. The previous discussion has been made in the unbased case and we
note that it holds as well for based spaces, maps, and homotopies. In Chapter
9 we give a detailed and systematic treatment of extensions and liftings.


 Many of the invariants of algebraic topology for maps depend only on
the homotopy class of the map. For example, homotopic maps induce the
same homomorphism of homology groups (or cohomology groups). This is in
fact one of the Eilenberg-Steenrod axioms for homology [32, pp. 10–12]. It is
because of this that other invariants such as the degree of a map Sn Ñ Sn

(see Definition 2.4.14) or the Lefschetz number of a map X Ñ X [39, p. 179]
are invariants of the homotopy class of the map.


 We show in Section 2.3, that the homotopy set rX,Y s has natural alge-
braic structure in certain cases. For example, if X � Sn, an n-sphere, and
Y is any space, we obtain the homotopy groups πnpY q (Definition 2.4.1). If
X is any space and Y is an Eilenberg–Mac Lane space, we obtain the homo-
topical cohomology groups of X with coefficients in G (see 2.5.10). If X is
a CW complex, then these groups are naturally isomorphic to the singular
cohomology groups of X (2.5.11) with coefficients in G. Other spaces Y give
rise to various topological K-theory groups of X. The algebraic structure on
the set rX,Y s makes it more interesting.


 Sometimes a continuous function between spaces that have additional
structure is homotopic to a function which preserves that structure. The
following two examples illustrate this. (1) If f : X Ñ Y is a continuous
function, where X and Y are CW complexes, then f is homotopic to a cellular
function as was stated in the cellular approximation theorem 1.5.22. (2) If
f : M Ñ N is a continuous function of differentiable manifolds, then f



Exercises 31

is homotopic to a differentiable function [14, Chap. II, Cor. 11.9]. Thus in
these cases every homotopy class contains a “structure-preserving” function.
Results of this sort enable one to apply the techniques of areas such as cellular
topology or differential topology to the study of homotopy classes of maps.


 Homotopy and its analogues appear in other parts of algebraic topology
and even other parts of mathematics. We give just a small sample of this.

1. Consider the set of n-dimensional real vector bundles over X and introduce
the relation of vector bundle equivalence. If VectnpXq denotes the set of
equivalence classes, then there is a space BOpnq (the classifying space of
the orthogonal group Opnq) such that there is a natural bijection between
VectnpXq and rX,BOpnqs (Remark 3.4.17 and [12, Thm. 23.12]). Thus a
study of the set VectnpXq is equivalent to a study of the homotopy set
rX,BOpnqs. Similar results hold for real oriented vector bundles, complex
vector bundles, and even more general bundles.

2. Let Nn denote the Z2-vector space of nonoriented cobordism classes of
smooth, closed n-manifolds. Then there is the Thom space TO(q) with
the property that Nn � πn�q(TO(q)) � rSn�q,TO(q)] for q sufficiently
large [66, pp. 216–221]. This reduces the study of cobordism to a study
of certain homotopy groups. Similar results hold for oriented cobordism,
unitary cobordism, and so on. (see [87, Chap. 12]).

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

1.1. p:q LetX and Y be unbased spaces and assume that Y is path-connected.
Let y0, y1 P Y and define constant functions c0, c1 : X Ñ Y by c0pxq � y0

and c1pxq � y1, for all x P X. Prove that c0 �free c1.

1.2. State in what sense homotopy rel A is compatible with composition.
Prove your assertion.

1.3. Prove that if f, g : X Ñ Sn are two maps such that fpxq � �gpxq for
all x P X, then f � g.

1.4. Prove without using the cellular approximation theorem that Sn�1 is
contractible in Sn.

1.5. p:q Let B � A � X. If r : A Ñ B and s : X Ñ A are deformation
retractions, then prove that rs : X Ñ B is a deformation retraction. If r and
s are strong deformation retractions, then so is rs.

1.6. Show that Sn�1 � Sn � tN,Su is a strong deformation retract, where
N is the North Pole p0, 0, . . . , 1q and S is the South Pole p0, 0, . . . ,�1q.
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1.7. Let V be a vector subspace of the vector space Rn. Show that V is a
strong deformation retract of the topological space Rn.

1.8. Prove that the central circle t0u � S1 of the solid torus E2 � S1 is a
strong deformation retract. Generalize this result.

1.9. Write the homotopy for the deformation retraction in Example 1.4.2(3).

1.10. p�q Prove that if A is a retract of a Hausdorff space X, then A is closed.

1.11. p:q Prove that if f : X Ñ Y has a right homotopy inverse and a left
homotopy inverse, then f is a homotopy equivalence.

1.12. Suppose f � g : X Ñ Y. Prove: (1) Cf � Cg : CX Ñ CY ; (2)
Ef � Eg : EX Ñ EY.

1.13. 1. Let X be a space and let l, l1, and l2 be paths in X such that lp1q �
l1p0q and l1p1q � l2p0q. Prove that l�pl1�l2q � pl�l1q�l2 : I Ñ X rel t0, 1u.

2. If l is a path in X, c0 is the constant path at lp0q, and c1 is the constant
path at lp1q, then prove that c0 � l � l : I Ñ X rel t0, 1u and l � c1 � l :
I Ñ X rel t0, 1u.

3. Prove that l � l̄ � c0 : I Ñ X rel t0, 1u and l̄ � l � c1 : I Ñ X rel t0, 1u,
where l̄ptq � lp1� tq.

1.14. Let X be a triangle contained in R2 (with the induced topology) having
its base [0,1] of the x-axis. The interior of the triangle is an open 2-cell and the
0-cells consist of the vertices of the triangle and all points on the base with
x-coordinate 1{n for n � 2, 3, ..... The 1-cells consist of the edges between
adjacent 0-cells. Is X a CW complex?

1.15. Let C be the comb space (Example 1.4.5) with topology induced by R2.
Show that C satisfies all the requirements for being a CW complex except
the weak topology condition.

1.16. p:q Let X be a CW complex, let Φ : En Ñ Xn be a characteristic
function and let en � ΦpEn�Sn�1q. Prove that the closure of ΦpEn�Sn�1q
equals ΦpEnq and the boundary of ΦpEn � Sn�1q equals ΦpSn�1q.
1.17. p�q Let EpXq be the group of homotopy classes of homotopy equiva-
lences of X with itself and let G be any finite group. Show that there exists
a finite CW complex X such that G � EpXq as a subgroup.

1.18. Let pX,Aq have the based homotopy extension property and assume
that the inclusion i : A Ñ X is a homotopy retract. Then prove that A is a
retract of X.

1.19. p�q p:q Show that Φ1 is a homotopy inverse to Φ in Lemma 1.5.3.



Exercises 33

1.20. Let X be an n-dimensional based CW complex consisting of an n-cell
en attached to the pn�1q-skeleton with characteristic map Φ : pEn, Sn�1q Ñ
pX,Xn�1q and let x0 � Φp0q. Show that Xn�1 � X � tx0u is a strong
deformation retract. Generalize this to an arbitrary based n-dimensional CW
complex.

1.21. Show condition (2) of Definition 1.5.4 holds if X is a space that satisfies
condition (1) of Definition 1.5.4 and Xn � X for some n.

1.22. Let K be a CW complex, not necessarily path-connected.

1. Prove that if L is a subcomplex of K, then L is a closed subset of K.

2. Prove that the path components of K are subcomplexes of K.

3. Show that K is path-connected if and only if K is connected.

1.23. p�q p:q Prove that RPn is Hausdorff.

1.24. p�q Prove that if X is a CW complex and C is a compact subset, then
C is contained in a finite subcomplex. Consequently, C � Xn, for some n.

1.25. Let S2 be the 2-sphere and let A � S2 consist of n distinct points.
Prove that S2{A has the homotopy type of S2 _B, where B is the wedge of
n� 1 circles S1.

1.26. p�q Show that S1 � S1{ � �S1 � S2 _ S1.

1.27. p�q Let X be a based CW complex that is the union K Y L of two
subcomplexes K and L with the basepoint in K XL. Prove that if K,L, and
K X L are contractible, then X is contractible.

1.28. Consider Sn � Rn�1 and En � Rn � Rn�1 and let X � Sn Y En.
Prove that X � Sn_Sn. Note that if n � 1, then X is the θ-curve (Example
1.4.13).

1.29. Prove that every map f : Si Ñ Sn is homotopic to the constant map
if i   n.

1.30. Prove or disprove by example the following assertion. If pX,Aq is a
relative CW complex and A is a CW complex, then X is a CW complex.

1.31. p:q Prove that if pK,Lq is a relative CW complex and C � K is a
compact space, then C � pK,Lqk, for some k.





Chapter 2

H-Spaces and Co-H-Spaces

2.1 Introduction

NOTATION AND STANDING ASSUMPTIONS


 From this chapter on, most of the spaces that we consider will be based
and path-connected and have the based homotopy type of based CW complexes.
Some notable exceptions to path-connectedness are the 0-sphere S0 and the
0-skeleton of a CW complex. Unless otherwise stated, all functions under con-
sideration will be continuous and based and all homotopies will preserve the
base point. These restrictions are sometimes asserted explicitly for empha-
sis. We discuss unbased spaces, functions and homotopies from time to time.
However, whenever doing so, we explicitly make note of the fact.

 We take all homology and cohomology to be reduced, so that a space has

trivial zero-dimensional homology and cohomology.

 We adopt the following notation throughout: “�” for homotopy of maps

or same homotopy type of spaces, “�” for homeomorphism of spaces or iso-
morphism of groups and “�” for the relation of equivalence. Furthermore,
if X is a set with an equivalence relation and x P X, then xxy denotes the
equivalence class containing x.

There are reasons for the restrictions on spaces listed above. First of all,
nearly all of the spaces that are of interest to us are of this type. Second,
these assumptions avoid having to add additional hypotheses to several the-
orems since CW complexes satisfy many of these hypotheses. But because of
these assumptions, we must ensure that the constructions that we perform
on spaces of the homotopy type of CW complexes yield spaces of the homo-
topy type of CW complexes. This is so, but the proofs in some instances are
long and difficult. Presenting this material would take us far afield, and so
we describe some proofs and give references for the others.

In this chapter we discuss the important notions of H-space and grouplike
space and of co-H-space and cogroup. A grouplike space is the homotopy
analogue of a group. It is a group object in the homotopy category. An H-
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space is defined in the same way but without the assumption of associativity.
Cogroups and co-H-spaces are the categorical duals of these in the homotopy
category. We show that the set of homotopy classes of maps of any space into a
grouplike space has an induced group structure as does the set of homotopy
classes of maps of a cogroup into any space. We then consider the set of
homotopy classes of maps from a cogroup into a grouplike space and show
that the two group structures agree and are abelian. Loop spaces ΩY are
examples of grouplike spaces and suspensions ΣX are examples of cogroups.
We prove that there is a fundamental isomorphism rΣX,Y s � rX,ΩY s. Since
an n-sphere is a suspension, the set of homotopy classes of maps rSn, Y s is a
group. These are the homotopy groups of Y , denoted πnpY q, and discussed
in Section 2.4 and later in Section 4.5. Of particular interest in this section
is a theorem which we call Whitehead’s First Theorem which asserts that a
map of CW complexes is a homotopy equivalence if and only if it induces an
isomorphism of all homotopy groups. A natural generalization of spheres is
Moore spaces which are spaces with a single nonvanishing homology group.
Dually, Eilenberg–Mac Lane spaces are spaces with a single nonvanishing
homotopy group. The existence and uniqueness up to homotopy type of these
spaces are discussed. Homotopy groups with coefficients are then defined by
using Moore spaces and (homotopical) cohomology groups with coefficients
by using Eilenberg–Mac Lane spaces. The chapter ends with a discussion of
Eckmann–Hilton duality.

2.2 H-Spaces and Co-H-Spaces

Before discussing H-spaces and co-H-spaces, we introduce some terminology
that appears in the rest of the book. We assume that the reader is familiar
with the concept of a commutative diagram of groups and homomorphisms
and of spaces and maps. In commutative diagrams there is the initial point
(a group or space), a terminal point (a group or space), and two compositions
of homomorphisms or maps from the initial point to the terminal point. In
the case of abelian groups, if one of the compositions is the negative of the
other, then we say that the diagram anticommutes or is an anticommutative
diagram. In the case of spaces, if the two compositions are homotopic, then
we say that the diagram homotopy-commutes, commutes up to homotopy, or
is a homotopy-commutative diagram.

Now we turn to the notions of a grouplike space and an H-space. Let Y
be a space and recall that j1 : Y Ñ Y � Y and j2 : Y Ñ Y � Y are defined
by j1pyq � py, �q and j2pyq � p�, yq for all y P Y.
Definition 2.2.1 A grouplike space consists of a space Y and two maps
m : Y � Y Ñ Y and i : Y Ñ Y such that

1. mj1 � id � mj2 : Y Ñ Y,
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Y
j1 //

id
''OOOOOOOOOOOOOO Y � Y

m

��

and Y
j2 //

id
''OOOOOOOOOOOOOO Y � Y

m

��
Y Y.

2. mpm� idq � mpid�mq : Y � Y � Y Ñ Y,

Y � Y � Y
m�id //

id�m

��

Y � Y

m

��
Y � Y

m // Y.

3. mpid, iq � � � mpi, idq : Y Ñ Y,

Y
pid,iq //

�
''OOOOOOOOOOOOOO Y � Y

m

��

and Y
pi,idq //

�
''OOOOOOOOOOOOOO Y � Y

m

��
Y Y,

where pid, iq, pi, idq : Y Ñ Y � Y are defined by pid, iqpyq � py, ipyqq and
pi, idqpyq � pipyq, yq, for y P Y.
A grouplike space is sometimes referred to as an H-group. The map m is

called a multiplication and i is called a homotopy inverse. If only (1) holds,
then Y (or more properly, the pair pY,mq) is called an H-space. A space that
is an H-space and a CW complex is called an H-complex and a grouplike
space that is a CW complex is called a grouplike complex. We sometimes do
not explicitly mention the multiplication or homotopy inverse and refer to a
space Y as an H-space or grouplike space. Condition (2) is called homotopy-
associativity. A homotopy-associative H-space is one in which (1) and (2)
hold. In terms of the addition of maps defined below, condition (3) asserts
that id� i � � � i � id. Therefore ris is the homotopy inverse of rids in the
group rY, Y s. From this we obtain the inverse of any α � rf s P rX,Y s defined
as i�pαq � rif s. We show in Proposition 8.4.4 that a homotopy-associative
H-complex always has a homotopy inverse, and so is a grouplike complex.
The H-space pY,mq is homotopy-commutative if mt � m : Y � Y Ñ Y where
t : Y � Y Ñ Y � Y is defined by tpy, y1q � py1, yq, for y, y1 P Y.
Definition 2.2.2 Let pY,mq and pY 1,m1q be H-spaces and h : Y Ñ Y 1 a
map. We call h an H-map if the following diagram is homotopy-commutative,

Y � Y
h�h //

m

��

Y 1 � Y 1

m1

��
Y

h // Y 1.
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This is written h : pY,mq Ñ pY 1,m1q.
The space Y is a topological group if pY,m, iq is a grouplike space such

that equality holds instead of homotopy in all parts of Definition 2.2.1. In
this case, it is customary to write mpy, y1q as yy1 and ipyq as y�1. A grouplike
space is thus the analogue of a group in homotopy theory. Similarly an H-map
is the analogue of a homomorphism of groups. We give a class of examples
in Section 2.3 of spaces that are grouplike, but not topological groups. For
now we note that the spheres S1, S3, and S7 are all H-spaces. The first two
are in fact topological groups. Multiplication of complex numbers induces a
multiplication on S1 which makes it into a topological group and quaternionic
multiplication does the same for S3. The sphere S7 inherits its multiplication
from the multiplication of octonions or Cayley numbers [49, pp. 448–449]. But
the latter is not associative, and so S7 is an H-space that is not a topological
group. It has been proved [51] that this multiplication on S7 is not homotopy-
associative, so S7 is not a grouplike space. The question of whether any other
spheres have the structure of an H-space is a difficult one. A negative answer
has been given by the work of several people with the major result due to
Adams [1].

If pY,mq is an H-space and X is any space, then the set rX,Y s can be
given an additively written binary operation which is defined as follows. Let
f, g : X Ñ Y and define f � g � mpf � gq∆ � mpf, gq

X
∆ //X �X

f�g //Y � Y
m //Y,

where ∆ is the diagonal map. Then if α � rfs and β � rgs P rX,Y s, we set
α � β � rf � gs. This is a well-defined binary operation on the set rX,Y s.
We make some simple remarks about this operation.

• By (1), f�� � mpf��q∆ � mj1f � f. Therefore α�0 � α, and similarly
0 � α � α, where 0 is the homotopy class of the constant map. Thus for
an H-space pY,mq, the element 0 P rX,Y s is a two-sided identity for the
binary operation.

• If (3) holds, then, as mentioned earlier, i�pαq is the inverse of α in rX,Y s.
• Clearly m � p1� p2 : X �X Ñ X, where p1, p2 : X �X Ñ X are the two

projections, since mpp1 � p2q∆ � m.
• We obtain the category of H-spaces denoted H consisting of H-spaces and

homotopy classes of H-maps and the category of grouplike spaces denoted
HG consisting of grouplike spaces and homotopy classes of H-maps (see
Appendix F).

We recall some categorical language and notation (Appendix F). Let
HoTop� be the based homotopy category (consisting of spaces and homo-
topy classes of maps), let Gr be the category of groups, and let Sets� be
the category of based sets. Furthermore, let B� be the category of based sets
with a binary operation for which the basepoint is a two-sided identity and
the morphisms are based functions preserving the binary operation (called
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homomorphisms). In addition, AB� is the full subcategory of B� consisting
of based sets for which the binary operation is commutative. Then there are
forgetful functors B� Ñ Sets� and Gr Ñ B� (see Appendix F).

Now let Y be a fixed space and define a contravariant functor FY :
HoTop� Ñ Sets� by FY pXq � rX,Y s and FY pfq � f� : rX 1, Y s Ñ rX,Y s,
where f : X Ñ X 1. To say that FY : HoTop� Ñ Sets� factors through
B� means that for every space X, the set rX,Y s is a based set having a
binary operation with the homotopy class of the constant map a two-sided
identity and that f� : rX 1, Y s Ñ rX,Y s is a homomorphism for every map
f : X Ñ X 1. Similarly FY : HoTop� Ñ Sets� factors through Gr means that
rX,Y s is a group for every X with unit the homotopy class of the constant
map and that f� : rX 1, Y s Ñ rX,Y s is a homomorphism.

Proposition 2.2.3

1. Y is an H-space if and only if FY : HoTop� Ñ Sets� factors through B�.
2. Y is a homotopy-commutative H-space if and only if FY : HoTop� Ñ

Sets� factors through AB�.
3. Y is a grouplike space if and only if FY : HoTop� Ñ Sets� factors through

Gr.

Proof. (1) Let pY,mq be an H-space. We have already noted that rX,Y s is a
set with binary operation for which 0 is a two-sided identity. If f : X Ñ X 1

is a map and ras, rbs P rX 1, Y s, then

pa� bqf � mpa� bq∆X1f � mpaf � bfq∆X � af � bf,

and so f�pras � rbsq � f�ras � f�rbs. Thus FY : HoTop� Ñ Sets� factors
through B�. Conversely, suppose rX,Y s is an object of B� for every X with
the property that f� : rX 1, Y s Ñ rX,Y s is a homomorphism for every map
f : X Ñ X 1. Let the binary operation be denoted by � and let r�s be the
two-sided identity, where � is the constant map. Now define m : Y � Y Ñ Y
by rms � rp1s � rp2s P rY � Y, Y s, where p1 and p2 are the two projections of
Y � Y onto Y. Then, if j1, j2 : Y Ñ Y � Y are the two inclusions,

j�1 rms � rp1j1s � rp2j1s � ridY s � r�s � ridY s,

and so mj1 � idY . Similarly, mj2 � idY . Therefore pY,mq is an H-space.

(2) If pY,mq is homotopy-commutative and ras, rbs P rX,Y s, then

a� b � mpa� bq∆ � mtpa� bq∆ � mpb� aq∆ � b� a,

where t : Y �Y Ñ Y �Y interchanges coordinates, and so rX,Y s is commu-
tative. Conversely, suppose rX,Y s is commutative for all X. Let the multi-
plication m on Y be as defined in (1). Then

rmts � t�rms � t�prp1s�rp2sq � rp1ts�rp2ts � rp2s�rp1s � rp1s�rp2s � rms,
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and so m is homotopy-commutative.

(3) We omit the proof which is like (1) and (2) but we record the following
for later use. If FY factors through Gr, then the multiplication m and the
homotopy inverse i are defined by

rms � rp1s � rp2s and ris � �ridY s. [\

We next introduce a definition and corollary of Proposition 2.2.3.

Definition 2.2.4 A contravariant binary operation induced by Y is a binary
operation on rX,Y s for every space X such that 0 P rX,Y s is a two-sided
identity and for every f : X Ñ X 1, the function f� : rX 1, Y s Ñ rX,Y s is a
homomorphism. A contravariant group operation induced by Y is similarly
defined.

Then we have the following immediate consequence of Proposition 2.2.3.

Corollary 2.2.5 1. There is a one–one correspondence between the set of
homotopy classes of multiplications of Y and the set of contravariant bi-
nary operations induced by Y.

2. There is a one–one correspondence between the set of homotopy classes of
grouplike multiplications of Y and the set of contravariant group operations
induced by Y.

The following result is frequently used.

Proposition 2.2.6 If pY,mq and pY 1,m1q are H-spaces and h : pY,mq Ñ
pY 1,m1q an H-map, then h� : rX,Y s Ñ rX,Y 1s is a homomorphism of based
sets with a binary operation. In particular, if Y and Y 1 are grouplike spaces,
then h� : rX,Y s Ñ rX,Y 1s is a group homomorphism.

Proof. Let ras, rbs P rX,Y s; then

hpa� bq � hmpa� bq∆ � m1ph� hqpa� bq∆ � ha� hb.

Therefore h� is a homomorphism. [\
To obtain the notion which is dual to that of a grouplike space, we reverse

the arrows and replace the product with the wedge in Definition 2.2.1. As
noted in Section 1.2, we regard X _ X � X � X so that every element of
X_X is of the form px, �q or p�, x1q, for x, x1 P X. Recall that q1 � p1|X _X :
X _X Ñ X and q2 � p2|X _X : X _X Ñ X, where p1, p2 : X �X Ñ X
are the projections.

Definition 2.2.7 A cogroup consists of a space X and two maps c : X Ñ
X _X and j : X Ñ X such that

1. q1c � id � q2c : X Ñ X.
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2. pc_ idqc � pid_ cqc : X Ñ X _X _X

X
c //

c

��

X _X

c_id

��
X _X

id_c // X _X _X.

3. tid, juc � � � tj, iduc : X Ñ X, where tid, ju : X _ X Ñ X is defined
by tid, jupx, �q � x and tid, jup�, xq � jpxq, for all x P X, and tj, idu is
similarly defined.

A cogroup is also called a co-H-group, an H-cogroup, or a cogrouplike space.
The map c is the comultiplication and j the homotopy inverse. If only (1)
holds, then pX, cq or X is called a co-H-space. A co-H-space which is a
CW complex is called a co-H-complex. Condition (2) is called homotopy-
associativity (sometimes homotopy-coassociativity). We show in Proposition
8.4.4 that every simply connected, homotopy-associative co-H-complex has
a homotopy inverse. The co-H-space X is called homotopy-commutative if
sc � c : X Ñ X_X, where s : X_X Ñ X_X is defined by spx, �q � p�, xq
and sp�, xq � px, �q. We give examples of cogroups in Section 2.3 and show
that all spheres and wedges of spheres of dimension ¥ 1 are cogroups. There
are spaces that are co-H-spaces but not cogroups (see [9]). In addition, a
co-H-space in the topological category (defined by equality of maps instead
of homotopy of maps) is a one point space (see Exercise 2.4).

Definition 2.2.8 Let pX, cq and pX 1, c1q be co-H-spaces and g : X Ñ X 1 a
map. We call g a co-H-map if there is a homotopy-commutative diagram

X
g //

c

��

X 1

c1

��
X _X

g_g // X 1 _X 1.

This is written g : pX, cq Ñ pX 1, c1q.
The set rX,Y s has a binary operation when X is a co-H-space and Y is any

space: let f, g : X Ñ Y and let ∇ : Y _Y Ñ Y be the folding map defined by
∇py, �q � y and ∇p�, yq � y, for y P Y. We define f�g � ∇pf_gqc � tf, guc,

X
c //X _X

f_g //Y _ Y
∇ //Y.

Then for α � rf s and β � rgs P rX,Y s, we set α� β � rf � gs.
As before α � 0 � α � 0� α and c � i1 � i2 : X Ñ X _X, where i1, i2 :

X Ñ X_X are the two injections. In addition, if (3) holds, j�pαq�α � 0 �
α� j�pαq, and so j�pαq is the inverse of α P rX,Y s. We obtain the category
of co-H-spaces CH whose objects are co-H-spaces and whose morphisms are
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homotopy classes of co-H-maps and a full (sub)category of cogroups CG. Now
let X be a fixed space and define a covariant functor KX : HoTop� Ñ Sets�
by KXpY q � rX,Y s and KXpgq � g� : rX,Y s Ñ rX,Y 1s, where g : Y Ñ Y 1.
Then KX : HoTop� Ñ Sets� factors through B� means that for every space
Y, the set rX,Y s is a based set with a binary operation with the homotopy
class of the constant map a two-sided identity and that g� : rX,Y s Ñ rX,Y 1s
is a homomorphism for every map g : Y Ñ Y 1. Similarly KX : HoTop� Ñ
Sets� factors through Gr means that rX,Y s is a group for every Y with unit
the homotopy class of the constant map and that g� : rX,Y s Ñ rX,Y 1s is a
homomorphism.

Proposition 2.2.9

1. X is a co-H-space if and only if KX : HoTop� Ñ Sets� factors through
B�.

2. X is a homotopy-commutative co-H-space if and only if KX : HoTop� Ñ
Sets� factors through AB�.

3. X is a cogroup if and only if KX : HoTop� Ñ Sets� factors through Gr.

4. If pX, cq and pX 1, c1q are co-H-spaces and h : pX 1, c1q Ñ pX, cq is a co-
H-map, then h� : rX,Y s Ñ rX 1, Y s is a homomorphism of based sets
with a binary operation. In particular, if X and X 1 are cogroups, then
h� : rX,Y s Ñ rX,Y 1s is a group homomorphism.

5. If X is a co-H-space and f, g : X Ñ Y, then pf � gq� � f� � g� :
HnpX;Gq Ñ HnpY ;Gq and pf � gq� � f� � g� : HnpY ;Gq Ñ HnpX;Gq,
for all n ¥ 0 and abelian groups G.

Proof. The proofs of (1) – (3) are analogous to the proof of Proposition 2.2.3,
therefore we omit them. We do note, however, that in (3), if KX factors
through Gr, then the comultiplication c and homotopy inverse j are defined
as follows,

c � i1 � i2 and j � �idX ,

where i1 and i2 are the two injections of X Ñ X _ X. The proof of (4) is
parallel to the proof of Proposition 2.2.6, and also omitted. We only prove
(5) for homology. Let µX : HnpX _Xq Ñ HnpXq `HnpXq be the isomor-
phism given by µXpzq � pq1�pzq, q2�pzqq for z P HnpX _ Xq. Consider the
commutative diagram

HnpXq

∆ ''OOOOOOOOOOOO
c� // HnpX _Xq pf_gq� //

µX

��

HnpY _ Y q
µY

��

∇� // HnpY q

HnpXq `HnpXq
f�`g� // HnpY q `HnpY q,

δ

77ooooooooooo

where ∆ is the diagonal and δpu, u1q � u� u1, for u, u1 P HnpY q. Then

pf � gq� � ∇�pf _ gq�c� � δpf� ` g�q∆ � f� � g�,
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and the result follows. [\
Analogous to Definition 2.2.4, we have the following for co-H-spaces.

Definition 2.2.10 A covariant binary operation induced by X is a binary
operation on rX,Y s for every space Y such that 0 P rX,Y s is a two-sided
identity and for every map g : Y Ñ Y 1, the function g� : rX,Y s Ñ rX,Y 1s
is a homomorphism. A covariant group operation induced by X is similarly
defined.

We then have the following immediate consequence of Proposition 2.2.9.

Proposition 2.2.11 1. There is a one–one correspondence between the set
of homotopy classes of comultiplications of X and the set of covariant
binary operations induced by X.

2. There is a one–one correspondence between the set of homotopy classes of
cogroup comultiplications of X and the set of covariant group operations
induced by X.

An interesting situation arises when pX, cq is a co-H-space and pY,mq is an
H-space. Then the comultiplication c and the multiplication m each induce
a binary operation in rX,Y s.
Proposition 2.2.12 If pX, cq is a co-H-space and pY,mq is an H-space, then
the binary operation �c in rX,Y s obtained from c equals the binary operation
�m in rX,Y s obtained from m. In addition, this binary operation is abelian.

Proof. For every α � rfs, β � rgs, γ � rhs, δ � rks P rX,Y s, we prove

pα�m βq �c pγ �m δq � pα�c γq �m pβ �c δq. (2.1)

With ∆ � ∆X and ∇ � ∇Y , the left-hand side of Equation 2.1 is represented
by

∇pmpf � gq∆ _ mph� kq∆qc � m∇Y�Y
�pf � gq _ ph� kq�p∆_∆qc

and the right-hand side of Equation 2.1 is represented by

m
�p∇pf _ hqcq � p∇pg _ kqcq�∆ � mp∇�∇q�pf _ hq � pg _ kq�∆X_X c.

But it is easily checked that

∇Y�Y
�pf � gq _ ph� kq�p∆_∆q � p∇�∇q�pf _ hq � pg _ kq�∆X_X ,

and so Equation 2.1 is established. Now take β � 0 � γ in Equation 2.1,
getting

α �c δ � α�m δ.

This shows that the two binary operations agree. Next set α � 0 � δ in
Equation 2.1, getting



44 2 H-Spaces and Co-H-Spaces

β �c γ � γ �m β.

This shows that the operation is abelian. [\

2.3 Loop Spaces and Suspensions

In this section we study loop spaces which are a class of grouplike spaces and
suspensions which are a class of cogroups.

Definition 2.3.1 For a space B, the loop space ΩB is the subspace of BI

consisting of all paths l in B such that lp0q � � � lp1q. The loop space ΩB
has the subspace topology of the space of paths BI with the compact–open
topology (see Appendix A). The elements of ΩB are called loops in B. If
g : B Ñ B1 is a map, then Ωg : ΩB Ñ ΩB1 is defined by Ωgplq � g l (the
composition of g and l).

Clearly if g � g1 : B Ñ B1, then Ωg � Ωg1 : ΩB Ñ ΩB1. We next define
a map m : ΩB �ΩB Ñ ΩB by

mpl, l1qptq �
"
lp2tq if 0 ¤ t ¤ 1

2
l1p2t� 1q if 1

2 ¤ t ¤ 1,

for l, l1 P ΩB and t P I. We also define i : ΩB Ñ ΩB by iplqptq � lp1� tq, for
l P ΩB and t P I.

The loop mpl, l1q consists of the loop l followed by the loop l1. That is,
mpl, l1q is obtained by traversing the loop l at double speed followed by the
loop l1 also at double speed. The loop iplq is the loop l traversed in the
opposite direction. We note that mpl, l1q is just the sum of paths l � l1 and
iplq is �l, both of which were defined in Remark 1.4.7. We will see that the
map m provides ΩB with grouplike structure.

If B has the homotopy type of a CW complex, then so does ΩB by a
theorem of Milnor [70]. It also follows from Milnor’s result that many of the
path spaces such as BI or EB also have the homotopy type of a CW complex
whenever B does.

Proposition 2.3.2 If B is a space, then ΩB is a grouplike space with mul-
tiplication m and homotopy inverse i. For any map f : B Ñ B1, the map
Ωf : ΩB Ñ ΩB1 is an H-map.

Proof. We must first verify the three conditions in Definition 2.2.1.
(1) We show id � mj1 : ΩB Ñ ΩB by defining a homotopy F : ΩB�I Ñ

ΩB. For l P ΩB and s, t P I, we set

F pl, sqptq �
"
l
�
2t{p2� sq� if 0 ¤ t ¤ 2�s

2� if 2�s
2
¤ t ¤ 1.
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The other homotopy for (1) is similar.

(2) We show mpm� idq � mpid�mq : ΩB�ΩB�ΩB Ñ ΩB by defining
a homotopy G : ΩB � ΩB � ΩB � I Ñ ΩB. For l, l1, l2 P ΩB and s, t P I,
we set

Gpl, l1, l2, sqptq �
$&% l
�
4t{p1� sq� if 0 ¤ t ¤ s�1

4
l1p4t� 1� sq if s�1

4 ¤ t ¤ s�2
4

l2
�p4t� s� 2q{p2� sq� if s�2

4
¤ t ¤ 1.

(3) We show � � mpid, iq : ΩB Ñ ΩB by defining a homotopy H :
ΩB � I Ñ ΩB. For l P ΩB and s P I, we set

Hpl, sqptq �
"
lp2stq if 0 ¤ t ¤ 1

2
lp2sp1� tqq if 1

2 ¤ t ¤ 1.

The other homotopy for (3) is similar.
Finally, m1pΩf � Ωfq � pΩfqm : ΩB � ΩB Ñ ΩB1, where m1 is the

multiplication of ΩB1. Therefore Ωf is an H-map. [\
In the proof of the previous proposition formal definitions of the required

homotopies were given. However, it is helpful in understanding these homo-
topies to visualize them and say what they actually do.

homotopy-unit

s

t

p 1
2
, 1ql �

s
l
�

2t
2�s

	
�

l

homotopy-associativity

s

t

p 1
2
, 1qp 3

4
, 1q

l l1 l2

l l1 l2

p 1
4
, 0qp 1

2
, 0q

ls is path l from lp0q to lpsq

homotopy-inverse

s

t

p 1
2
, 1ql �l

s
ls �ls

� �

p 1
2
, 0q

Figure 2.1

For example, in (3) we see that at time s the homotopy H applied to the
path l is first the path l going from lp0q to lpsq and then is the path l in the
opposite direction going from lpsq to lp0q. Clearly this is the constant path �
when s � 0 and the path mpl, ilq when s � 1. A similar analysis can be made
for the homotopies in (1) and (2).

LetHoTop� denote the homotopy category and letHG denote the category
of grouplike spaces. Then Ω : HoTop� Ñ HG defined by ΩpXq � ΩX and
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Ωrfs � rΩfs is a well-defined functor. Clearly pΩB,mq is a grouplike space
that is not in general a topological group. From Propositions 2.2.3 and 2.3.2 it
follows that for any space B, ΩB induces natural group structure on rX,ΩBs.
In addition, if f : B Ñ B1 is a map, then pΩfq� : rX,ΩBs Ñ rX,ΩB1s is a
homomorphism.

Next we turn to suspensions.

Definition 2.3.3 For any space A, define the suspension ΣA (sometimes
called the reduced suspension) to be the identification space

pA� Iq{pA� t0u Y t�u � I Y A� t1uq.

There is a map c : ΣAÑ ΣA_ΣA defined by

cxa, ty �
" pxa, 2ty, �q if 0 ¤ t ¤ 1

2
p�, xa, 2t� 1yq if 1

2 ¤ t ¤ 1,

where a P A, t P I, and � denotes the basepoint of ΣA. We also define
j : ΣAÑ ΣA by jxa, ty � xa, 1� ty. If f : AÑ A1, then Σf : ΣAÑ ΣA1 is
given by Σfxa, ty � xfpaq, ty.

� A

A

�

A

ΣA ΣA_ΣA

c

Figure 2.2

Clearly if f � f 1 : AÑ A1, then Σf � Σf 1 : ΣAÑ ΣA1.
There is another way to view the suspension. Let C0X and C1X be the two

cones on X (see Section 1.4). Then i0 : X Ñ C1X is defined by i0pxq � xx, 0y
and i1 : X Ñ C0X is defined by i1pxq � xx, 1y. Then the suspension ΣX is
homeomorphic to the identification space C0X_C1X{�, where i1pxq � i0pxq,
for every x P X.
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Proposition 2.3.4 For any space A, the space ΣA is a cogroup with co-
multiplication c and homotopy inverse j. For any f : A Ñ A1, the map
Σf : ΣAÑ ΣA1 is a co-H-map.

The proof of this is completely analogous to that of Proposition 2.3.2 and is
left as an exercise. However, after we give the proof of Proposition 2.3.5 we
show how a proof can be derived from Proposition 2.3.2.

If CG denotes the category of cogroups, it follows from Proposition 2.3.4,
that Σ : HoTop� Ñ CG is a functor defined by ΣpAq � ΣA and Σpfq � Σf.
By Proposition 2.2.9, for every space A, the set rΣA, Y s has group structure
for every space Y such that a map g : Y Ñ Y 1 induces a homomorphism g� :
rΣA, Y s Ñ rΣA, Y 1s. Moreover, a map h : A1 Ñ A induces a homomorphism
pΣhq� : rΣA, Y s Ñ rΣA1, Y s.

We have seen that if A and B are any two spaces, both rΣA,Bs and
rA,ΩBs are groups. If f : ΣAÑ B is a map, we define κpfq : AÑ ΩB by

κpfqpaqptq � fxa, ty,

for a P A and t P I.

xa, 1
2
y A

B

κpfqpaq

Ð
Ý
Ý
Ý

�

fxa, 1
2
y

ΣA

B

f

Figure 2.3

Clearly κpfq is well-defined and continuous (Appendix A). Furthermore, if
ft is a homotopy between f : ΣA Ñ B and f 1 : ΣA Ñ B, then κpftq is a
homotopy between κpfq : A Ñ ΩB and κpf 1q : A Ñ ΩB. Thus κ induces
κ� : rΣA,Bs Ñ rA,ΩBs. Similarly, if g : AÑ ΩB, we define κpgq : ΣAÑ B
by κpgqxa, ty � gpaqptq, for a P A and t P I. Then κ induces κ� : rA,ΩBs Ñ
rΣA,Bs. Now

κpκpgqqpaqptq � pκpgqqxa, ty � gpaqptq,
and so κκ � id. In a like manner, κκ � id. Thus κ� : rΣA,Bs Ñ rA,ΩBs is
a bijection with inverse κ� : rA,ΩBs Ñ rΣA,Bs. In addition, if h : A1 Ñ A
and k : B Ñ B1 are maps, then
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κpfqh � κpfΣhq and pΩkqκpfq � κpkfq,

for every f : ΣAÑ B. Thus

h�κ� � κ� pΣhq� and pΩkq� κ� � κ� k�.

Proposition 2.3.5 For any spaces A and B, the bijection κ� : rΣA,Bs Ñ
rA,ΩBs is an isomorphism of groups.

Proof. Let f, g : ΣAÑ B and consider κpf � gq � κp∇pf _ gqcq : AÑ ΩB.
Then for a P A and t P I,

pκp∇pf _ gqcqpaqqptq � ∇pf _ gqcxa, ty
�
"
∇pf _ gqpxa, 2ty, �q if 0 ¤ t ¤ 1

2
∇pf _ gqp�, xa, 2t� 1yq if 1

2 ¤ t ¤ 1

�
"
fxa, 2ty if 0 ¤ t ¤ 1

2
gxa, 2t� 1y if 1

2 ¤ t ¤ 1.

On the other hand, κpfq � κpgq � mpκpfq � κpgqq∆ : AÑ ΩB. Then

pmpκpfq � κpgqq∆paqqptq � mpκpfqpaq, κpgqpaqqptq
�
" pκpfqpaqqp2tq if 0 ¤ t ¤ 1

2pκpgqpaqqp2t� 1q if 1
2
¤ t ¤ 1

�
"
fxa, 2ty if 0 ¤ t ¤ 1

2
gxa, 2t� 1y if 1

2
¤ t ¤ 1.

Thus κpf � gq � κpfq � κpgq, and the result follows. [\
Definition 2.3.6 The isomorphism κ� in Proposition 2.3.5 or its inverse κ�
is called the adjoint isomorphism. We say that f and κpfq and also α and
κ�pαq are adjoint to each other.

Using the fact that κ� is a bijection and that pΩB,m, iq is grouplike for
all B, we now show that pΣA, c, jq is a cogroup for all A, where c and j are
the maps defined in Definition 2.3.3. We have that rA,ΩBs is a group, with
binary operation denoted +, and so κ� : rΣA,Bs Ñ rA,ΩBs induces group
structure with two-sided identity r�s on rΣA,Bs, for all B. We denote this
binary operation in rΣA,Bs by�1. Because any map k : B Ñ B1 induces a ho-
momorphism pΩkq� : rA,ΩBs Ñ rA,ΩB1s, it follows from pΩkq� κ� � κ� k�
that k� : rΣA,Bs Ñ rΣA,B1s is a homomorphism. Therefore by Propo-

sition 2.2.9(3), there exists a comultiplication rc and a homotopy inverse rj
such that pΣA,rc,rjq is a cogroup. We show that c � rc and j � rj. By Def-
inition 2.3.3, κpcq � κpi1q � κpi2q, where i1, i2 : ΣA Ñ ΣA _ ΣA are the
two injections. But rc � i1 �1 i2 (see the proof of Proposition 2.2.9), and so
κprcq � κpi1q � κpi2q. Thus κpcq � κprcq, and so c � rc. Finally j � �id by



2.3 Loop Spaces and Suspensions 49

definition and so κpjq � �κpidq. But κprjq � �κpidq (proof of Proposition

2.2.9). Therefore j � rj, and so pΣA, c, jq is a cogroup.
The suspension and loop space constructions can be iterated.

Definition 2.3.7 For spaces A and B and define Σ0A � A and Ω0B � B
and for integers n ¥ 1,

ΣnA � ΣpΣn�1Aq and ΩnB � ΩpΩn�1Bq.

We next consider homotopy commutativity of iterated suspensions and
loop spaces.

Proposition 2.3.8 For spaces A and B, ΣnA is a homotopy-commutative
cogroup and ΩnB is a homotopy-commutative grouplike space, if n ¥ 2.

Proof. We just show that ΣnA is homotopy commutative. For any space Y,
we have the following isomorphism of groups, rΣnA, Y s � rΣn�1A,ΩY s, for
n ¥ 2, by Proposition 2.3.5. The latter group is abelian by Proposition 2.2.12.
By Proposition 2.2.9(2), ΣnA is homotopy-commutative. [\

Recall that the upper cap En� of the unit n-sphere Sn is defined by En� �
tpx1, x2, . . . , xn�1q P Sn |xn�1 ¥ 0u. The lower cap En� of Sn is similarly
defined by xn�1 ¤ 0. Then Sn � En� Y En� and Sn�1 � En� X En�.

Proposition 2.3.9 For all n ¥ 1, Sn is homeomorphic to ΣSn�1.

Proof. There are homeomorphisms h� : En Ñ En� and h� : En Ñ En�
defined by

h�pxq �
�
x,
a

1� |x|2
	

and

h�pxq �
�
x,�

a
1� |x|2

	
,

for x P En. Recall that C0X � pX � Iq{pX � t0u Y t�u � Iq and C1X �
pX�Iq{pX�t1u Y t�u�Iq. By Lemma 1.4.10, there is a homeomorphism rK :
C1pSn�1q Ñ En. Similarly by defining L : Sn�1�I Ñ En by Lpx, tq � p1�tq�
�tx, we obtain a homeomorphism rL : C0pSn�1q Ñ En as in Lemma 1.4.10.

We compose rK with h� to obtain a homeomorphism τ : C1pSn�1q Ñ En�
and we compose rL with h� to obtain a homeomorphism λ : C0pSn�1q Ñ En�.
Each of τ and λ restricted to Sn�1 is the identity map of Sn�1. We regard
ΣSn�1 as C1pSn�1q YSn�1 C0pSn�1q, the disjoint union of C1pSn�1q and
C0pSn�1q with Sn�1 � C1pSn�1q identified with Sn�1 � C0pSn�1q. Then
the maps τ and λ yield a homeomorphism (see Figure 2.4)

ΣSn�1 � C1pSn�1q YSn�1 C0pSn�1q � En� Y En� � Sn. [\
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ΣSn�1

Sn

�

Figure 2.4

2.4 Homotopy Groups I

By Propositions 2.2.9, 2.3.4, and 2.3.9, the set rSn, Y s is a group for all spaces
Y and all n ¥ 1. These are the homotopy groups of Y.

Definition 2.4.1 For every space Y and n ¥ 0, the set rSn, Y s is called the
nth (ordinary) homotopy group of Y and is denoted πnpY q. For n � 1, it is
called the fundamental group of Y.

We assume that the reader has had some exposure to the basic prop-
erties of fundamental groups. For review, we have presented the topics on
the fundamental group that we use in Appendix B. If n ¥ 1, then πnpY q
is a group for all Y and a map f : Y Ñ Y 1 induces a homomorphism
f� : πnpY q Ñ πnpY 1q. In general, π0pY q is a set with a distinguished ele-
ment and f� : π0pY q Ñ π0pY 1q is a function that preserves the distinguished
element. For another characterization of π0pY q, see Exercise 2.24.

We next give a few elementary properties of homotopy groups. We give
more information on homotopy groups in Section 4.5 and compute some of
these groups in Section 5.6.

• For n ¥ 2, the groups πnpY q are abelian. This follows from Proposition
2.3.8.

• The fundamental group π1pY q is abelian if Y is an H-space by Proposition
2.2.12. In general, π1pY q is not abelian (Appendix B). If Y is a grouplike
space, then π0pY q is a group (Exercise 2.24).

• If n ¥ 1, then πnpY q � πn�1pΩY q as groups by Proposition 2.3.5. In
particular, ΩY is path-connected if and only if π1pY q � 0 by Exercise
2.24.

• If f � g : Y Ñ Y 1, then f� � g� : πnpY q Ñ πnpY 1q, for all n ¥ 0.
• If f : X Ñ Y is a homotopy equivalence, then f� : πnpY q Ñ πnpY 1q is

an isomorphism, for all n ¥ 0. For if g : Y Ñ X is a homotopy inverse of
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f, then fg � id. Therefore f�g� � pfgq� � id� � id. Similarly gf � id
implies that g�f� � id. Therefore f� is an isomorphism.

• Let i : X Ñ Y be an inclusion and let r : Y Ñ X be a retraction. Then
i� : πnpXq Ñ πnpY q is a monomorphism and r� : πnpY q Ñ πnpXq is an
epimorphism, for all n, since r�i� � id. In fact, πnpY q � i�πnpXq`Ker r�.
This clearly holds if r is a homotopy retraction. It also holds if r is an
arbitrary map and i is a section or homotopy section of r.

• If Y is contractible, then πnpY q � 0, for all n ¥ 0. This follows because
id � � : Y Ñ Y, and so id � pidq� � �� � 0 : πnpY q Ñ πnpY q, for all
n ¥ 0.

• For spaces Y and Y 1, we have πnpY �Y 1q � πnpY q`πnpY 1q, for all n ¥ 0.
For, by Corollary 1.3.7, the function θ : πnpY q ` πnpY 1q Ñ πnpY � Y 1q
defined by θprf s, rgsq � rpf, gqs, for rfs P πnpY q and rgs P πnpY 1q, is a
bijection with inverse function λ given by λrhs � pp1�rhs, p2�rhsq. Thus λ
is an isomorphism, and so πnpY � Y 1q � πnpY q ` πnpY 1q. Furthermore,
we define µ : πnpY q ` πnpY 1q Ñ πnpY � Y 1q by µpα, βq � j1�pαq � j2�pβq,
where j1 : Y Ñ Y � Y 1 and j2 : Y 1 Ñ Y �Y 1 are the two inclusions. Then
λµ � id, so µ is an isomorphism and equals θ. These results clearly extend
to the product of finitely many spaces.

• If Y and Y 1 are spaces of the homotopy type of CW complexes, then the
fundamental group of the wedge Y _Y 1 is the free product π1pY q �π1pY 1q
of π1pY q and π1pY 1q (Appendix B).

• If Y is a nonpath-connected space and X is the path-connected component
of Y containing the basepoint, then the inclusion i : X Ñ Y induces an
isomorphism i� : πnpXq Ñ πnpY q, for all n ¥ 1. This is since for any map
f : Sn Ñ Y, we have that fpSnq � X because fpSnq is a path-connected
space containing �. Similarly, for any homotopy F : Sn � I Ñ Y, we have
that F pSn � Iq � X.

The result that the fundamental group of an H-space is abelian is easy to
prove. The result that the fundamental group of a co-H-space is free, which
we prove next, is more difficult. It requires some facts about free groups and
free products of groups (Appendix B).

Let G be a group that is not necessarily abelian. For notational conve-
nience, we write g for the inverse g�1 of g P G. We denote the free product
of G with itself by G �G. If g P G, then g regarded as an element of the first
factor of G �G is written g1 and as an element of the second factor of G �G
is written g2. Thus an element ξ P G �G can be written

ξ �
p¹
i�1

gi
1γi

2, where gi, γi P G.

Then there are projection homomorphisms p1, p2 : G � G Ñ G given by
p1pξq �

±
gi and p2pξq �

±
γi. We introduce the following notation:

EG � tξ P G �G | p1pξq � p2pξqu.
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Thus ξ � ±p
i�1 gi

1γi
2 P EG if and only if γp � � � γ1g1 � � � gp � 1. Then π :

EG Ñ G is defined by π � p1|EG � p2|EG, and so πpξq � ± gi �
±
γi.

Finally, let ξu � u1u2 P EG, where u P G and let ΞG � tξu | u � 1u.
The following result, which appears in [7, Prop. 3.1], is based on ideas

attributed to M. Kneser.

Lemma 2.4.2 The group EG is free with basis ΞG.

Proof. It is clear that the set ΞG is an independent set. In order to write any
expression ξ �± gi

1γi
2 that satisfies γp � � � γ1g1 � � � gp � 1 as a product of the

ξu and their inverses, we use the following simple algorithm. For 1 ¤ i ¤ 2p,
define δi by the formulas

δ2k � γk � � � γ1g1 � � � gk and δ2k�1 � δ2kgk�1.

Thus δ1 � g1, δ2 � γ1g1, δ3 � γ1g1g2, and so on, and δ2p � 1. Now one
verifies that ξ is the alternating product

ξ �
2p¹
i�1

ξ
piq
δi
,

where piq � p�1qi�1 (Exercise 2.20). [\
Proposition 2.4.3 If X is a co-H-complex, then π1pXq is a free group.

Proof. If G � π1pXq, then as noted earlier, π1pX_Xq is isomorphic to G�G,
the free product of G with itself. Let c : X Ñ X _X be a comultiplication
and let q1, q2 : X _ X Ñ X be the projections. Because qic � id, we have
that c induces a homomorphism s � c� : G Ñ G �G such that p1s � p2s �
id : G Ñ G. Thus s determines a homomorphism σ : G Ñ EG such that
πσ � id. Therefore σ maps G isomorphically onto σpGq � EG. By Lemma
2.4.2, EG is free. Since a subgroup of a free group is free [39, p. 85], σpGq is
free. Hence G � π1pXq is free. [\

Next we present additional results on homotopy groups. We begin with a
definition.

Definition 2.4.4 A path-connected space Y is said to be n-connected, if
πipY q � 0, for all i ¤ n. A 1-connected space Y is also called simply connected.
A map f : X Ñ Y is called an n-equivalence (also called an n-connected map),
if f� : πipXq Ñ πipY q is an isomorphism for all i   n and an epimorphism
for i � n. A map f : X Ñ Y is a weak (homotopy) equivalence or an 8-
equivalence if f� : πnpXq Ñ πnpY q is an isomorphism for all n.

Lemma 2.4.5 Let pX,Aq be a based, relative CW complex with dim pX,Aq ¤
n, let B and Y be spaces (not necessarily of the homotopy type of CW com-
plexes), and let e : B Ñ Y be an n-equivalence, n ¤ 8. Let j : AÑ X be the
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inclusion and assume that there are maps f : X Ñ Y and g : A Ñ B and a
diagram

A
g //

j

��

B

e

��
X

f //

rg
88qqqqqqq
Y,

such that eg �L fj, for some homotopy L : A � I Ñ Y. Then there exists a
map rg : X Ñ B such that rgj � g and a homotopy F : X � I Ñ Y such that
erg �F f, where F |A� I � L.

This lemma, which is the major step in proving Whitehead’s theorem 2.4.7,
follows from the HELP lemma 4.5.7 which is proved in Section 4.5 after we
have discussed the relative homotopy groups.

From Lemma 2.4.5 we can easily prove the following proposition.

Proposition 2.4.6 Let X be a based CW complex, let B and Y be spaces
(not necessarily of the homotopy type of CW complexes), and let e : B Ñ Y
be an n-equivalence, n   8. Then e� : rX,Bs Ñ rX,Y s is an injection if
dimX   n and a surjection if dimX ¤ n. If n � 8, then e� : rX,Bs Ñ
rX,Y s is a bijection for any based CW complex X.

Proof. We first show that e� is onto if dimX ¤ n. Let rf s P rX,Y s, set
A � t�u, and define g : A Ñ B to be the constant map. We then apply
Lemma 2.4.5 to f and g and obtain a map rg P rX,Bs such that e�rrgs � rfs.
Thus e� is onto.

Now assume that dimX   n and eg0 �F eg1 for g0, g1 : X Ñ B. Let
X 1 � X � I and so dimX 1 ¤ n. We set A1 � X � BI Y t�u � I and define
G : A1 Ñ B by

Gpx, iq � gipxq and Gp�, tq � �,
for x P X, t P I, and i � 0, 1. Since dim pX 1, A1q ¤ n, we can apply Lemma
2.4.5 to F and G. We get a homotopy H : X � I Ñ B such that H|A1 � G.
Then g0 �H g1, and so e� is one–one. [\

There are two important theorems due to J. H. C. Whitehead which we
shall arbitrarily call Whitehead’s first theorem and Whitehead’s second the-
orem. We now prove Whitehead’s first theorem [92].

Theorem 2.4.7 If f : X Ñ Y is a map of CW complexes, then f is a weak
equivalence if and only if f is a homotopy equivalence.

Proof. We only prove that if f is a weak equivalence, it is a homotopy equiv-
alence, since the other implication has been proved. Consider the function
f� : rY,Xs Ñ rY, Y s. By Proposition 2.4.6, f� is a bijection. Therefore there is
a map g : Y Ñ X such that fg � idY . But fgf � f and so f�rgf s � f�ridX s,
where f� : rX,Xs Ñ rX,Y s. This latter f� is a bijection, and so gf � idX .
Thus f is a homotopy equivalence. [\
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Remark 2.4.8 Whitehead’s first theorem is useful to show that a map is a
homotopy equivalence. For this we would prove that the map induces isomor-
phisms of all homotopy groups. Because our spaces have the homotopy type
of CW complexes, it would follow that the map is a homotopy equivalence.
We frequently use this remark without comment.

We observe that it is not sufficient that πnpXq � πnpY q, for all n, for X
and Y to have the same homotopy type. By Whitehead’s first theorem, there
should be a map f : X Ñ Y that induces an isomorphism of all homotopy
groups. An example of the nonsufficiency is given in 5.6.2.

Theorem 2.4.9 Let X and Y be path-connected spaces (not necessarily of
the homotopy type of CW complexes), let f : X Ñ Y be a map, and let
n ¥ 0. Then there is a space K such that pK,Xq is a relative CW complex
having relative cells of dimensions ¥ n�1 with the following property. There
exists a map f̄ : K Ñ Y such that f̄ |X � f and f̄� : πipKq Ñ πipY q is an
isomorphism for i ¡ n and a monomorphism for i � n.

Proof. In the proof we write h�i for the induced homotopy homomorphism
h� : πipW q Ñ πipZq, for any map h : W Ñ Z. The idea of the proof is to
attach pn�1q-cells to X to kill Kerf�n and then attach additional pn�1q-cells
to map onto πn�1pY q. This process is then repeated. We begin by choosing
generators rgαsαPA of Kerf�n, where gα : Snα Ñ X and Snα � Sn. Then the
gα determine g :

�
αPA S

n
α Ñ X and we attach pn � 1q-cells to X by g to

form the adjunction space X 1 � X Yg
�
En�1
α . Since fg � �, the map fg

can be extended to
�
En�1
α by Lemma 1.4.10 and Proposition 1.4.9. This

extension and f determine a map f 1 : X 1 Ñ Y such that f 1|X � f. Then
f 1�n�1 : πn�1pX 1q Ñ πn�1pY q, and we choose elements rhβs P πn�1pY q for
β P B that are a set of generators. Then the hβ determine h :

�
βPB S

n�1
β Ñ

Y and we form Xn�1 � X 1 _�βPB S
n�1
β and define fn�1 : Xn�1 Ñ Y by

fn�1 � tf 1, hu. Note that pXn�1, Xq is a relative CW complex.
Let k : X Ñ X 1 and l : X 1 Ñ Xn�1 be inclusion maps and let j � lk :

X Ñ Xn�1. Then there is a commutative diagram

πipXq

j�i

��

k�i

��

f�i

((QQQQQQQQQQQQQQ

πipX 1q f 1�i //

l�i

��

πipY q.

πipXn�1q
fn�1
�i

66mmmmmmmmmmmmm

We claim that fn�1
�n is a monomorphism and fn�1

�n�1 is an epimorphism. If γ P
Kerfn�1

�n , then γ � j�npδq for some δ P Kerf�n, since j�n is an epimorphism
by Proposition 1.5.24. Therefore
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δ �
¸
αPA1

nαrgαs,

where A1 � A is a finite subset and nα P Z. But

k�npδq �
¸
αPA1

nαrkgαs � 0,

because kgα � �. Therefore γ � j�npδq � l�npk�npδqq � 0. Hence fn�1
�n is a

monomorphism.
Next we show that fn�1

�n�1 is an epimorphism. Given ε P πn�1pY q, we have
ε � °

βPB1mβrhβs, where B1 � B is a finite subset and mβ P Z. Since

Xn�1 � X 1 _�βPB S
n�1
β , we let iβ : Sn�1

β Ñ Xn�1 be the inclusion maps

and set ξ � °βPB1mβriβs in πn�1pXn�1q. Then

fn�1
�n�1pξq �

¸
βPB1

mβrhβs � ε,

and so fn�1
�n�1 is an epimorphism. This proves the claim.

We then apply this construction to fn�1 and obtain an extension fn�2 :
Xn�2 Ñ Y such that fn�2

�n�1 is a monomorphism and fn�2
�n�2 is an epimorphism.

Because fn�1
�n�1 is an epimorphism, it follows that fn�2

�n�1 is an isomorphism

and fn�2
�n�2 is an epimorphism.

We continue this process and obtain maps fk : Xk Ñ Y, for all k ¡ n.
We set Xn � X and form the space K � Yk¥nXk with the weak topology
determined by the Xk. Then the fk determine a map f̄ : K Ñ Y which is an
extension of f. Therefore f̄�i is an isomorphism for i ¡ n and a monomor-
phism for i � n by Proposition 1.5.24. This completes the proof. [\
The following corollary is frequently used.

Corollary 2.4.10

1. Let X and Y be path-connected spaces and let f : X Ñ Y be an n-
equivalence, n ¥ 0. Then there exists a space K obtained from X by at-
taching cells of dimensions ¥ n � 1 and there exists a map f̄ : K Ñ Y
such that f̄ |X � f and f̄ is a weak equivalence.

2. Let Y be a k-connected space (not necessarily of the homotopy type of a
CW complex) with k ¥ 0. Then there exists a CW complex K and a weak
equivalence f : K Ñ Y such that Kk � t�u. In particular, if Y is any
path-connected space, there exists a CW complex K with K0 � t�u and a
weak equivalence f : K Ñ Y.

3. If Y is a k-connected space of the homotopy type of a CW complex, k ¥ 0,
then there exists a CW complex K of the homotopy type of Y such that
Kk � t�u. In particuliar, HipY q � 0 for i ¤ k.
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Proof. (1) Let K be the space constructed in Theorem 2.4.9. By Proposition
1.5.24, the inclusion map i : X Ñ K is an n-equivalence. This and the fact
that f is an n-equivalence implies that f̄ is an n-equivalence. By Theorem
2.4.9, f̄ is a weak equivalence.

(2) By hypothesis, the map t�u Ñ Y is a k-equivalence. We then apply
Part (1) to obtain the desired result.

(3) We apply Whitehead’s first theorem 2.4.7 to (2). [\
Definition 2.4.11 For any space Y (not necessarily of the homotopy type of
a CW complex), a CW complex K together with a weak equivalence K Ñ Y
is called a CW approximation to Y.

The existence of a CW approximation for any space, gives some indication
of the importance of CW complexes in homotopy theory. It has been shown
in [69] how to construct a CW approximation functorially. We do not prove
this. However, the following remark is a consequence.

Remark 2.4.12 If a : K Ñ X and b : L Ñ Y are two CW approximations
and f : X Ñ Y is a map, then there exists a map h : K Ñ L, unique up to
homotopy, such that fa � bh. It follows that the homotopy type of a CW
approximation of a space is uniquely determined by the homotopy type of
the space.

Proposition 2.4.6 gives conditions for an induced map of homotopy sets to
be a bijection. The following similar result is very useful.

Proposition 2.4.13 Let pX,Aq be a relative CW complex such that all rel-
ative cells have dimension ¥ n� 2, let i : AÑ X be the inclusion map, and
let Y be a space. Then i� : rX,Y s Ñ rA, Y s is an injection if πjpY q � 0 for
j ¡ n� 1 and is a surjection if πjpY q � 0 for j ¡ n.

Proof. We first show that i� is onto if πjpY q � 0 for j ¡ n. Let f : A Ñ Y
be a map and consider the relative pn� 2q-skeleton

pX,Aqn�2 � AY
¤
γPC

en�2
γ ,

for γ P C. Let φγ : Sn�1
γ Ñ pX,Aqn�1 � A be an attaching function. By Ex-

ercise 2.25, fφγ �free hγ : Sn�1
γ Ñ Y, for some based map hγ . By hypothesis,

hγ � � and so fφγ is freely homotopic to a constant function. By Corollary

1.4.11, fφγ extends to a free map rfγ : En�2
γ Ñ Y. These functions together

with f determine a map fn�2 : pX,Aqn�2 Ñ Y that extends f. Next we
write

pX,Aqn�3 � pX,Aqn�2 Y
¤
δPD

en�3
δ

with attaching maps ψδ : Sn�2
δ Ñ pX,Aqn�2, where δ P D. Then as before

fn�2ψδ is freely homotopic to a constant function, and so fn�2 extends to
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a map fn�3 : pX,Aqn�3 Ñ Y. We continue in this way and obtain a map
g : X Ñ Y such that gi � f. Thus i� is onto.

Next we show that i� is one–one if j ¡ n� 1. Suppose f, g : X Ñ Y and
fi �F gi. Then f, g and F determine a map F 1 : X � BI Y A � I Ñ Y. We
then apply the previous argument to the relative CW complex pX � I,X �
BI Y A � Iq and the map F 1 to obtain an extension G : X � I Ñ Y of F 1.
Thus f �G g, and so i� is one–one. [\

We next discuss a relation between the homotopy groups and the homology
groups of a space. We begin by defining the Hurewicz homomorphism hn :
πnpY q Ñ HnpY q, for any space Y and integer n ¥ 1. Let α � rfs P πnpY q.
Then f : Sn Ñ Y induces a homomorphism f� : HnpSnq Ñ HnpY q. We fix a
generator γn P HnpSnq � Z for all n ¥ 1 and set hnpαq � f�pγnq P HnpY q.
Clearly hn is well-defined. By Proposition 2.2.9, pf � gq�pγnq � f�pγnq �
g�pγnq, and thus hn is a homomorphism. Also, it is easily seen that if k :
Y Ñ Y 1 is a map, then the following diagram is commutative

πnpY q
k� //

hn

��

πnpY 1q
h1n
��

HnpY q
k� // HnpY 1q,

where hn and h1n are Hurewicz homomorphisms.
We next wish to prove that the Hurewicz homomorphism is an isomor-

phism in a special case. For this, we first introduce the notion of the degree
of a map.

Definition 2.4.14 Let f : Sn Ñ Sn be a map, n ¥ 1, and let f� : HnpSnq Ñ
HnpSnq be the induced homology homomorphism. We define an integer, the
degree of f , denoted deg f, by f�pγnq � pdeg fqγn, where γn P HnpSnq � Z is
a generator. The definition is clearly independent of the choice of generator.

Lemma 2.4.15 Let f, g : Sn Ñ Sn.

1. f � g ñ deg f � deg g.

2. degpfgq � pdeg fqpdeg gq.
3. degpf � gq � deg f � deg g.

Proof. Only (3) requires proof and this follows from Proposition 2.2.9. [\
Thus the degree yields a homomorphism deg : πnpSnq Ñ Z.

Proposition 2.4.16 For n ¥ 1, the homomorphism deg : πnpSnq Ñ Z is an
isomorphism and so rids a generator of πnpSnq � Z.

Proof. Since degpidq � 1, it follows that deg is onto. We show that deg is
one–one in Appendix D. [\
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This is an important result that plays a crucial role in what follows.
We introduce some notation before returning to the Hurewicz homomor-

phism. If Gα is an abelian group for α P A, then
À

αGα denotes the direct
sum of the Gα. If fα : Gα Ñ H is a homomorphism of abelian groups for
every α, we denote by tfαu :

À
αGα Ñ H the homomorphism determined

by the fα. Similarly, if the Gα are groups (not necessarily abelian), we let
�αGα denote the free product of the Gα (Appendix B). Homomorphisms
fα : Gα Ñ H of groups determine a homomorphism tfαu : �αGα Ñ H. Now
consider the wedge of n-spheres

�
α S

n
α for α P A, where A is any index set

and let iα : Snα Ñ
�
α S

n
α be the inclusion. Then it is known [39, p. 126] that

tiα�u :
À

αHnpSnαq Ñ Hnp
�
α S

n
αq is an isomorphism.

Lemma 2.4.17 1. For n ¥ 2, tiα�u :
À

αPA πnpSnαq Ñ πnp
�
αPA S

n
αq is an

isomorphism.

2. tiα�u : �αPA π1pS1
αq Ñ π1p

�
αPA S

1
αq is an isomorphism.

Proof. We assume that each sphere Snα is a CW complex with two cells (Ex-
ample 1.5.10(5)).
(1) The result is clear if A consists of one element. Now let A � tα1, . . . , αku
be a finite set with k ¥ 2. Let W � �k

i�1 S
n
αi

and P � ±k
i�1 S

n
αi

and let
j : W Ñ P be the inclusion. Then P is a CW complex and W is a subcomplex
such that the n�1-skeleton Pn�1 �W. By Proposition 1.5.24, j� : πnpW q Ñ
πnpP q is an isomorphism. But if jαi : Snαi Ñ

±k
i�1 S

n
αi is the inclusion, then

tjαi�u :
Àk

i�1 πnpSnαiq Ñ πnpP q is an isomorphism by the discussion at the
beginning of this section. From this (1) follows when A is finite. Now let A
be infinite and let f : Sn Ñ�

α S
n
α be a map. Since fpSnq is compact, there

is a finite set tα1, . . . , αku such that fpSnq � �k
i�1 S

n
αi

by Lemma 1.5.6.

Therefore rfs P πnp
�
α S

n
αq is in the image of πnp

�k
i�1 S

n
αi
q Ñ πnp

�
α S

n
αq,

for some set tα1, . . . , αku. Consequently tiα�u :
À

α πnpSnαq Ñ πnp
�
α S

n
αq

is onto. To show that tiα�u is one–one, we observe that any homotopy F :
Sn � I Ñ �

α S
n
α has compact image and so factors through a homotopy

F 1 : Sn � I Ñ�k
i�1 S

n
αi

for some finite set tα1, . . . , αku. This completes the
proof of (1).

(2) This is proved in Appendix B as Proposition B.3. [\
The following proposition contains a special case of the Hurewicz theorem

for a wedge of spheres of the same dimension. The full Hurewicz theorem is
proved in Section 6.4 as Theorem 6.4.8.

Proposition 2.4.18

1. If n ¥ 1, then πipSnq � 0 for i   n and hn : πnpSnq Ñ HnpSnq � Z is an
isomorphism.

2. Let Snα � Sn for all α in some set A.

a. If n ¥ 2, then the Hurewicz homomorphism hn : πnp
�
αPA S

n
αq Ñ

Hnp
�
αPA S

n
αq is an isomorphism.
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b. The Hurewicz homomorphism h1 : π1p
�
αPA S

1
αq Ñ H1p

�
αPA S

1
αq is an

epimorphism.

Proof. (1) Let i   n and give each of Si and Sn the CW decomposition with
two cells. If f : Si Ñ Sn is any map, then by Corollary 1.5.23, f is homotopic
to a cellular map f 1 : Si Ñ Sn. Thus f 1pSiq � � and so f � �. Therefore
πipSnq � 0. To determine hn, consider the commutative diagram

Z

�

��
πnpSnq

deg

66lllllllllllllll hn //HnpSnq,
where the vertical arrow is the isomorphism that assigns to the integer k the
element kγn P HnpSnq, for γn a generator of HnpSnq. The result follows from
Proposition 2.4.16.

(2) For Part (a) consider the commutative diagram

À
α πnpSnαq

tiα�u //

À
α hα

��

πnp
�
α S

n
αq

hn

��À
αHnpSnαq

tiα�u // Hnp
�
α S

n
αq,

where hα : πnpSnαq Ñ HnpSnαq and hn are Hurewicz homomorphisms. Be-
cause the horizontal homomorphisms are isomorphisms and the hα are iso-
morphisms, hn is an isomorphism. Part (b) is a special case of Proposition
B.5. [\

The last result of this section is part of Whitehead’s second theorem 6.4.15.

Proposition 2.4.19 Let X and Y be path-connected CW complexes, let f :
X Ñ Y be a map, and let n ¥ 1 be an integer. If f is an n-equivalence, then
f� : HipXq Ñ HipY q is an isomorphism for all i   n and an epimorphism
for i � n.

Proof. By Corollary 2.4.10(1) and Exercise 2.26, there is a CW complex K
containing X such that K is obtained from X by adjoining cells of dimensions
¥ n� 1 and there is a weak homotopy equivalence f̄ : K Ñ Y such that the
following diagram commutes

X

j

��

f //Y

K,
f̄

88rrrrrrrrrrrr

where j is the inclusion map. By Whitehead’s first theorem 2.4.7, f̄ is a
homotopy equivalence, and so f� : HipXq Ñ HipY q is an isomorphism for
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all i   n and an epimorphism for i � n if and only if the same holds for
j� : HipXq Ñ HipKq. All the cells of K of dimension ¤ n lie in X, thus
the relative homology group HipK,Xq � 0, for all i ¤ n. From the exact
homology sequence of the pair pK,Xq, it follows that j� : HipXq Ñ HipKq
is an isomorphism for all i   n and an epimorphism for i � n. [\
The complete second theorem of Whitehead (Theorem 6.4.15) has another
part in which the roles of homology and homotopy groups are interchanged.
This theorem is proved in Section 6.4 as a consequence of the relative
Hurewicz theorem.

2.5 Moore Spaces and Eilenberg–Mac Lane Spaces

The following two lemmas are useful in our discussion of Moore spaces and
Eilenberg–Mac Lane spaces.

Lemma 2.5.1 Let n ¥ 1 and let X be a based CW complex with pn � 1q-
skeleton Xn�1 � t�u and dimX ¤ n� 1, that is, X � Xn Y �βPB e

n�1
β , for

Xn ��αPA S
n
α, where Snα are n-spheres and en�1

β are open pn� 1q-cells. Let
Y be a space and let φ : πnpXq Ñ πnpY q be a homomorphism. Then there
exists a map f : X Ñ Y such that f� � φ : πnpXq Ñ πnpY q.
Proof. Let k : Xn Ñ X and iα : Snα Ñ Xn be the inclusions maps. Then
there are homomorphisms

πnpXnq k� //πnpXq φ //πnpY q

and we define fα : Snα Ñ Y by φk�riαs � rfαs. The fα determine a map
fn : Xn Ñ Y such that fniα � fα. Therefore

fn� riαs � rfαs � φk�riαs.

By Lemma 2.4.17, the riαs are generators of πnpXnq, and so fn� � φk�. Let
hβ : Snβ Ñ Xn be an attaching function for en�1

β . By Exercise 2.25 and
Lemma 1.5.3 we may assume that hβ is a (based) map. Then khβ � � since
khβ factors through the contractible space En�1

β � En�1. Hence fn� rhβs �
φk�rhβs � 0. Thus fnhβ � � for every β P B, and consequently fn extends
to a map f : X Ñ Y. But φk� � fn� � f�k� and k� : πnpXnq Ñ πnpXq is
onto by Proposition 1.5.24. Therefore f� � φ. [\
Lemma 2.5.2 For every abelian group G and n ¥ 1, there exists a based
CW complex L with the following properties: the pn�1q-skeleton Ln�1 � t�u,
dimL ¤ n� 1, and for all i ¥ 0,

HipLq �
"
G if i � n
0 if i � n.



2.5 Moore Spaces and Eilenberg–Mac Lane Spaces 61

Proof. We take a presentation G � F {R, where F is free-abelian and R � F.
We choose bases txαuαPA and trβuβPB of F and R, respectively. Let Snα be
the n-sphere indexed by α P A and define Ln to be the wedge

�
αPA S

n
α. The

Hurewicz homomorphism hn : πnpLnq Ñ HnpLnq is an isomorphism for n ¥ 2
and an epimorphism for n � 1 by Proposition 2.4.18. If β P B, then rβ P
R � F � HnpLnq. We choose a map kβ : Snβ Ñ Ln such that hnrkβs � rβ .

Using kβ , we attach pn� 1q-cells en�1
β to Ln and form L � Ln Y�βPB e

n�1
β .

To complete the proof we use the CW homology of L (Appendix C). The ith
chain group CipLq is the free-abelian group generated by the i-cells, and so

CipLq �
$&%
F if i � n
R if i � n� 1
0 if i � 0, n, n� 1.

Furthermore, it is not difficult to show that the boundary homomorphism
Cn�1pLq Ñ CnpLq can be identified with the inclusion R � F (see [64,
Prop. 8.2.12]). Thus L has the desired homology. [\

We turn to Moore spaces.

Definition 2.5.3 Let G be an abelian group and n an integer ¥ 2. A based
CW complex X is called a Moore space of type pG,nq if X is 1-connected
and

HipXq �
"
G if i � n
0 if i � n.

In Lemma 2.5.2, a Moore space L of type pG,nq has been constructed. We
denote this Moore space (or any space homeomorphic to it) by MpG,nq.
We note a few properties of MpG,nq.
Lemma 2.5.4

1. The Hurewicz homomorphism hn : πnpMpG,nqq Ñ HnpMpG,nqq is an
isomorphism, and so πnpMpG,nqq � G.

2. If φ : G Ñ H is a homomorphism of abelian groups, then there exists
a map f : MpG,nq Ñ MpH,nq such that f� � φ : HnpMpG,nqq Ñ
HnpMpH,nqq.

Proof. (1) From the construction of MpG,nq in Lemma 2.5.2 as p�αPA S
n
αqY�

βPB e
n�1
β , we have a commutative diagram

0 // πnp
�
βPB S

n
β q

k� //

h1n
��

πnp
�
αPA S

n
αq

h2n
��

i� // πnpMpG,nqq
hn

��

// 0

0 // Hnp
�
βPB S

n
β q

k� // Hnp
�
αPA S

n
αq

i� // HnpMpG,nqq // 0,
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where hn, h
1
n, and h2n are Hurewicz homomorphisms, k :

�
βPB S

n
β Ñ�

αPA S
n
α is determined by the kβ , and i is the inclusion. The bottom row is

exact, h1n and h2n are isomorphisms (2.4.18), ik � �, and the upper i� is onto
by Proposition 1.5.24. Thus the top row is exact and so hn is an isomorphism.

(2) Let φ : G Ñ H be a homomorphism and let L � MpG,nq and M �
MpH,nq. Consider the Hurewicz homomorphisms h1 : πnpLq Ñ HnpLq � G
and h : πnpMq Ñ HnpMq � H which are isomorphisms by (1). By Lemma
2.5.1, there exists a map f : L Ñ M such that f� � h�1φh1 : πnpLq Ñ
πnpMq. Hence the induced homology homomorphism f� � φ : HnpLq Ñ
HnpMq. [\
Remark 2.5.5 We note that several choices have been made in the construc-
tion of MpG,nq such as the presentation of G and the choice of generators of
R and F. We show in Proposition 6.4.16 that the homotopy type of a Moore
space of type pG,nq depends only on G and n. However, in spite of the no-
tation, MpG,nq is not functorial in G. For now, when we write MpG,nq we
assume that it has been constructed relative to a choice of presentation and
of generators.

The spaces MpG,nq can easily be described in special cases. We have
MpZ, nq � Sn and if F is a free-abelian group with a basis whose cardinality
is the same as some set A, then MpF, nq ��αPA S

n
α. Furthermore, MpZm, nq

can be taken to be the space Sn Ym en�1 obtained by attaching an pn� 1q-
cell to Sn by a map m : Sn Ñ Sn of degree m. For n � 1, we define the
Moore space MpZ, 1q � S1. We do not consider MpG, 1q for other groups
G (see [89]). For n ¥ 3, MpG,nq � ΣMpG,n � 1q (see Exercise 3.1). In
addition, if L is the space of Lemma 2.5.2 with n � 1, then MpG, 2q � ΣL.
Thus all Moore spaces MpG,nq are suspensions, in fact, MpG,nq is a double
suspension if n ¥ 3 or if n � 2 and G is free-abelian. Hence rMpG,nq, Xs
is a group for all X. It is abelian if n ¥ 3 or if n � 2 and G is free-abelian.
At the end of this section we discuss the reason for making the definition of
Moore space in terms of homology groups instead of cohomology groups. We
compare Moore spaces with spaces with a single nonvanishing cohomology
group.

The suspension structure of Moore spaces MpG,nq enables us to define
homotopy groups with coefficients.

Definition 2.5.6 Let G be an abelian group and let n ¥ 1 (assuming G � Z
if n � 1). Then for every space X, define the nth homotopy group of X with
coefficients in G by

πnpX ;Gq � rMpG,nq, Xs.
Other notation (which we do not use) for this is πnpG;Xq (see [40, p. 10]).

Note that πnpX;Zq � πnpXq, the nth (ordinary) homotopy group of X. Fur-
thermore, a map h : X Ñ X 1 induces a homomorphism h� : πnpX ;Gq Ñ
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πnpX 1;Gq defined as the induced homomorphism h� : rMpG,nq, Xs Ñ
rMpG,nq, X 1s.

Homotopy groups with coefficients are discussed in the sequel. In partic-
ular, we present a universal coefficient theorem in Section 5.2 that expresses
homotopy groups with coefficients in terms of ordinary homotopy groups.

We next turn to Eilenberg–Mac Lane spaces.

Definition 2.5.7 Let G be an abelian group and let n be an integer ¥ 1.
An Eilenberg–Mac Lane space of type pG,nq is a space X of the homotopy
type of a based CW complex such that for every i ¥ 1,

πipXq �
"
G if i � n
0 if i � n.

An Eilenberg–Mac Lane space of type pG,nq is denoted KpG,nq.
The following lemma is used to show that Eilenberg–Mac Lane spaces

exist.

Lemma 2.5.8 If X is a space, then for every m ¥ 1, there exist spaces W pmq

and inclusion maps jm : X ÑW pmq such that

1. πipW pmqq � 0 for i ¡ m.

2. jm� : πipXq Ñ πipW pmqq is an isomorphism for i ¤ m.

3. W pmq is obtained from X by attaching cells of dimension ¥ m� 2.

Proof. Parts (1) and (3) follow immediately from Theorem 2.4.9 by taking
Y � t�u and n � m� 1. Part (2) is a consequence of Proposition 1.5.24. [\

Next we show that Eilenberg–Mac Lane spaces exist and obtain some of
their properties.

Proposition 2.5.9 Let G be an abelian group and n an integer ¥ 1.

1. There exists an Eilenberg–Mac Lane space KpG,nq.
2. If φ : GÑ H is a homomorphism, then there exists a map h : KpG,nq Ñ

KpH,nq such that h� � φ : πnpKpG,nqq Ñ πnpKpH,nqq.
3. Any two Eilenberg–Mac Lane spaces of type pG,nq have the same homotopy

type.

Proof. (1) We first construct an Eilenberg–Mac Lane space of type pG,nq
when n ¥ 2. We apply Lemma 2.5.8 with X equal to the Moore space
MpG,nq. Then W pnq is an Eilenberg–Mac Lane space of type pG,nq by
Lemma 2.5.4. For n � 1, we set KpG, 1q � ΩKpG, 2q.

(2) Let φ : G Ñ H be a homomorphism and let K � KpG,nq and L �
KpH,nq be any Eilenberg–Mac Lane spaces. Let X be the Eilenberg–Mac
Lane space of type pG,nq constructed in (1). We construct a map f : X Ñ L
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such that f� � φ : πnpXq Ñ πnpLq. If j : Xn�1 Ñ X is the inclusion, then
j� : πnpXn�1q Ñ πnpXq is an isomorphism by Proposition 1.5.24. The n�1-
skeleton Xn�1 �MpG,nq and L satisfy the hypotheses of Lemma 2.5.1, and
so there exists fn�1 : Xn�1 Ñ L such that fn�1

� � φj� : πnpXn�1q Ñ πnpLq.
Now apply Proposition 2.4.13 to the relative CW complex pX,Xn�1q and the
map fn�1. We conclude that there is a map f : X Ñ L such that fj � fn�1,
and so f� � φ. Similarly the identity map id : GÑ G yields a map g : X Ñ K
such that g� � id. Then g is a homotopy equivalence by Whitehead’s first
theorem. Thus if h � fg�1 : KpG,nq Ñ KpH,nq, we have h� � φ.

(3) If K and L are both Eilenberg–Mac Lane spaces of type pG,nq, then
the identity homomorphism idG : G Ñ G induces a map h : K Ñ L by (2).
Then h is a homotopy equivalence. [\

In general Eilenberg–Mac Lane spaces are infinite-dimensional complexes
and are not easy to describe. There are a few that are familiar spaces and
we mention these now: KpZ, 1q � S1, KpZ2, 1q � RP8, infinite-dimensional
real projective space, and KpZ, 2q � CP8, infinite-dimensional complex pro-
jective space (see Exercise 5.19).

It can be shown that for any group G (not necessarily abelian), Eilenberg–
Mac Lane spaces of type pG, 1q exist and are unique up to homotopy. However,
we have no need to consider the spaces KpG, 1q when G is non-abelian (except
in Exercise 2.31).

Now let KpG,n � 1q be an Eilenberg–Mac Lane space with n ¥ 1. We
apply the loop space functor to this space and have by Proposition 2.3.5 that

πipΩKpG,n� 1qq � πi�1pKpG,n� 1qq �
"
G if i � n
0 if i � n.

Hence, as previously noted in the case n � 1, ΩKpG,n� 1q is an Eilenberg–
Mac Lane space KpG,nq. In fact, ΩkKpG,n� kq is an Eilenberg–Mac Lane
space of type pG,nq. Therefore, for any space X, the set rX,KpG,nqs has
abelian group structure.

We next indicate how Eilenberg–Mac Lane spaces give rise to cohomology
groups.

Definition 2.5.10 For any space X, abelian group G and integer n ¥ 1, we
define the nth homotopical cohomology group of X with coefficients in G as

HnpX;Gq � rX,KpG,nqs.

If h : X 1 Ñ X is a map, then h� : HnpX ;Gq Ñ HnpX 1;Gq is just the induced
homomorphism h� : rX,KpG,nqs Ñ rX 1,KpG,nqs.
Remark 2.5.11 It can be shown that if X is a CW complex, then the ho-
motopical cohomology groups HnpX;Gq are isomorphic to the singular co-
homology groups Hn

singpX;Gq. There are several proofs of this: one uses the
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Brown representation theorem [39, p. 448] and another uses obstruction the-
ory [91, p. 250]. In addition, in [46] Huber gives an isomorphism between the
homotopical cohomology groups and the Cech cohomology groups. We give
a simple proof of the isomorphism with singular cohomology in Section 5.3.

We note that we can define a function ρ : HnpX;Gq Ñ Hn
singpX;Gq as fol-

lows. If rf s P HnpX ;Gq, then f�sing : Hn
singpKpG,nq;Gq Ñ Hn

singpX;Gq is the
induced homomorphism of singular cohomology. Note that HnpKpG,nqq � G
since KpG,nq can be taken to be MpG,nq with cells of dimension ¥ n � 2
attached. Thus there is an element bn P Hn

singpKpG,nq;Gq, called the nth
basic class, which is defined by µpbnq � id, where µ : Hn

singpKpG,nq;Gq Ñ
HompHnpKpG,nqq, Gq � HompG,Gq is the epimorphism in the universal co-
efficient theorem for cohomology (Appendix C). Then set ρrfs � f�singpbnq. It
is shown that ρ is an isomorphism in Theorem 5.3.2.

We need some properties of homotopical cohomology groups in the fol-
lowing chapters. These properties are known to hold for CW or singular
cohomology groups. But since we do not prove the equivalence of the latter
cohomology groups with the homotopical cohomology groups until Theorem
5.3.2, we next establish these properties.

Lemma 2.5.12 Let X and Y be path-connected, based CW complexes, let
f : X Ñ Y be a map and let n ¥ 1 be an integer. If f is an n-equivalence,
then, for every group G, f� : HipY ;Gq Ñ HipX;Gq is an isomorphism for
i   n and a monomorphism for i � n.

Proof. (1) By Corollary 2.4.10(1), there is a CW complex K obtained from
X by adjoining cells of dimensions ¥ n� 1 and a homotopy equivalence f̄ :
K Ñ Y such that f̄ j � f, where j : X Ñ K is the inclusion map. Therefore
f� : HipY ;Gq Ñ HipX ;Gq is an isomorphism for i   n and a monomorphism
for i � n if and only if the same holds for j� : HipK;Gq Ñ HipX;Gq. But
the latter follows at once from Proposition 2.4.13. [\
Next we let X be a space, G an abelian group, and n ¥ 1 an integer. We
define a homomorphism ηπ : HnpX;Gq Ñ HompπnpXq, Gq by ηπrfs � f� :
πnpXq Ñ πnpKpG,nqq � G.

Lemma 2.5.13 If X is an pn�1q-connected based CW complex, n ¥ 1, then
ηπ : HnpX;Gq Ñ HompπnpXq, Gq is an isomorphism. (For n � 1 we assume
that π1pXq is abelian.)

Proof. By Corollary 2.4.10(3), we may assume Xn�1 � t�u. We first prove
that ηπ : HnpX;Gq Ñ HompπnpXq, Gq is an isomorphism when X � Xn�1.
By Lemma 2.5.1, ηπ is onto. Now let f : X Ñ K, where K � KpG,nq,
and assume that ηπrf s � 0. Since Xn is a wedge of n-spheres, f |Xn � � :
Xn Ñ K. But pX,Xnq has the homotopy extension property, and so there
is a map f 1 : X Ñ K such that f � f 1 and f 1|Xn � �. Therefore f 1 induces

a map rf 1 : X{Xn Ñ K such that rf 1q � f 1, where q : X Ñ X{Xn is the
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projection. Since X{Xn is a wedge of pn� 1q-spheres, rf 1 � �. Hence f 1 � �,
and so f � �. Therefore ηπ is an isomorphism when dimX ¤ n � 1. For an
arbitrary pn�1q-connected CW complex X, the inclusion map Xn�1 Ñ X is
an pn�1q-equivalence by the cellular approximation theorem. Thus πnpXq �
πnpXn�1q and, by Lemma 2.5.12, HnpX;Gq � HnpXn�1;Gq. Therefore ηπ :
HnpX;Gq Ñ HompπnpXq, Gq is an isomorphism. [\

We next prove the Hopf classification theorem [91, p. 244].

Theorem 2.5.14 If X is a CW complex of dimension ¤ n, then there is a
bijection between rX,Sns and HnpXq.
Proof. Let KpZ, nq be the Eilenberg–Mac Lane space constructed in the proof
of Proposition 2.5.9 with G � Z and let i : Sn Ñ KpZ, nq be the inclusion.
Then i induces i� : rX,Sns Ñ rX,KpZ, nqs � HnpXq. The n� 1-skeleton of
KpZ, nq is Sn, therefore Proposition 1.5.24 shows that i� is a bijection. [\
NOTE We denote the homotopical cohomology groups by HnpX;Gq and
refer to them as cohomology groups.

In the Eckmann–Hilton duality theory (discussed in the next section),
cohomology groups with coefficients are dual to homotopy groups with coef-
ficients. The former are defined as homotopy classes of maps with codomain
an Eilenberg–Mac Lane space and the latter as homotopy classes of maps
with domain a Moore space. Eilenberg–Mac Lane spaces are spaces with a
single nonvanishing homotopy group, thus it would appear that the dual no-
tion should be a co-Moore space, that is, a space with a single nonvanishing
cohomology group. However, we have instead taken the dual to be a Moore
space, that is, a space with a single nonvanishing homology group. The reason
for this is that co-Moore spaces of type pG,nq do not exist for every group G
(see [39, pp. 318–319]). Therefore to ensure the existence of homotopy groups
with coefficients for any abelian group G, they have been defined in terms of
Moore spaces.

We carry this discussion of co-Moore spaces a bit further. For a finitely
generated abelian group G, write G � F ` T, where F is a free-abelian
group and T is a finite abelian group. If CpG,nq denotes a co-Moore space of
type pG,nq, then a simple calculation of cohomology shows that MpF, nq _
MpT, n � 1q is a CpG,nq. In particular, if G � Zm, then MpZm, n � 1q is a
CpZm, nq. As noted above, we could have defined the homotopy groups of X
with coefficients in Zm using co-Moore spaces by

rπnpX ;Zmq � rCpZm, nq, Xs.

Then rπnpX ;Zmq � rMpZm, n� 1q, Xs � πn�1pX;Zmq.
However, we use Definition 2.5.6 for homotopy groups with coefficients.
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2.6 Eckmann–Hilton Duality I

Our exposition is based on the duality theory of Eckmann and Hilton that we
have referred to several times without explanation. We now discuss this topic.
The first appearance of the duality in the literature was in the papers [27, 28,
29] of Eckmann and Hilton and the book [40] by Hilton. This duality principle
differs from certain other duality principles which are formal and automatic.
For example, in projective geometry there is a duality which asserts that
every definition remains meaningful and every theorem true if we interchange
the words point and line (and consequently other pairs of words such as
colinear and concurrent, side and vertex, and so on)[22, Chap. 3]. Parts of
the Eckmann–Hilton duality are formal and automatic (usually those parts
that can be described in categorical terms). However, much of it is intuitive,
informal, and heuristic.

We begin with the aspect of the Eckmann–Hilton duality which depends
on duality in a category and we refer to some fundamental facts about cat-
egories and functors from Appendix F. With any category C, we associate a
dual category Cop (also called the opposite category). The objects of Cop are
precisely those of C, but the set of morphisms from an object X in Cop to an
object Y in Cop, denoted CoppX,Y q, is defined to be CpY,Xq. If composition
of morphisms in Cop is denoted by � and composition in C by juxtaposition,
then f � g � gf.

Now suppose that Σ is a statement or concept that is meaningful in a
category C. Then we can apply it to the category Cop and interpret it as
a statement or concept in C. This latter statement or concept in C that is
denoted Σ� is the dual of Σ. If Σ � Σ�, then we say that Σ is self-dual.

For example, recall from Appendix F the notion of categorical product. If
X and Y are objects in a category C, their categorical product is an object
P in C together with morphisms p1 : P Ñ X and p2 : P Ñ Y such that
the following holds. If f : A Ñ X and g : A Ñ Y are any morphisms, then
there exists a unique morphism θ : AÑ P such that p1θ � f and p2θ � g. If
Σ denotes this concept in category C, then the dual concept Σ� in C is the
following. Suppose X and Y are objects in C and there is an object C in C
together with morphisms i1 : X Ñ C and i2 : Y Ñ C such that if f : X Ñ B
and g : Y Ñ B are any morphisms, then there exists a unique morphism
θ : C Ñ B with θi1 � f and θi2 � g. Then C is the coproduct in C of X and
Y, and so the coproduct is dual to the product. We can investigate various
categories to see if the product or the coproduct exists and, if so, if it is given
by a well-known construction. This can of course be done for any Σ and Σ�.

The main categories that we consider are the topological category Top�
and the homotopy category HoTop� (Appendix F). In Top� the product of X
and Y is just their cartesian productX�Y with p1 and p2 the two projections.
The coproduct is the wedge X _ Y with i1 and i2 the two injections. For
the product and coproduct in the homotopy category HoTop� we take the
cartesian product X � Y with homotopy classes of p1 and p2 for the former
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and the wedge X _ Y with homotopy classes of i1 and i2 for the latter (see
Lemma 1.3.6). Thus the product and the wedge as just defined are dual in
HoTop�. Other examples of dual concepts in HoTop� are homotopy retracts
and homotopy sections, and H-spaces and co-H-spaces.

There is another aspect of Eckmann–Hilton duality that is more obscure
and which often takes the form of a duality between functors or constructions.
We illustrate this with an example. Suppose f : X Ñ Y is a map. Then f � �
if and only if there is a contractible space T such that f factors through T,
that is, there are maps i : X Ñ T and rf : T Ñ Y such that the following
diagram commutes

X
f //

i

��

Y

T.

rf

88ppppppppppppp

This happens if there is a functor C that assigns a contractible space CpXq
to every space X and a map iX : X Ñ CpXq with the above property. The
cone on X does this, as we know by Proposition 1.4.9. If we dualize this by
reversing the direction of the maps, then we seek a functor E such that EpY q
is contractible for every space Y and a map pY : EpY q Ñ Y with the following

property: f � � : X Ñ Y if and only if there is a map pf : X Ñ EpY q such
that the following diagram commutes

Y X
foo

pfwwooooooooooooo

EpY q.
pY

OO

We have seen that the path space EY has this property (Proposition 1.4.9).
One might raise the question of why the dual of a contractible space is a
contractible space. This could be argued as follows. The dual of an identity
morphism in a category is an identity morphism because the defining property
of idX is idXf � f and g idX � g, for all morphisms f and g. The constant
morphisms have a similar defining property, and so the dual of a constant
map is a constant map. Thus identity morphisms and constant morphisms
are self-dual. But in Top� a contractible space is one in which the identity
map is homotopic to the constant map. Thus it is reasonable to regard the
dual of a contractible space to be a contractible space.

We digress briefly to comment further on this example in order to in-
dicate the origin of the Eckmann–Hilton duality. The preceding discussion
can be transfered to the category of (left) R-modules in the following way.
A homomorphism φ : A Ñ B of R-modules is called i-nullhomotopic if it
can be extended to some injective R-module Q that contains A. This could
be regarded as the analogue of extending a map of spaces to the cone of
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the domain. We then say that two R-homomorphisms from A to B are i-
homotopic if their difference is i-nullhomotopic. Alternatively, φ : A Ñ B is
p-nullhomotopic if it can be factored through some projective R-module P
that has B as a quotient. Then P could be regarded as the analogue in this
category of the path space of the codomain. Two homomorphisms would then
be p-homotopic if their difference is p-nullhomotopic. It can be shown that the
notions of i-homotopy and p-homotopy in the category of R-modules do not
agree. Furthermore, by taking Q{A we obtain an analogue of the suspension
and by taking the kernel of P Ñ B we obtain an analogue of the loop space.
It was the realization that injective modules and their quotients play the role
of cones and suspensions and that projective modules and their kernels play
the role of path spaces and loop spaces in the category of left R-modules that
was the beginning of the Eckmann–Hilton duality [40, Chap. 13].

We return to discussing the cone and path space functors in the category
Top�. We observe that they are adjoint functors. This implies that for a map
f : X Ñ Y, there is a one–one correspondence between maps F : CX Ñ Y
such that FiX � f and maps rF : X Ñ EY such that pY rF � f. The
correspondence is just the adjoint one given by

rF pxqptq � F xx, ty,

for x P X and t P I (Proposition 1.3.4). Thus the two notions of nullho-
motopy in the category of R-modules become the single notion of ordinary
nullhomotopy for the category of spaces and maps. We say that the cone
functor C and the path space functor E are dual functors (in addition to
being adjoint). The suspension ΣX is a quotient of the map iX : X Ñ CX
and the loop space ΩY is a “kernel” of the map pY : EY Ñ Y, therefore we
view the functors Σ and Ω as dual to each other. We have already noted that
these two functors are adjoint in the homotopy category HoTop�, namely,

rΣX,Y s � rX,ΩY s

by Proposition 2.3.5. Therefore we regard the functors Σ and Ω as dual and
adjoint in HoTop�. In a similar way the reduced cylinder X
I and the path
space XI can be regarded as dual and adjoint functors of X.

Furthermore, the homotopy groups appear to have properties dual to those
of the cohomology groups. For example, the homotopy groups are covariant
functors and the cohomology groups are contravariant functors. Moreover,
there is a formula that expresses the homotopy groups of a product as a
product of homotopy groups and an analogous formula for the cohomology
groups of a wedge. In addition, the homotopy groups of the loop space of X
are isomorphic to those of X (with a shift in degree) and a similar statement
holds for the cohomology of a suspension. But there are also important dif-
ferences. The fundamental group of a space is not necessarily abelian, but
all cohomology groups are abelian. The homotopy groups for most common
spaces such as CW complexes are not necessarily zero from some degree
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on (see Section 5.6), whereas the cohomology groups are zero above the di-
mension of the space (although this difference may not indicate a failure of
duality). In spite of this, we do view ordinary homotopy groups and integral
cohomology as being informally dual to each other. Although the duality
becomes more tenuous when we assert that specific spaces are dual to each
other, we regard Eilenberg–Mac Lane spaces and Moore spaces as duals in a
weak sense. Therefore we think of homotopy groups with coefficients as dual
to cohomology groups with coefficients.

We return to discussing duality in Section 6.5 after we have presented
more material. There we also discuss some of the interesting, unusual, and
anomalous features of duality.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

2.1. p:q Let pY,mq be an H-space and assume that pY � Y, Y _ Y q has the
homotopy extension property. Prove that there a multiplication m1 on Y that
is homotopic to m and such that m1py, �q � y and m1p�, yq � y, for all y P Y.
2.2. p:q Let f : X Ñ Y be a map which has a left homotopy inverse. Prove
that if Y is an H-space, then X is an H-space. With this multiplication on X,
is f an H-map? What condition will ensure that if Y is homotopy-associative,
then X is homotopy-associative?

2.3. Let Y be a grouplike space with multiplication m and homotopy inverse
i. Define a commutator map φ : Y � Y Ñ Y by φ � pp1 � p2q � pip1 � ip2q.
Prove

1. pY,mq is homotopy-commutative if and only if φ � �.
2. If α � rf s, β � rgs P rX,Y s, then the group commutator rα, βs � rφpf, gqs.
3. If k is a positive integer, set kφ � φ�� � ��φ pk termsq : Y �Y Ñ Y. Show

that m� kφ is a multiplication on Y.

4. Dualize (1)–(3) to cogroups.

2.4. Prove that if “�” is replaced by equality in the definition that pX, cq is
a co-H-space, then X � t�u.
2.5. Is S0 a (nonpath-connected) co-H-space?

2.6. Prove that a spaceX admits a comultiplication if and only if the diagonal
map ∆ : X Ñ X � X can be factored up to homotopy through X _ X.
Prove that a space X admits a multiplication if and only if the folding map
∇ : X _X Ñ X can be extended up to homotopy to X �X.
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2.7. Let X be an pn� 1q-connected space with n ¥ 2.

1. Prove that if dimX ¤ 2n � 1, then there is a comultiplication on X. If
dimX ¤ 2n�2, prove that any two comultiplications on X are homotopic.

2. Prove that if πipXq � 0 for i ¥ 2n � 1, then there is a multiplication on
X. Prove that any two multiplications on X are homotopic if πipXq � 0
for i ¥ 2n

In Exercises 2.8–2.14 also consider the dual of the given problem.

2.8. Let pY,mq be an H-space, let f, g : X Ñ Y be maps and let f�g : X Ñ Y
be their sum. Prove for any space A, that pf�gq� � f��g� : rA,Xs Ñ rA, Y s.
2.9. Let pX, cq and pX 1, c1q be co-H-spaces and let g : X 1 Ñ X be a map.
Prove the following generalization of Proposition 2.2.9: g is a co-H-map if
and only if for every space Y and every α, β P rX,Y s, we have pα � βqrgs �
αrgs � βrgs.
2.10. p�q Let jΣX : ΣX Ñ ΣX be the homotopy inverse map defined by
jΣXxx, ty � xx, 1 � ty, for x P X and t P I. Consider the double suspension
Σ2X and the map τ : Σ2X Ñ Σ2X defined by τxx, s, ty � xx, t, sy. Prove
that jΣ2X � τ � ΣjΣX .

2.11. p:q Define a map θ : ΣpX1 _X2q Ñ pΣX1q _ pΣX2q by θxpx1, �q, ty �
pxx1, ty, �q and θxp�, x2q, ty � p�, xx2, tyq, for x1 P X1, x2 P X2 and t P I.
If ij : Xj Ñ X1 _ X2 and ιj : ΣXj Ñ pΣX1q _ pΣX2q are inclusions and
qj : X1_X2 Ñ Xj and χj : pΣX1q_pΣX2q Ñ ΣXj are projections, j � 1, 2,
then prove that (1) θ Σij � ιj and χj θ � Σqj , (2) θ is a homeomorphism
with inverse tΣi1, Σi2u and (3) θ � ι1Σq1 � ι2Σq2.

2.12. p:q Let pX, cXq be a co-H-space and θ : ΣpX _Xq Ñ ΣX _ ΣX the
homeomorphism of Exercise 2.11. Show that θ ΣcX is a comultiplication that
is homotopic to cΣX , the suspension comultiplication on ΣX.

2.13. Show that if X and Y are co-H-spaces, then X _ Y is a co-H-space.
If X and Y are both homotopy-associative or both homotopy-commutative,
does the same hold for X _ Y ? Let θ : ΣpX _ Y q Ñ ΣX _ ΣY be the
homeomorphism of Exercise 2.11. Show that θ is a co-H-map.

2.14. Prove that if X is a co-H-space, then ΣX is homotopy-commutative.

2.15. p�q Find another homotopy in the proof of Proposition 2.3.2(3).

2.16. For any space A, prove that pA� Iq{pA�BIq is homeomorphic to ΣB,
for some space B. What is B?
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2.17. Consider the cofiber sequence X Ñ CX Ñ ΣX, the fiber sequence
ΩY Ñ EY Ñ Y and a map f : ΣX Ñ Y. Find a map θ : CX Ñ EY such
that the following diagram commutes

X //

rf
��

CX //

θ

��

ΣX

f

��
ΩY // EY // Y,

where rf is the adjoint of f.

2.18. p�q p:q Prove: π1pXq � 0 if and only if for paths f, g : I Ñ X such that
fp0q � gp0q � � and fp1q � gp1q, we have f � g rel BI.
2.19. If G is a group we define a comultiplication on G to be a homomorphism
s : GÑ G �G such that p1s � id � p2s : GÑ G.

1. Prove that G admits a comultiplication if and only if π : EG Ñ G has a
right inverse.

2. Prove that G admits a comultiplication if and only if G is a free group.

Note that Proposition 2.4.3 asserts that the functor π1 carries a space with
a comultiplication to a group with a comultiplication.

2.20. p:q In the proof of Lemma 2.4.2 verify that

ξ �
2p¹
i�1

ξ
piq
δi
.

2.21. If X is an H-space and a co-H-space, prove that π1pXq is 0 or Z. Give
examples of these spaces.

2.22. Let X and Y be co-H-complexes that are not simply connected. Prove
that X � Y is not a co-H-space.

2.23. p:q Prove that a path-connected CW complex X is contractible if and
only if πqpXq � 0 for all q ¥ 1.

2.24. p:q Let X be a space that is not necessarily path-connected. Show that
there is a bijection µ from π0pXq to the set of path-components of X. Show
that if pX,mq is a grouplike space, then m induces group structure on π0pXq
and on the set of path-components of X such that µ is an isomorphism.

2.25. p:q Let X and Y be spaces with X a CW complex and Y path-
connected. If f : X Ñ Y is a free map, prove that there is a (based) map
g : X Ñ Y such that f �free g.

2.26. p:q In Corollary 2.4.10(1) show that if X is a CW complex, then K can
be taken to be a CW complex containing X as a subcomplex.
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2.27. Let i : AÑ X be a cofiber map, where A and X are not necessarily of
the homotopy type of CW complexes. Prove that there exists a relative CW
complex pK,Aq and a weak equivalence f : K Ñ X such that f |A � i.

2.28. Let X and Y be spaces (not necessarily of the homotopy type of CW
complexes). We define X � Y if there exist spaces X1, X2, . . . , Xn such that
X1 � X, Xn � Y and for i � 1, 2, . . . , n� 1, there exists a weak equivalence
Xi Ñ Xi�1 or a weak equivalence Xi�1 Ñ Xi. Prove that X � Y ðñ X
and Y have CW approximations of the same homotopy type. For this problem
you can assume the result stated in Remark 2.4.12.

2.29. How many homotopy classes of homotopy retractions are there of the
inclusion i1 : Sn Ñ Sn _ Sn?

2.30. p�q Let A be a set and let F pAq be the free group generated by A. For
every α P A, let pα : F pAq Ñ F tαu � Z denote the projection. Prove that

rF pAq, F pAqs �
£
αPA

Ker pα,

where rF pAq, F pAqs is the commutator subgroup of F pAq. Note that F pAq �
�αPA F tαu.
2.31. Let G be any group and let X be an Eilenberg–Mac Lane space of
type pG, 1q. Prove that X is an H-space if and only if G is abelian. (You may
assume existence and basic properties of KpG, 1q’s.)
2.32. p�q p:q Prove that Hn�1pKpG,nqq � 0, for n ¡ 1.

2.33. Given a sequence of abelian groups G1, G2, . . . , show that there exists
a path-connected CW complex X such that HipXq � Gi for all i. Show a
similar result for homotopy groups.

2.34. p:q If G is an abelian group and n ¥ 1, prove that the Hurewicz homo-
morphism hn : πnpKpG,nqq Ñ HnpKpG,nqq is an isomorphism.

2.35. p�q p:q If f, g : X Ñ KpG,nq are maps and X is pn � 1q-connected,
n ¥ 1, then prove that pf � gq� � f� � g� : HipXq Ñ HipKpG,nqq provided
i   2n� 1.

2.36. In analogy to ρ : HnpX;Gq Ñ Hn
singpX;Gq defined after Remark 2.5.11,

define a homomorphism ρ1 : πnpX ;Gq Ñ HnpX;Gq and show that ρ1 is the
Hurewicz homomorphism when G � Z.

2.37. (Cf. Lemma 2.5.13) If X is a space, then rX,S1s is an abelian group
since S1 is a commutative topological group. Show that the group rX,S1s
contains no non-zero elements of finite order. (It may be helpful to use the
covering space RÑ S1.)
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2.38. Prove the following generalization of the Hopf classification theorem.
If X is a CW complex of dimension ¤ n, then there is a bijection between
rX,MpG,nqs and HnpX;Gq. Formulate and prove the dual result.

2.39. Consider the natural map j : X _ Y Ñ X � Y.

1. Use the characterization of X _ Y as a categorical coproduct in HoTop�
and the characterization of X � Y as a categorical product in HoTop� to
define rjs.

2. Show that rjs is self-dual.



Chapter 3

Cofibrations and Fibrations

3.1 Introduction

The notions of cofibration and fibration are central to homotopy theory. We
show that the defining property of a cofiber inclusion map i : A Ñ X is
equivalent to the homotopy extension property of the pair pX,Aq. Thus the
inclusion map of a subcomplex into a CW complex is a cofiber map, and so
this concept is widespread in topology. We study cofiber maps in Section 3.2
and introduce pushout squares and mapping cones. In Section 3.3 we treat
fiber maps as well as pullback squares and homotopy fibers and obtain some
of their basic properties. We also consider fiber bundles which are defined by
maps p : E Ñ B for which there is a locally trivializing cover of B. We prove
that fiber bundles are fibrations and thus obtain examples of fiber maps
by exhibiting fiber bundles. In this way we obtain many diverse fibrations
in which spheres, topological groups, Stiefel manifolds and Grassmannians
appear. This is done in Section 3.4, and these results will be used in Chapter
5 to calculate homotopy groups. In the last section we introduce the mapping
cylinder and its dual and use them to show that any map can be factored
into the composition of a cofiber map followed by a homotopy equivalence
or into the composition of a homotopy equivalence followed by a fiber map.
These are important techniques and highlight the major role of cofiber and
fiber maps in homotopy theory.

3.2 Cofibrations

In this chapter we consider both the based and unbased cases. We begin with
the definition of a cofiber map.

Definition 3.2.1 A map f : AÑ X is called a cofiber map if for every space
Z, maps g0 : A Ñ Z and h0 : X Ñ Z and homotopy gt : A Ñ Z of g0 such

DOI 10.1007/978-1-4419-7329-0_3, © Springer Science+Business Media, LLC 2011
, Universitext,M. Arkowitz, Introduction to Homotopy Theory 75
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that h0f � g0, there exists a homotopy ht : X Ñ Z of h0 such that htf � gt,

A

f

��

g0

��@@@@@@@@@@@@@@@@ A

f

��

gt

  @@@@@@@@@@@@@@@@

//

X
h0 // Z X

ht //______ Z.

If f is a cofiber map, then Q � X{fpAq is called the cofiber of f and the
sequence

A
f //X

q //Q

is called a cofiber sequence, where q is the projection onto the quotient space.
We refer to a cofiber map or to a cofiber sequence as a cofibration.

Remark 3.2.2 This definition also exists in the unbased case by taking un-
based spaces and free maps and homotopies.

We give some examples of cofibrations next. Recall that the cone CA �
A� I{pA� t1u Y t�u � Iq and i : AÑ CA is given by ipaq � xa, 0y.
Proposition 3.2.3 For any space A, the map i : AÑ CA is a cofibration.

Proof. Given gt : A Ñ Z and h0 : CA Ñ Z such that h0i � g0, we seek a
homotopy ht : CA Ñ Z of h0 such that hti � gt. Let BI � t0, 1u and set
S � pI � t0uq Y pBI � Iq � I � I. We define H2 : A� S Ñ Z by

H2pa, s, 0q � h0xa, sy, H2pa, 0, tq � gtpaq, and H2pa, 1, tq � �,

where a P A and t, s P I. If r : I�I Ñ S is the retraction of Example 1.4.2(3),
then an extension H 1 : A � I � I Ñ Z of H2 is defined by H 1pa, s, tq �
H2pa, rps, tqq. By Appendix A, the map H 1 induces a map H : CA� I Ñ Z,
and Hpxa, sy, tq is the desired homotopy htxa, sy. [\

It is clear from Definition 1.5.12 that a pair pX,Aq has the based homotopy
extension property if and only if the inclusion map i : A Ñ X is a cofiber
map. From Proposition 1.5.17, we then have the following result.

Proposition 3.2.4 If pK,Lq is a relative CW complex, then the inclusion
map L Ñ K is a cofibration. In particular, if L is a subcomplex of a CW
complex K, then the inclusion LÑ K is a cofibration.

This yields many cofibrations. The next lemma gives a few more.

Lemma 3.2.5

1. For any spaces A and B, the injections i1 : AÑ A_B and i2 : B Ñ A_B
are cofiber maps.
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2. If f : A Ñ X and f 1 : A1 Ñ X 1 are cofiber maps, then f _ f 1 : A _ A1 Ñ
X _X 1 is a cofiber map.

Thus we have examples of cofiber sequences:

• A
i //CA

q //ΣA, for any space A.

• L //K
q //K{L, for any relative CW complex pK,Lq.

• A
i1 //A_B

q2 //B, for any spaces A and B.

• A_ A1
f_f 1 //X _X 1 q_q

1

//Q_Q1 , where the following cofiber sequences

are given A
f //X

q //Q and A1
f 1 //X 1 q1 //Q1.

We note that in all of these examples, the cofiber map is an embedding,
that is, a homeomorphism onto its image. This is true for all cofibrations.

Proposition 3.2.6 If f : X Ñ Y is a cofiber map, then f is an embedding.

Proof. If i : X Ñ CX is the inclusion, then � � i since CX is contractible.
Therefore we have the diagram

X

f

��

��i

''OOOOOOOOOOOOO

Y
� // CX.

Since f is a cofibration, there is a map h : Y Ñ CX such that hf � i. We
consider the maps f 1 : X Ñ fpXq, h1 : fpXq Ñ ipXq and i1 : X Ñ ipXq
induced by f, h and i, respectively. Since i1 � h1f 1 is a homeomorphism, it
follows that f 1 is a homeomorphism. [\

This shows that the cofibration property and the based homotopy exten-
sion property are essentially the same. More precisely, if f : X Ñ Y is a
cofiber map, then the inclusion of fpXq, the image of f, in Y has the based
homotopy extension property and X � fpXq. We then obtain the following
consequence of Proposition 1.5.18.

Proposition 3.2.7 If A
f //X

q //Q is a cofiber sequence and A is con-
tractible, then q is a homotopy equivalence.

Next we consider pushouts.

Definition 3.2.8 Given spaces and maps

Y A
goo f //X p�q

a pushout of p�q consists of a space P and maps u : X Ñ P and v : Y Ñ P
such that uf � vg. In addition, we require the following. If Z is any space
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and if r : X Ñ Z and s : Y Ñ Z are maps such that rf � sg, then there is a
unique map t : P Ñ Z such that tu � r and tv � s,

A
f //

g

��

X

u

��
r

��=================

Y
v //

s

++VVVVVVVVVVVVVVVVVVVVVVVVVV P
t

''NNNNNNN

Z.

We call either P or the triple pP, u, vq, the pushout of p�q. The square diagram
above is then called a pushout square.

We show that any two pushouts of p�q are homeomorphic. Suppose that
pP, u, vq and pP 1, u1, v1q are both pushouts of p�q. Since P is a pushout, there
is a map t : P Ñ P 1 such that tu � u1 and tv � v1. Since P 1 is a pushout, there
is a map t1 : P 1 Ñ P such that t1u1 � u and t1v1 � v. Therefore t1tu � u and
t1tv � v. By the uniqueness of pushout maps, t1t � idP . Similarly t1t � idP 1 ,
and so t is a homeomorphism with inverse t1.

We now show the existence of pushouts.

Proposition 3.2.9 Given p�q, there exists a pushout pP, u, vq.
Proof. Consider X _ Y, regarded as a subspace of X � Y, and introduce the
equivalence relation on X_Y defined by pfpaq, �q� p�, gpaqq, for every a P A.
Set P � X _Y {� and let q : X _Y Ñ P be the quotient map. Define u and
v by u � qi1 and v � qi2, where i1 : X Ñ X _ Y and i2 : Y Ñ X _ Y are
the two injections. Clearly uf � vg. Now we show that pP, u, vq is a pushout
of p�q. If r : X Ñ Z and s : Y Ñ Z are maps with rf � sg, then there is a
map tr, su : X _ Y Ñ Z and

tr, supfpaq, �q � rfpaq � sgpaq � tr, sup�, gpaqq.

Thus tr, su induces t : P Ñ Z such that tu � r and tv � s. To prove
uniqueness of t, let m : P Ñ Z be a map such that mu � r and mv � s.
Then

mqi1 � mu � r � tu � tqi1,

and similarly, mqi2 � tqi2. Therefore, mq � tq, and so m � t. [\
Proposition 3.2.10 Let

A
f //

g

��

X

i

��
Y

j // P



3.2 Cofibrations 79

be a pushout square. If g is a cofiber map, then so is i. In this case, j induces
a homeomorphism j1 : Y {gpAq Ñ P {ipXq of cofibers.

Proof. Consider the diagram

A
f //

g

��

X

i

��

gt

&&NNNNNNNNNNNNN

Y
j // P

h0 // Z,

where gt is a homotopy with g0 � h0i. Then g0f � h0jg and, because g
is a cofibration, there is a homotopy kt : Y Ñ Z such that ktg � gtf and
k0 � h0j. Then gt and kt induce a map lt : P Ñ Z such that lti � gt and
ltj � kt. Then lt is a homotopy since the map L : P � I Ñ Z obtained
from lt is continuous by Exercise 3.4. Furthermore, l0i � g0 � h0i and l0j �
k0 � h0j. By the uniqueness property of the pushout, l0 � h0, and so i is a
cofiber map. For the second assertion of the proposition, note that j induces
j1 : Y {gpAq Ñ P {ipXq. We regard the pushout P as defined in the proof of
Proposition 3.2.9. Then P {iX is obtained from X _ Y from the following
relations: pfpaq, �q � p�, gpaqq, for every a P A and px, �q � �, for every x P X
(Appendix A). Thus Y {gpAq � P {ipXq, and the homeomorphism is j1 defined
by j1xyy � x�, yy for y P Y . [\

We next consider a special case of a pushout.

Definition 3.2.11 Let f : X Ñ Y be any map and consider the pushout
square

X
f //

i

��

Y

k

��
CX

j // P.

We call P the space obtained by attaching a cone on X by f or, more briefly,
the mapping cone of f or the homotopy cofiber of f . We write P � Cf �
Y Yf CX. Because X //CX //ΣX is a cofiber sequence,

Y
k //Cf

q //ΣX

is a cofiber sequence by Proposition 3.2.10 called the principal cofibration
induced by f (see Figure 3.1).

The mapping cone is an important construction and we next present some
of its properties. The first result is a generalization of Lemma 1.4.10 and
Proposition 1.4.9.

Proposition 3.2.12 Let f : X Ñ Y be a map and Cf the mapping cone of f .
Then a map g : Y Ñ Z can be extended to Cf if and only if gf � � : X Ñ Z.
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Y

k

X

Y

q
f pXq

Y ΣX � Cf
L
k pY qCf

Figure 3.1

Proof. Let k : Y Ñ Cf be the inclusion and let there exist h : Cf Ñ Z such
that hk � g,

X
f //

i

��

Y

k

��

g

&&NNNNNNNNNNNNN

CX
j // Cf

h //______ Z.

Then gf � hkf � hji. But gf � � because hji factors through the con-
tractible space CX.

Now suppose gf � � : X Ñ Z. By Proposition 1.4.9, gf can be extended
to CX. Thus there is a map F : CX Ñ Z such that Fi � gf. By Definition
3.2.8, F and g determine a map h : Cf Ñ Z such that hk � g. [\

Next we show how to obtain induced maps of mapping cones.

Proposition 3.2.13 Given a homotopy-commutative diagram

X
α //

f

��

X 1

f 1

��
Y

β // Y 1

with homotopy F : X � I Ñ Y 1 such that βf �F f 1α. Then there exists a
map ΦF : Cf Ñ Cf 1 such that in the following diagram

Y
k //

β

��

Cf
q //

ΦF

��

ΣX

Σα

��
Y 1 k1 // Cf 1

q1 // ΣX 1

the left square is commutative and the right square is homotopy-commutative,
where k and k1 are inclusions and q and q1 are projections.
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Proof. We define ΦF xyy � xβpyqy and

ΦF xx, ty �
" xF px, 2tqy if 0 ¤ t ¤ 1

2xαpxq, 2t� 1y if 1
2
¤ t ¤ 1,

for all y P Y, x P X, and t P I. [\
For any space W, let iW : W Ñ CW be the inclusion. We next show the

compatibility of the mapping cone construction with suspensions.

Proposition 3.2.14 If f : A Ñ X is a map and Σf : ΣA Ñ ΣX is its
suspension, then there is a homeomorphism θ : CΣf Ñ ΣCf such that the
following diagram commutes

ΣX

k1

||xxxxxxxx
Σk

##GGGGGGGG

CΣf
θ

�
// ΣCf ,

where k and k1 are inclusions.

Proof. Consider the pushout square

A
f //

iA

��

X

u

��
CA

v // Cf .

By Exercise 3.1,

ΣA
Σf //

ΣiA

��

ΣX

Σu

��
ΣCA

Σv // ΣCf

is a pushout square. There is a homeomorphism ρ : CΣA Ñ ΣCA defined
by ρxxa, ty, uy � xxa, uy, ty, where a P A and t, u P I. We then replace ΣCA
by CΣA and ΣiA by iΣA in the previous pushout square and obtain the
pushout square

ΣA
Σf //

iΣA

��

ΣX

Σu

��
CΣA

pΣvqρ // ΣCf .

But CΣf is the pushout of CΣA ΣA
Σf //iΣAoo ΣX. Because any two

pushouts of the same maps are homeomorphic, CΣf � ΣCf , with homeomor-
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phism θ : CΣf Ñ ΣCf such that θxx, ty � xx, ty and θxxa, ty, uy � xxa, uy, ty,
for x P X, a P A and t, u P I. The proposition now follows. [\

We conclude this section by showing that the homotopy type of the map-
ping cone depends only on the homotopy class of the map.

Proposition 3.2.15 If f0 � f1 : X Ñ Y, then Cf0 � Cf1 .

Proof. We use x�y0 to denote elements of Cf0 and x�y1 to denote elements
of Cf1 . Let F be the homotopy between f0 and f1 and let F̄ defined by
F̄ px, tq � F px, 1�tq be a homotopy between f1 and f0. We apply Proposition
3.2.13 with α � idX and β � idY and define ρ : Cf0 Ñ Cf1 by ρ � ΦF . A
similar definition using F̄ gives σ � ΦF̄ : Cf1 Ñ Cf0 . We show that ρ is a
homotopy equivalence with homotopy inverse σ. The map σρ : Cf0 Ñ Cf0 is
given by σρxyy0 � xyy0 and

σρxx, sy0 �
$&%
xF px, 2sqy0 if 0 ¤ s ¤ 1

2xF̄ px, 4s� 2qy0 if 1
2 ¤ s ¤ 3

4 ,xx, 4s� 3y0 if 3
4 ¤ s ¤ 1.

Then a homotopy G : Cf0 � I Ñ Cf0 between σρ and id is defined by
Gpxyy0, tq � xyy0 and

Gpxx, sy0, tq �
$&%
xF px, 2sqy0 if 0 ¤ s ¤ 1�t

2xF̄ px, 4s� 3t� 2qy0 if 1�t
2 ¤ s ¤ 3�3t

4 ,
xx, p4s� 3t� 3q{p1� 3tqy0 if 3�3t

4 ¤ s ¤ 1.

A homotopy between ρσ and id is defined analogously. This completes the
proof. [\
Remark 3.2.16

1. We attempt to motivate the definition of the previous homotopy G. Fix
x P X and define paths l, l̄ and i in Cf0 by lpsq � xfspxqy, l̄psq � xf̄spxqy,
and ipsq � xx, sy, where fspxq � F px, sq and f̄spxq � F̄ px, sq. Then the
homotopy Gpxx,�y, tq for fixed x and t is a path in Cf0 which consists
of first traversing l from lp0q to lp1 � tq (0 ¤ s ¤ p1 � tq{2) and then
traversing l backwards from lp1� tq to lp0q (p1� tq{2 ¤ s ¤ p3�3tq{4) and
then traversing i from ip0q to ip1q. At t � 0, this is σρxx, sy. As t increases
from 0 to 1, the first two paths get shorter until at t � 1 they are just the
basepoint, and we have ipsq � xx, sy.

2. If we regard Y as a subspace of both mapping cones Cf0 and Cf1 , then Cf0
and Cf1 have the same homotopy type relY by the proof of Proposition
3.2.15 (see Figure 3.2).



3.3 Fibrations 83

Gpxx, sy, tq, with x fixed

t

s

i

l �l i

t
l �l i

lp0q lp0q

p12 ,0q p
3
4
,0q

Figure 3.2

3.3 Fibrations

Most of our discussion of fibrations is just a straightforward dualization of the
previous section on cofibrations. For this material, we state these results and
occasionally indicate a proof, but our treatment is sketchy. However, we give
details for the material on fibrations that are not duals of results in Section
3.2. We begin with some definitions.

Definition 3.3.1 A map p : E Ñ B has the homotopy lifting property or the
covering homotopy property with respect to a space W if for maps g0 : W Ñ B
and h0 : W Ñ E and homotopy gt : W Ñ B of g0 such that ph0 � g0, there
exists a homotopy ht : W Ñ E of h0 such that pht � gt. This property is
sometimes referred to as the HLP or the CHP

E

p

��

E

p

��

//

W

h0

>>~~~~~~~~~~~~~~~~ g0 // B W

ht

>>}
}

}
}

}
}

}
} gt // B.

The homotopy ht is called a covering homotopy of gt. If p : E Ñ B has
the homotopy lifting property for all spaces W, then p is called a fiber map.
This is sometimes referred to as a Hurewicz fiber map. If p : E Ñ B has the
homotopy lifting property for all CW complexes W, then p is called a weak
fiber map and is sometimes referred to as a Serre fiber map. If p : E Ñ B is
a fiber map or weak fiber map, then F � p�1p�q � E is called the fiber, E is
called the total space and B is called the base space. The sequence

F
i //E

p //B
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is called a fiber sequence, where i is the inclusion. In addition, we refer to a
fiber map or fiber sequence as a fibration.

We also consider unbased fibrations in this section. The definition is the same
as Definition 3.3.1 except that spaces, maps, and homotopies are unbased.
We refer to these as unbased fibrations or free fiber maps. Similarly we can
consider unbased weak fibrations or free weak fiber maps. If p : E Ñ B is an
unbased fibration or unbased weak fibration and b P B, then p�1pbq is called
the fiber over b. It can be shown that any two fibers have the same homotopy
type when B is path-connected. We now give some examples of fibrations.

• If B and F are any spaces, then F
j2 //B � F

p1 //B is a fiber sequence,
where j2 is the inclusion and p1 is the projection. Similarly,

B
j1 //B � F

p2 //F

is a fiber sequence.These are called trivial fibrations. Less trivial examples
are given below.

• If F //E
p //B is fiber sequence and A � B, then the following se-

quence is a fiber sequence

F //p�1pAq //A.

Next we give an important source of examples.
Let A,B � X and consider the path space XI . Define EpX ;A,Bq � XI by

EpX;A,Bq � tl P XI | lp0q P A and lp1q P Bu and define p : EpX ;A,Bq Ñ
A�B by pplq � plp0q, lp1qq.
Proposition 3.3.2 For any spaces A,B � X, the map p : EpX;A,Bq Ñ
A�B is a fiber map.

Proof. Let f0 : W Ñ EpX ;A,Bq be a map and let gs : W Ñ A � B a
homotopy such that pf0 � g0. Then gs � pg1s, g2sq, where g1s : W Ñ A and
g2s : W Ñ B. Define the adjoint h : W � I Ñ X of f0 by hpw, tq � f0pwqptq.
for w P W and t P I. Set S � pI � t0uq Y pBI � Iq � I � I and define
H 1 : W � S Ñ X by

H 1pw, t, 0q � hpw, tq, H 1pw, 0, sq � g1spwq, and H 1pw, 1, sq � g2spwq.

Since there is a retraction r : I � I Ñ S by Example 1.4.2(3), we define
H : W � I � I Ñ X by

Hpw, t, sq � H 1pw, rpt, sqq.

We then obtain a homotopy fs : W Ñ EpX;A,Bq of f0 given by fspwqptq �
Hpw, t, sq which is a covering homotopy of gs [\
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Remark 3.3.3 If we take B � t�u and A � X in Proposition 3.3.2, we
obtain the fiber sequence

ΩX //E1X
p0 //X ,

where E1X � EX is the space of paths in X that end at the basepoint and
p0plq � lp0q. If we take A � t�u and B � X in Proposition 3.3.2, we obtain
the fiber sequence

ΩX //E0X
p1 //X ,

where E0X is the space of paths in X that begin at the basepoint and p1plq �
lp1q.
Definition 3.3.4 Let p : E Ñ B be a map and pK,Lq a relative CW complex
with inclusion map i : L Ñ K. Then p has the covering homotopy extension
property with respect to pK,Lq if for any maps g0 : K Ñ B, h0 : LÑ E and
f0 : K Ñ E such that f0i � h0 and pf0 � g0 and homotopies gt : K Ñ B
of g0 and ht : L Ñ E of h0 such that pht � gti, there exists a homotopy
ft : K Ñ E of f0 such that fti � ht and pft � gt. This property is sometimes
called the CHEP

L

i

��

h0 // E

p

��

L

i

��

ht // E

p

��

//

K
g0 //

f0

??~~~~~~~~~~~~~~~~
B K

ft

>>~
~

~
~

~
~

~
~ gt // B.

Since i is a cofiber map, there is a homotopy f 1t of f0 such that f 1ti � ht.
If p is a fiber map, then there is homotopy f2t of f0 such that pf2t � gt. The
CHEP says that we can take f 1t � f2t provided the given homotopies gt and
ht are compatible. Note that if i is a cofiber map and p is a fiber map, the
CHEP is a self-dual property. The CHEP is stronger than the CHP and can
be formulated in either the based or unbased case.

We next characterize unbased weak fibrations by several equivalent condi-
tions.

Proposition 3.3.5 Let p : E Ñ B be a free map. Then the following are
equivalent:

1. The map p is an unbased weak fibration.

2. The map p has the unbased covering homotopy property with respect to
n-balls En, for all n ¥ 0.

3. The function p has the unbased covering homotopy extension property for
all relative CW complexes pK,Lq.
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4. Let pK,Lq be a relative CW complex with L an unbased strong deformation
retract of K. If there are free maps h : L Ñ E and g : K Ñ B such that
ph � g|L, then there is a free map f : K Ñ E such that f |L � h and
pf � g

Proof. p1q ùñ p2q is obvious.

p2q ùñ p3q First note that there is a homeomorphism pEn�I, En�t0uq �
pEn�I, En�t0uYSn�1�Iq of pairs. Figure 3.3 shows this homeomorphism
for n � 1 (see also [14, p. 451]).

pE1 � I, E1 � t0uq

E1

I

Ð Ñ

�

Ò Ò

�

Ñ Ð

�

pE1 � I, E1 � t0u Y S0 � Iq

E1

I

Figure 3.3

The general definition of the homeomorphism is given in the proof of Lemma
11.6 in [37, p. 81]. Now let pK,Lq be a relative CW complex. We assume that
there is a commutative square

K � t0u Y L� I
H //

��

E

p

��
K � I

G //

F

55kkkkkkkkk
B

and we want to define F so that the triangles are commutative. The proof is by
induction over the spaces K�t0u Y pK,Lqn�I, where pK,Lqn is the relative
nth skeleton. We regard E0 as a one point space and consider a relative vertex
v P K�L. Then by the covering homotopy property with respect to the space
tvu, there is a map F : tvu � I Ñ E that extends H|tvu � t0u and such that
pF � G|tvu � I. We do this for all relative vertices v P K �L, and this gives
the result for n � 0. Now assume F defined on K�t0u Y pK,Lqn�1�I and let
σ be a relative n-cell in pK,Lqn. Using the characteristic function Φ : En Ñ σ,
we obtain functions G1 � GpΦ � idq : En � I Ñ B and F 1 � F pΦ � idq :
pEn � t0uq Y pSn�1 � Iq Ñ E such that pF 1 � G1|pEn � t0uq Y pSn�1 � Iq.
Since pEn � I, En � t0uq � pEn � I,

�
En � t0uq Y pSn�1 � Iq�, this yields a

commutative diagram



3.3 Fibrations 87

En � t0u //

��

E

p

��
En � I // B.

Then the covering homotopy property with respect to En and the existence
of the homeomorphism pEn � I, En � t0uq � pEn � I, pEn � t0uq Y pSn�1 �
Iqq imply that there exists F 2 : En � I Ñ E such that pF 2 � G1 and
F 2|pEn � t0uq Y pSn�1 � Iq � F 1. This induces Fσ : σ � I Ñ E which is an
extension of F |pσ�t0uqYpBσ�Iq such that pFσ � G|σ � I. By doing this for
all relative n-cells σ in pK,Lqn, we extend F to K �t0u Y pK,Lqn� I. This
completes the induction and yields the desired free homotopy F : K�I Ñ E.
p3q ùñ p4q Let i : L Ñ K be the inclusion and let r : K Ñ L be the free

retraction. Denote by gt : K Ñ K the free homotopy of ir to id relL. We
assume that there is a commutative diagram

L
h //

i

��

E

p

��
K

g // B.

Now consider the free homotopy ht : L Ñ E defined by htpxq � hpxq, for
x P L and set f0 � hr. Then pht � ggti. By (3), there is a free homotopy
ft : K Ñ E such that fti � ht and pft � ggt. If we set f � f1, then f
satisfies the conclusion of (4).

p4q ùñ p1q Given a CW complex W and a diagram

E

p

��
W

f0

77ppppppppppppp gt // B

with pf0 � g0. We obtain

W � t0u f //

��

E

p

��
W � I

G // B,

where fpw, 0q � f0pwq and Gpw, tq � gtpwq, for w P W and t P I. The space
W �t0u is a strong deformation retract of W � I. Therefore, by (4), there is
a function F : W � I Ñ E such that pF � G and F |W � t0u � f. Then F is
the desired free homotopy. [\

We then obtain the following corollary.
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Corollary 3.3.6 If p : E Ñ B is a weak fibration, then p satisfies the (based)
CHEP.

Proof. Because every weak fibration is an unbased weak fibration (Exercise
3.9) and the unbased CHEP implies the CHEP, the result follows. [\

Another consequence of Proposition 3.3.5 is the following corollary.

Corollary 3.3.7 Let E and B be spaces and let p : E Ñ B be a (based)
map. If p is an unbased weak fibration, then p is a weak fibration.

Proof. Assume that W is a based CW complex and that there are maps
h0 : W Ñ E and g0 : W Ñ B and a based homotopy gt of g0, such that
ph0 � g0. Then pW, t�uq is a relative CW complex and we apply the CHEP
to the homotopies ht : t�u Ñ E and gt : W Ñ B. Hence there is a homotopy
ft : W Ñ E that covers gt such that ftp�q � �. Therefore ft is a (based)
homotopy. [\

We next give a way to recognize when certain maps are weak fibrations.

Definition 3.3.8 Let p : E Ñ B be a free map of unbased spaces. Then a
fiber bundle consists of p and an unbased space F such that there exists an
open cover tUαuαPA of B with the following property. For every α P A, there
is a homeomorphism θα : p�1pUαq Ñ Uα � F such that the diagram

p�1pUαq θα

�
//

p
##HHHHHHHHH

Uα � F

p1
{{wwwwwwwww

Uα

commutes, where p1 is a projection onto the first factor. Then F is called the
fiber, B the base space, E the total space, and p the bundle map of the fiber
bundle. The homeomorphism θα is called a local trivialization and the cover
tUαuαPA is called a locally trivializing cover. A fiber bundle is sometimes
called a locally trivial fibration. If p : E Ñ B is a bundle map with fiber F,

we say that F //E
p //B is a fiber bundle.

As one might expect, a fiber bundle has the covering homotopy property.

Proposition 3.3.9 If p : E Ñ B is a based map that is a bundle map with
fiber F, then p is a weak fibration with fiber homeomorphic to F.

Proof. By Corollary 3.3.7, it suffices to show that p is an unbased weak
fibration. By Proposition 3.3.5 it suffices to prove that p satisfies the covering
homotopy property with respect to all n-balls En. Given the diagram

En � t0u h //

��

E

p

��
En � I

G //

H

66nnnnnnn
B
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with commutative square, we seek a homotopy H : En � I Ñ E such that
the triangles in the above diagram are commutative.

We adopt the following terminology. Let L � En and let S be any space
with L� t0u � S � En � I. If F : S Ñ E is a free map such that pF � G|S
and F |pL� t0uq � h|pL� t0uq, then we call F a partial lift of G.

Let tUαuαPA be a locally trivializing cover of B. If θ : En Ñ In is a
homeomorphism, then tpθ � idqG�1pUαqu is an open cover of the compact
metric space In� I. By the Lebesgue covering lemma (Appendix A), there is
a positive number λ such that any subset of In�I of diameter  λ is contained
in some pθ � idqG�1pUαq. We then subdivide each factor I of In � I into k
subintervals �

0,
1

k

�
,
�1

k
,

2

k

�
, . . . ,

�k � 1

k
, 1
�
.

By choosing k sufficiently large, we have that In � I is a finite CW complex
with each cell contained in some pθ � idqG�1pUαq. Thus there is a CW de-
composition K of En and a subdivision of I into k subintervals so that for
every cell σ in K and for each i � 0, 1, . . . , k � 1,

G
�
σ �

� i
k
,
i� 1

k

�	
� Uα,

for some α P A. Fix i and assume that there exists a partial lift Hi : K �
r0, i{ks Ñ E of G. We show there is a partial lift Hi�1 : K�r0, pi�1q{ks Ñ E
of G by induction on the skeleta Kj of K. The case j � 0 is straightforward
and hence omitted. Now assume that for some l ¡ 0 there is a partial lift
H l�1
i�1 : Kl�1 � r0, pi � 1q{ks Ñ E of G such that H l�1

i�1 |pKl�1 � r0, i{ksq �
Hi|pKl�1 � r0, i{ksq. Let σ be an l-cell of K with boundary Bσ and suppose
that Gpσ � ri{k, pi� 1q{ksq � Uα, for some α. Then Hl�1

i�1 and Hi determine
a map

H 1 : σ �
! i
k

)
Y Bσ �

� i
k
,
i� 1

k

�
ÝÑ p�1pUαq

such that the square commutes in the following diagram

σ �
! i
k

)
Y Bσ �

� i
k
,
i� 1

k

�
H1

//

��

p�1pUαq

p1

��
σ �

� i
k
,
i� 1

k

�
G1

//

H1
σ

55kkkkkkkkk

Uα,

where G1 and p1 are the restrictions of G and p, respectively. Then p1 is an
unbased weak fibration by the locally trivializing property and σ � ti{ku Y
Bσ� ri{k, pi� 1q{ks is a strong deformation retract of σ� ri{k, pi� 1q{ks. By
Proposition 3.3.5, there exists
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H 1
σ : σ �

� i
k
,
i� 1

k

�
ÝÑ p�1pUαq

such that the triangles in the above diagram commute. We do this for each l-
cell in K and obtain a partial lift H l

i�1 : Kl�r0, pi�1q{ks Ñ E of G. Because
K � Kn � En, this process yields a lift Hi�1 � Hn

i�1 : K�r0, pi�1q{ks Ñ E
of G. Induction on i then gives the lift H of G. [\

We note that it is proved in [83, p. 96] that if p : E Ñ B is a bundle map
with fiber F and paracompact base B, then p is a (Hurewicz) fibration with
fiber homeomorphic to F. Moreover, an example is given in [16] of a weak
fibration that is not a fibration.

By Proposition 3.3.9 we obtain examples of unbased weak fibrations by
giving examples of bundle maps. We do this in the next section. The rest of
this section is a straightforward dualization of the latter part of Section 3.2
and we give the definitions and state the propositions, usually without proof.
We consider only based spaces and maps. We begin with pullbacks.

Definition 3.3.10 Given spaces and maps

Y
g //A X,

foo p��q

the pullback of p��q consists of a space Q and maps u : QÑ X and v : QÑ Y
such that fu � gv. In addition, we require the following. If r : W Ñ X and
s : W Ñ Y are maps such that fr � gs, then there is a unique map t : W Ñ Q
such that ut � r and vt � s,

W

r

++VVVVVVVVVVVVVVVVVVVVVVVVVV

s

��<<<<<<<<<<<<<<<<<
t

&&NNNNNNN

Q
u //

v

��

X

f

��
Y

g // A.

We call either Q or the triple pQ, u, vq, the pullback of p��q. The rectangular
diagram above is called a pullback square.

As in the dual case, it is easily seen that any two pullbacks of p��q are
homeomorphic.

Proposition 3.3.11 Given p��q, there exists a pullback pQ, u, vq.
Proof. Let Q � X � Y be the set of pairs px, yq with x P X and y P Y such
that fpxq � gpyq. Then set upx, yq � x and vpx, yq � y. The verification that
pQ, u, vq is a pullback is analogous to the proof of Proposition 3.2.9. [\
The following proposition and its proof is dual to the corresponding one in
Section 3.2, and hence omitted.
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Proposition 3.3.12 Let

Q
u //

v

��

X

f

��
Y

g // A

be a pullback square. If f is a fiber map, then so is v. In this case, u induces
a homeomorphism of the fiber of v onto the fiber of f.

We next consider the dual of the mapping cone.

Definition 3.3.13 Let f : X Ñ Y be any map and consider the pullback
square

Q
u //

v

��

EY

p

��
X

f // Y,

where p : EY Ñ Y is the path space fibration. Then Q is called the total
space induced by f from the fibration p or, more commonly, the homotopy
fiber of f (see Remark 3.5.9). We write Q � If and note that by Proposition
3.3.12,

ΩY //If
v //X

is a fiber sequence called the principal fibration induced by f.

The next result is a basic one on lifting maps, and we give the proof.

Proposition 3.3.14 Let f : X Ñ Y be a map, let v : If Ñ X be the
principal fiber map, and let g : W Ñ X be a map. Then there exists a map
g1 : W Ñ If such that vg1 � g if and only if fg � �.
Proof. Suppose g1 exists

If
u //

v

��

EY

p

��
W

g //

g1
88ppppppp
X

f // Y.

Then fg � pug1. This map factors through the contractible space EY, and
therefore is nullhomotopic. Now assume that fg � �. By Proposition 1.4.9, fg
factors through EY and so there is a map F : W Ñ EY such that pF � fg.
Then g and F determine a map g1 : W Ñ If such that vg1 � g. [\

Next we state without proof the duals of several propositions of Section
3.2. We begin with induced maps of homotopy fibers.
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Proposition 3.3.15 Given a homotopy-commutative diagram

X
α //

f

��

X 1

f 1

��
Y

β // Y 1

such that f 1α �F βf. Then there exists a map ΨF : If Ñ If 1 such that in the
following diagram

ΩY
i //

Ωβ

��

If

ΨF

��

v // X

α

��
ΩY

i1 // If
v1 // X,

the left square is homotopy-commutative and the right square is commutative,
where v and v1 are fiber maps and i and i1 are inclusions.

Let vX : If Ñ X denote the principal fiber map.

Proposition 3.3.16 If f : X Ñ Y and Ωf : ΩX Ñ ΩY, then there is a
homeomorphism θ : ΩIf Ñ IΩf such that the following diagram commutes

ΩIf
θ

�
//

ΩvX ""EEEEEEEE IΩf

vΩX||yyyyyyyy

ΩX.

Proposition 3.3.17 If f0 � f1 : X Ñ Y, then If0 � If1 .

We conclude this section by discussing a variant of the notion of homotopy
that applies to fibrations.

Definition 3.3.18 If p : E Ñ B and p1 : E1 Ñ B are two fiber maps over
the same base space B, then a map f : E Ñ E1 is called fiber-preserving if
p1f � p

E
f //

p
��>>>>>>> E1

p1��~~~~~~~

B.

It follows that if F is the fiber of p and F 1 is the fiber of p1, then f |F : F Ñ F 1.
Two fiber-preserving maps f, g : E Ñ E1 are fiber-homotopic if there is a
homotopy ft : E Ñ E1 such that f0 � f, f1 � g and p1ft � p, for every t P I.
A fiber-preseving map f : E Ñ E1 is a fiber homotopy equivalence if there is
a fiber-preserving map g : E1 Ñ E such that fg is fiber-homotopic to idE1

and gf is fiber-homotopic to idE .
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For many results about fibrations in which it is asserted that two total
spaces are homotopy equivalent, it can be shown that the homotopy equiva-
lence is a fiber homotopy equivalence. For now we show that fiber homotopy
and homotopy relative to a subspace are essentially dual notions.

Remark 3.3.19 By dualizing the concept of fiber homotopy we obtain the
following provisional definitions. Given two cofibrations i : A Ñ X and i1 :
A Ñ X 1, a map f : X Ñ X 1 is called cofiber-preserving if fi � i1. Two
cofiber-preserving maps f, g : X Ñ X 1 are cofiber-homotopic if there is a
homotopy ft : X Ñ X 1 such that f0 � f, f1 � g and fti � i1, for all t P I. If
we take i : A Ñ X to be an inclusion map and i1 : A Ñ X 1 any map, then
the notion of cofiber-homotopy is precisely that of homotopy relative to A.

3.4 Examples of Fiber Bundles

In this section we present several classes of examples of bundle maps. By
Proposition 3.3.9 all of these examples are weak fibrations. The first two
classes of examples are only briefly discussed. To give a longer discussion
would take us too far afield.

All topological spaces and continuous functions in this section are unbased,
unless otherwise stated.

Covering Maps

Any covering map p : E Ñ B is a bundle map. In fact, a covering map can
be defined as a bundle map with the following additional property. There is
a locally trivializing cover tUαuαPA such that p�1pUαq is a disjoint union of
open sets of E each of which is mapped homeomorphically by p onto Uα, for
every α P A [61, Chap. 11]. For each b P B, the inverse image p�1pbq is a
discrete topological space.

Vector Bundles

If M is a differentiable m-manifold, then let T pMq denote the space of all
tangent vectors to M. A map p : T pMq Ñ M is given by ppvq � x, where
v is a tangent vector to M at x P M. For any x P M, the set of tangent
vectors at x is p�1pxq, which is an m-dimensional real vector space. Then p
is a bundle map with fiber an m-dimensional vector space, and is called the
tangent bundle of M (for details see [14, p. 88]). This is an important example
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of a real vector bundle over M. More generally, an m-dimensional real vector
bundle consists of a bundle map p : E Ñ B having fiber Rm with the following
additional properties: (1) for every b P B, the set p�1pbq is an m-dimensional
real vector space; (2) there is a locally trivializing cover tUauαPA with local
trivializations θα : p�1pUαq Ñ Uα � Rn such that θα|p�1pbq : p�1pbq Ñ
tbu � Rm is a vector space isomorphism, for every b P Uα. In addition to
the tangent bundle, there are many other examples of vector bundles, for
instance, the normal bundle of the embedding of one manifold into another.
Furthermore, many of the vector space operations such as direct sum, tensor
product, exterior product, and so on can be extended to vector bundles, and
thus provide methods to construct new vector bundles from given ones. Two
m-dimensional vector bundles p : E Ñ B and p1 : E1 Ñ B are said to
be equivalent if there is a homeomorphism φ : E Ñ E1 such that p1φ � p
and φ|p�1pbq : p�1pbq Ñ p1�1pbq is a vector space isomorphism, for every
b P B. The set of equivalence classes of m-dimensional vector bundles over
B is denoted VectmpBq. We note that it is possible to define complex or
quaternionic vector bundles by replacing the field of real numbers R by the
complex numbers C or by the quaternions H.

Hopf Fibrations

We describe in a unified way several classes of fiber bundles in which the
fiber is a sphere. Let F be the real numbers R, the complex numbers C, or
the quaternions H, and let d � 1, 2, or 4, respectively. Then

Fn�1 �
$&%

Rn�1 if F � R
Cn�1 � R2pn�1q if F � C
Hn�1 � R4pn�1q if F � H.

The pdpn� 1q � 1q-dimensional sphere Sdpn�1q�1 � Fn�1 is defined by

Sdpn�1q�1 �
!
pu0, u1, . . . , unq |ui P F and

ņ

k�0

|uk|2 � 1
)
.

By 1.5.10, the F-projective n-space FPn is Fn�1 � t0u{�, where the equiv-
alence relation is defined as follows: pu0, u1, . . . , unq � pv0, v1, . . . , vnq if and
only if there exists λ P F � t0u such that vi � λui, for i � 0, 1, . . . , n. The
equivalence class of pu0, u1, . . . , unq P Fn�1 � t0u is denoted ru0, u1, . . . , uns.
There is then a continuous function

φ : Sdpn�1q�1 Ñ FPn
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defined by φpu0, u1, . . . , unq � ru0, u1, . . . , uns. We determine the set F �
φ�1r1, 0, . . . , 0s : pu0, u1, . . . , unq P φ�1r1, 0, . . . , 0s if and only if there exists
λ P F� t0u such that u0 � λ and ui � 0 for i � 1, . . . , n. Therefore

F � tpλ, 0, . . . , 0q |λ P F, |λ| � 1u � Sd�1.

Proposition 3.4.1 For F � R,C, or H and d � 1, 2, or 4, respectively,

Sd�1 //Sdpn�1q�1
φ //FPn

is a fiber bundle.

Proof. We construct a locally trivializing cover tW0,W1, . . . ,Wnu of FPn.
For i � 0, 1, . . . , n, set Wi � tru0, u1, . . . , uns |ui � 0u � FPn. Define free
maps ρi : Wi � Sd�1 Ñ φ�1pWiq by

ρipru0, u1, . . . , uns, λq � |ui|λ
ui
a°

k |uk|2
pu0, u1, . . . , unq,

for ru0, u1, . . . , uns P Wi and λ P Sd�1, and define free maps θi : φ�1pWiq Ñ
Wi � Sd�1 by

θipu0, u1, . . . , unq �
�
ru0, u1, . . . , uns, ui|ui|

	
,

for pu0, u1, . . . , unq P φ�1pWiq. Then ρiθi � id and θiρi � id. Thus the θi are
homeomorphisms and so tW0,W1, . . . ,Wnu is a locally trivializing cover. [\
Definition 3.4.2 In Proposition 3.4.1, the maps φ are called Hopf maps and
the fibrations are called Hopf fibrations.

Remark 3.4.3

1. More explicitly, the Hopf fibrations are

• S0 //Sn
φ //RPn

• S1 //S2n�1
φ //CPn

• S3 //S4n�3
φ //HPn .

These fibrations are the real, complex, and quaternionic Hopf fibrations.
2. The Hopf maps are the last attaching maps in the CW decomposition of

RPn�1, CPn�1, and HPn�1 given in Example 1.5.10. In Chapter 5 these
maps will be shown to be generators of homotopy groups.

3. The real Hopf map φ : Sn Ñ RPn is a two-sheeted covering map. For
n ¡ 1, φ is the universal covering map.

We next prove a lemma which identifies the 1-dimensional projective spaces.
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Lemma 3.4.4 FP1 � Sd.

Proof. For d � 1, we regard RP1 as E1 � r�1, 1s with t�1u and t1u identified
according to Example 1.5.10(6). This is homeomorphic to S1. For d � 2, we
have CP1 � trz0, z1s | pz0, z1q P C2 � t0uu. We regard S2 as the one point
compactification of C, that is, S2 � C Y t8u (the so-called Gaussian sphere).
Then we define θ : CP1 Ñ S2 by θrz0, z1s � z0{z1, where z0{z1 � 8 if z1 � 0.
It follows that θ is a homeomorphism. The case d � 4 is similar, and hence
omitted. [\
Example 3.4.5 By Proposition 3.4.1 and Lemma 3.4.4, there are weak fi-
brations

S1 //S3
φ //S2 and S3 //S7

φ //S4 .

The fiber map φ : S3 Ñ S2 is often called the Hopf map. In addition,
by using the Octonions (also called the Cayley numbers), O � R8 [49,
pp. 448–449], we can construct in a completely analogous way a fibration

S7 //S15
φ //OP 1 . Since OP 1 � S8, we obtain a fiber sequence

S7 //S15
φ //S8 .

By forming the mapping cone of φ we obtain O-projective 2-space. Because
of the non-associativity of O, an O-projective n-space for n ¡ 2 cannot be
defined in analogy to FPn.

Homogeneous Spaces

Let p : E Ñ B be a continuous surjection and U � B an open set. A local
section of p on U is a continuous function s : U Ñ E such that ps � i, where
i : U Ñ B is the inclusion function. If a point x P B has a neighborhood U
and a local section s of p on U, then we say that s is a local section at x.
Suppose now that

F //E
p //B

is a fiber bundle with locally trivializing cover tUαuαPA of B and local trivial-
ization θα : p�1pUαq Ñ Uα�F. We choose y P F and define iy : Uα Ñ Uα�F
by iypxq � px, yq, for x P Uα. Then a local section of p on Uα is defined as
the composition

Uα
iy //Uα � F

θ�1
α //p�1pUαq � E.

Thus for any fiber bundle, there is a local section at each point of the base.
We show next that the converse holds in certain cases.



3.4 Examples of Fiber Bundles 97

Let G be a topological group with multiplication denoted by juxtaposition,
and let H � G be a closed subgroup. We can then form G{H, the set of all
left cosets gH for g P G, and give it the quotient topology obtained from the
projection p : GÑ G{H. Then G{H is called a homogeneous space. There is
an action G�G{H Ñ G{H defined by g � pg1Hq � pgg1qH, for g, g1 P G, such
that ppgg1q � g � ppg1q. Let e denote the coset H in G{H.
Lemma 3.4.6 If p : G Ñ G{H has a local section at e, then p has a local
section at every point of G{H.
Proof. Let U � G{H be an open set containing e and let s : U Ñ G be a
local section. Given any x � gH P G{H, we consider the open set g � U of
G{H containing x. We define sx : g � U Ñ G by

sxpgg1Hq � gspg1Hq,

where g1H P U. Then clearly sx is a local section at x. [\
Remark 3.4.7 We mention in passing that if G is a Lie group and H a
closed subgroup, then p : GÑ G{H has a local section at e [18, p.110].

Proposition 3.4.8 Let G be a topological group and let K � H � G be
closed subgroups. If p : GÑ G{H has a local section at e � H, then

H{K //G{K p1 //G{H

is a fiber bundle, where p1pgKq � gH, for every g P G.
Proof. By Lemma 3.4.6, there is an open cover tUαuαPA of G{H and a local
section sα : Uα Ñ G, for every α P A. Define ψα : Uα �H{K Ñ G{K by

ψαpgH, hKq � sαpgHqhK,

for g P G, h P H, and gH P Uα. Clearly, p1ψαpgH, hKq � gH and
ψαpgH, hKq � p1�1pUαq. Now define θα : p1�1pUαq Ñ Uα �H{K by

θαpgKq � pgH, psαpgHqq�1gKq,

for gK P p1�1pUαq. A simple calculation shows that θαψα � id and ψαθα � id.
Therefore tUαu is a locally trivializing cover of G{H. [\
As a special case we consider the orthogonal group Opnq. This consists of
all n � n matrices A with real entries such that AAT � I, where AT is the
transpose of A and I � In is the n � n identity matrix. The columns of A,
considered as vectors in Rn, are a set of n orthonormal vectors. By writing
the rows of a matrix in Opnq one after the other as an n2-tuple, we have

that Opnq � Rn2

. Thus Opnq becomes a topological space by giving it the

subspace topology from Rn2

. It can be shown that Opnq is a compact space
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(Exercise 3.22). If k ¤ n, then Opkq can be embedded into Opnq by assigning
to A P Opkq, the matrix �

A 0
0 In�k



in Opnq. Then Opkq, regarded as a subset of Opnq, is a closed subgroup of
Opnq. We wish to show that the quotient map p : Opnq Ñ Opnq{Opkq has a
local section at e � Opkq, for each k ¤ n. For this we introduce the Stiefel
manifolds, which are interesting in their own right.

Stiefel Manifolds

Definition 3.4.9 If 0 ¤ k ¤ n, then any ordered set of k orthonormal vec-
tors in Rn is called a k-frame in Rn. The real Stiefel manifold VkpRnq is the set
of all k-frames. The basepoint of VkpRnq is the last k vectors en�k�1, . . . , en
of the standard basis e1, . . . , en of Rn. A k-frame v1, . . . , vk can be regarded
as an n � k matrix by taking the ith column to be the vector vi. In this
way we identify a k-frame with a point in Rnk and give VkpRnq the subspace
topology. We note that if l1 ¤ l, then there is a map q : VlpRnq Ñ Vl1pRnq
which assigns to an l-frame the last l1 vectors. By replacing the reals R with
the complex numbers C or with the quaternions H, we obtain the complex
Stiefel manifolds VkpCnq or the quaternionic Stiefel manifolds VkpHnq.
We first consider real Stiefel manifolds, written Vk,n � VkpRnq, and relate
them to the orthogonal groups.

Lemma 3.4.10 There is a homeomorphism φl,n : Opnq{Opn�lq Ñ Vl,n such
that the following diagram commutes

Opnq{Opn� lq φl,n //

p1

��

Vl,n

q

��
Opnq{Opn� kq φk,n // Vk,n,

for k ¤ l.

Proof. Define φ : Opnq Ñ Vl,n by φpAq � Aen�l�1, . . . , Aen for A P Opnq.
Thus φ assigns to a matrix A the l-frame consisting of the last l columns of
A. If C is an pn� lq � pn � lq matrix, then multiplication of A on the right
with a matrix of the form �

C 0
0 Il



,

where Il is the l� l identity matrix, does not change the last l columns of A,
and so it follows that φ is constant on cosets AOpn�lq in Opnq{Opn�lq. Thus
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φ induces a continuous surjection φl,n : Opnq{Opn�lq Ñ Vl,n. It is easily seen
that if A,B P Opnq each have the same last l columns, then A�1B � ATB
has the form �

C 0
0 Il



,

where CT � C�1. This shows that φl,n is one–one. By Exercise 3.22,
Opnq is compact. Thus φl,n is a continuous bijection from a compact space
Opnq{Opn� lq to a Hausdorff space Vl,n, and hence is a homeomorphism. The
commutativity of the diagram in Lemma 3.4.10 follows easily. [\
We wish to show that p1 : Opnq{Opn� lq Ñ Opnq{Opn� kq is a bundle map
with fiber Opn � kq{Opn � lq. By Proposition 3.4.8 we need to show that
p : Opnq Ñ Opnq{Opn � kq has a local section at e. By Lemma 3.4.10, it
suffices to show that q : Vn,n Ñ Vk,n has a local section at en�k�1, . . . , en.

Lemma 3.4.11 The map q : Vn,n Ñ Vk,n that assigns to an n-frame the last
k vectors has a local section at en�k�1, . . . , en.

Proof. We seek a continuous function s that assigns to a k-frame v1, . . . , vk
in Rn an n-frame u1, . . . , un�k, v1, . . . , vk in Rn. Let Mn,l be the space of
n � l matrices with real entries. By considering the columns of Mn,l as
vectors, we identify elements of Mn,l with l-tuples of vectors in Rn. If r
is the function that assigns to any k vectors w1, . . . , wk in Rn, the n vectors
e1, . . . , en�k, w1, . . . , wk, then rpen�k�1, . . . , enq � e1, . . . , en. We regard r as
a continuous function r : Mn,k Ñ Mn,n. The elements of Mn,n that corre-
spond to n linearly independent vectors in Rn form an open set (because the
determinant of such matrices is non-zero) containing e1, . . . , en. By continu-
ity of r, there is an open set U � Vk,n containing en�k�1, . . . , en such that
v1, . . . , vk P U implies that e1, . . . , en�k, v1, . . . , vk is linearly independent.
We now use the Gram–Schmidt process from linear algebra. This assigns an
n-frame to n linearly independent vectors. It produces a continuous func-
tion that, when applied to vk, . . . , v1, en�k, . . . e1 for v1, . . . , vk P Vk,n, yields
an n-frame vk, . . . , v1, e

1
n�k, . . . e

1
1, for some vectors e1n�k, . . . , e

1
1. Therefore

s : U Ñ Vn,n defined by spv1, . . . , vkq � e11, . . . , e
1
n�k, v1, . . . , vk is a local

section of p at en�k�1, . . . , en. [\
Therefore we have the following proposition.

Proposition 3.4.12 The sequence

Opn� kq{Opn� lq //Opnq{Opn� lq p1 //Opnq{Opn� kq

is a fiber bundle and the sequence

Vl�k,n�k //Vl,n
q //Vk,n

is a fiber bundle, where 0 ¤ k ¤ l ¤ n.
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We comment on some special cases of the proposition next. First note that
V1,n�1 is the space of unit vectors in Rn�1 and so Opn� 1q{Opnq � V1,n�1 �
Sn. Therefore the orthogonal group fiber bundle in Proposition 3.4.12 with
l � n � m� 1 and k � 1 is

Opmq //Opm� 1q p //Sm.

The corresponding Stiefel fiber bundle is

Vm,m //Vm�1,m�1
q //Sm.

There is another Stiefel fiber bundle which is derived from Proposition 3.4.12
where the fiber is a sphere. It is obtained by setting k � l � 1 and getting

Sn�l � V1,n�l�1
//Vl,n

q //Vl�1,n.

These fibrations are used in Section 5.6 to calculate some homotopy groups
of the orthogonal group and of Stiefel manifolds.

We next discuss a class of fiber bundles that involve Stiefel manifolds in
which the base is a Grassmann manifold.

Grassmann Manifolds

Definition 3.4.13 If 0 ¤ k ¤ n, then the real Grassmann manifold or real
Grassmannian GkpRnq consists of all k-dimensional subspaces of Rn (also
called k-planes in Rn). There is a surjection π : VkpRnq Ñ GkpRnq defined by
πpv1, . . . , vkq � xv1, . . . , vky, where xv1, . . . , vky is the subspace of Rn spanned
by v1, . . . , vk. We give GkpRnq the quotient topology induced by π. By replac-
ing R with the complex numbers C or with the quaternions H, we obtain the
complex Grassmann manifold GkpCnq or the quaternionic Grassmann mani-
fold GkpHnq. We note that when k � 1, the Grassmannians GkpRnq, GkpCnq
and GkpHnq are essentially real projective pn�1q-space RPn�1, complex pro-
jective pn� 1q-space CPn�1, or quaternionic projective pn� 1q-space HPn�1,
respectively.

We frequently write Gk,n for the real Grassmann manifolds GkpRnq. The
notation Vk,n and Gk,n for the real Stiefel manifolds and the real Grassmann
manifolds is not standard. Some authors denote these as Vn,k and Gn,k. It
seems that the most unambiguous notation is VkpRnq and GkpRnq. Similar
remarks hold for C and H.

Lemma 3.4.14 The function π : Vk,n Ñ Gk,n is an open mapping.

Proof. We identify elements of Vk,n with n�k matrices of rank k, by assign-
ing to each v1, . . . , vk P Vk,n, the matrix A whose columns are v1, . . . , vk. If P
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is a nonsingular k� k matrix, then θP : Vk,n Ñ Vk,n defined by θP pAq � AP
is a homeomorphism since θP�1 is its inverse. If x, y P Vk,n with correspond-
ing matrices A and B, then πpxq � πpyq if and only if B � AP, for some
nonsingular k � k matrix P. Hence if U � Vk,n, then

π�1pπpUqq �
¤
P

θP pUq,

for all nonsingular k � k matrices P. Therefore if U is open in Vk,n, then
π�1pπpUqq is open in Vk,n. Hence πpUq is open in Gk,n, and so π is an open
map. [\

Next consider the orthogonal group Opnq and let O1pkq be the subgroup
of all matrices �

In�k 0
0 D



,

for D P Opkq. We form the subgroup Opn � kq � O1pkq of Opnq and this
subgroup consists of all matrices of the form�

C 0
0 D



,

where C P Opn�kq and D P Opkq. Then Opn�kq � Opn�kq �O1pkq � Opnq.
Lemma 3.4.15 There is a homeomorphism ψk,n : Opnq{pOpn�kq�O1pkqq Ñ
Gk,n such that the following diagram is commutative

Opnq{Opn� kq φk,n //

p1

��

Vk,n

π

��
Opnq{pOpn� kq �O1pkqq ψk,n // Gk,n.

Proof. We define ψ : Opnq Ñ Gk,n by ψpAq � xAen�k�1, . . . , Aeny, for
A P Opnq. If B P Opn� kq � O1pkq, then ψpABq � xABen�k�1, . . . , ABeny �
xAen�k�1, . . . , Aeny � ψpAq. Thus ψ is constant on cosets of Opn�kq �O1pkq,
and so ψ induces a continuous surjection ψk,n : Opnq{pOpn � kq � O1pkqq Ñ
Gk,n. It follows immediately that the above diagram is commutative. To
show that ψk,n is one–one, suppose that ψk,npAq � ψk,npBq � W, for
A,B P Opnq. Then Aen�k�1, . . . , Aen and Ben�k�1, . . . , Ben are bases for
W. Let P be the change of basis matrix from the first basis to the second.
Also, xAe1, . . . , Aen�ky � xBe1, . . . , Ben�ky with bases Ae1, . . . , Aen�k and
Be1, . . . , Ben�k. Let Q be the change of basis matrix from the first basis to
the second one. Then

B � A

�
Q 0
0 P



and

�
Q 0
0 P



P Opn� kq �O1pkq.
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This shows that ψk,n is one–one. Finally, ψk,n is an open mapping by Lemma
3.4.14 and the commutative diagram in 3.4.15. Therefore ψk,n is a homeo-
morphism. [\

Next we show that π is a bundle map.

Proposition 3.4.16 The sequence

Vk,k //Vk,n
π //Gk,n

is a fiber bundle.

Proof. By Lemma 3.4.15 the given sequence is essentially

pOpn� kq �O1pkqq{Opn� kq // Opnq{pOpn� kq // Opnq{pOpn� kq �O1pkqq,

therefore it suffices to show that π has a local section at xen�k�1, . . . , eny by
Proposition 3.4.8. Let U � Gk,n be the set of all k-dimensional subspaces W
of Rn such that W Xxe1, . . . , en�ky � t0u. We show that U is open in Gk,n by
showing that π�1pUq is open in Vk,n. Let Mn,k be the space of n�k matrices
and define a continuous function F : Mn,k Ñ R by F pAq � detpA1q, where A1

is the n� n matrix obtained from A by putting the columns e1, . . . , en�k on
the left. Then F�1pR � t0uq is open in Mn,k. Regarding Vk,n as a subset of
Mn,k, we have Vk,nXF�1pR�t0uq � π�1pUq, and so π�1pUq is open in Vk,n.
Therefore U is open and we next define a local section t : U Ñ Vk,n. Given
W P U, let ēi be the orthogonal projection of ei ontoW, for i � n�k�1, . . . , n.
Then ēn�k�1, . . . , ēn is a linearly independent set in W. We apply the Gram–
Schmidt process to these vectors and obtain a k-frame ē1n�k�1, . . . , ē

1
n in W.

Then tpW q � ē1n�k�1, . . . , ē
1
n is a local section. [\

We have discussed in detail several fibrations in which the real Stiefel
manifolds and the real Grassmann manifolds appear. We have commented
that complex Stiefel and Grassmann manifolds and quaternionic Stiefel and
Grassmann manifolds exist. We now remark that there are results for these
manifolds which are parallel to Lemmas 3.4.10 and 3.4.15 and Propositions
3.4.12 and 3.4.16. More precisely, let Upnq be the group of unitary matrices,
that is, Upnq consists of n�n matrices A with complex entries such that the
transpose of the matrix of complex conjugates of the entries of A equals A�1.
Then there are homeomorphisms

Upnq{Upn� lq � VlpCnq and Upnq{pUpn� kq � U 1pkqq � GkpCnq.

Furthermore, for k ¤ l, there are fiber bundles

• Upn� kq{Upn� lq //Upnq{Upn� lq p1 //Upnq{Upn� kq , equivalently,

• Vl�kpCn�kq //VlpCnq q //VkpCnq and
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• VkpCkq //VkpCnq π //GkpCnq .
In addition, similar results hold for the quaternions. The symplectic group

Sppnq of n � n quaternion matrices A such that ĀAT � I takes the role
that the orthogonal group Opnq plays in the real case. Moreover, for k � 1,

the fibrations VkpFkq //VkpFnq π //GkpFnq reduce to the real, complex,
or quaternionic Hopf fibrations when F � R, C, or H. The proofs of all of
the above results for the complex numbers C and for the quaternions H are
completely analogous to those that we have given for the real numbers R.
For more details, see [47, Chap. 7].

Remark 3.4.17 Apart from providing nontrivial examples of fibrations, the
Stiefel manifolds and Grassmann manifolds have applications to other ar-
eas of topology. We first consider the real Stiefel manifolds Vk,n. Elements
of V2,n�1 are pairs of orthonormal vectors v1, v2 in Rn�1. We can iden-
tify v1 with a point of Sn and, by transferring v2 to the endpoint of v1,
we can identify v2 with a unit tangent vector to v1 P Sn. Thus V2,n�1

can be regarded as the space of unit tangent vectors to Sn. A section of
q : V2,n�1 Ñ V1,n�1 � Sn is a continuous unit tangent vector field on
Sn. Similarly a section of q : Vk�1,n�1 Ñ V1,n�1 is essentially k continu-
ous orthonormal tangent vector fields on Sn. It is an interesting and difficult
problem to determine the maximum number ρpnq of continuous orthonormal
tangent vector fields on Sn or, what is equivalent by the Gram–Schmidt pro-
cess, the maximum number of continuous linearly independent tangent vector
fields on Sn. It is a classical result in algebraic topology that ρpnq � 0 if and
only if n is even [61, p. 190]. The problem of determining the exact number
ρpnq for odd n has been investigated extensively and a complete solution has
been given (see [2], [37, pp. 336–339] and [39, pp. 493–495]).

For the Grassmann manifolds GkpFnq, where F � R,C, or H, we have
GkpFnq � GkpFn�1q and so we can form

GkpF8q �
¤
n¥0

GkpFn�kq,

with the weak topology. Let VectkpBq be the set of equivalence classes of
k-dimensional F-vector bundles over B, where equivalence was defined at the
beginning of this section. Then, if B is a CW complex, it can be proved that
there is a natural bijection θ : rB,GkpF8qsfree Ñ VectkpBq. The function
θ assigns to a free homotopy class rfs in rB,GkpF8qsfree the pullback of f
and the fiber map of a canonical k-dimensional vector bundle over GkpF8q. It
follows that a homotopy class of maps B Ñ GkpF8q uniquely determines a k-
dimensional equivalence class of F-vector bundles over B. The space GkpF8q
is called the classifying space for k-dimensional F-vector bundles. For more
details, see [47, p. 84].
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3.5 Replacing a Map by a Cofiber or Fiber Map

Maps that are cofibrations or fibrations have important special properties in
homotopy theory. We show many of these in the next chapter. Therefore it is
very useful to be able to factor any map into the composition of a homotopy
equivalence and a cofibration (or fibration). We do that in this section. We
begin with cofibrations.

Definition 3.5.1 Given a map f : X Ñ Y, we take the disjoint union X �
I \ Y and introduce the equivalence relation px, 0q � fpxq, for all x P X,
and p�X , tq � �Y , for all t P I. This is a special case of the adjunction
space (Definition 1.5.1(2)). The quotient space is denoted Mf and called the
mapping cylinder of f. Equivalently, we define X 
 I � X � I{tp�, tq | t P Iu
(see Remark 1.3.5) and then form pX 
 Iq _ Y. In the latter space we define
the equivalence relation pxx, 0y, �q � p�, fpxqq. The resulting quotient space is
Mf . There are maps f 1 : X ÑMf and f2 : Mf Ñ Y defined by f 1pxq � xx, 1y,
f2xx, ty � fpxq and f2xyy � y, for all x P X, y P Y and t P I. Clearly
f � f2f 1.

X

f 1

fX

X

Y

f2

Y

Mf

Figure 3.4

Proposition 3.5.2

1. f 1 : X ÑMf is a cofiber map.

2. f2 : Mf Ñ Y is a homotopy equivalence.

Proof. (1) Let h0 : Mf Ñ Z be a map and gs : X Ñ Z a homotopy such that
h0f

1 � g0. We set S � pI�t0uq Y pBI�Iq � I�I and define H2 : X�S Ñ Z
by

H2px, t, 0q � h0xx, ty, H2px, 0, sq � h0xfpxqy, and H2px, 1, sq � gspxq,
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for every x P X and s, t P I. It is easily checked that H2 is a well-defined,
continuous function. We let r : I � I Ñ S be the retraction of Example
1.4.2(3) and define H 1 : X � I � I Ñ Z by H 1px, t, sq � H2px, rpt, sqq. Then
H : Mf � I Ñ Z is defined by

Hpxx, ty, sq � H 1px, t, sq and Hpxyy, sq � h0xyy.

Therefore H is a well-defined continuous function that is a homotopy of h0

such that Hpf 1pxq, sq � gspxq.
(2) Define l : Y Ñ Mf by lpyq � xyy, for every y P Y. Then f2lpyq �

f2xyy � y. Therefore f2l � id, and so f2 is a retraction. Now

lf2xx, ty � lfpxq � xfpxqy and lf2xyy � lpyq � xyy.

We define a homotopy F such that id �F lf2 : Mf ÑMf by

F pxx, ty, sq � xx, tp1� sqy and F pxyy, sq � xyy. [\

This proposition was foreshadowed by Corollary 2.4.10. This result asserts
that any map f : X Ñ Y can be factored as

X
i // K

f // Y

for a space K such that pK,Xq is a relative CW complex (and hence the
inclusion i is a cofiber map) and f is a weak homotopy equivalence.

Remark 3.5.3

1. Let X be a space of the homotopy type of a CW complex K, let Y be
a space of the homotopy type of a CW complex L, and let f : X Ñ Y
be a map. If g : K Ñ L is a cellular map homotopic to f, then it can be
shown that the mapping cylinder Mg and the mapping cone Cg are CW
complexes. It then follows from Exercise 3.27 and Proposition 3.2.15 that
Mf and Cf have the homotopy type of CW complexes.

2. The homotopy F in the preceding proof can be described as “sliding down
the cylinder”. Note that F is a homotopy rel Y, so that the inclusion
l : Y ÑMf is a strong deformation retraction.

3. The cofiber of f 1 : X Ñ Mf is just the mapping cone Cf of f. Thus we
have a cofiber sequence

X
f 1 //Mf

p //Cf

(see Figure 3.5). We observe that this is one of two cofiber sequences in
which the mapping cone Cf appears. The other is the principal cofibration

Y
l //Cf

q //ΣX
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described in Definition 3.2.11. The space Cf , which is the cofiber of f 1, is
also the homotopy cofiber of f.

f 1

fpXq

fpXq

p

X CfMf

Figure 3.5

If f : X Ñ Y is a cofiber map, then the cofiber of f is Z � Y {fpXq and the
homotopy cofiber of f is Cf . We show next that these two spaces have the
same homotopy type. We may then refer to either of them as the cofiber of
f or the homotopy cofiber of f.

Let

X
f // Y

p // Z

be a cofibration and let f2 : Mf Ñ Y the homotopy equivalence of Proposi-
tion 3.5.2. The map f2 induces a map α : Mf{f 1pXq � Cf Ñ Z � Y {fpXq.
Proposition 3.5.4 With the notation above, α is a homotopy equivalence
such that the following diagram is commutative

Y

p

&&MMMMMMMMMMMMM
k // Cf

α

��
Z,

where k is the inclusion.

Proof. Define a map l : Y ÑMf and a homotopy gs : X ÑMf by

lpyq � xyy and gspxq � xx, sy,

for y P Y and x P X. Then lf � g0. Since f is a cofiber map, there is a
homotopy ls : Y Ñ Mf such that lsf � gs and l0 � l. We set l1 � l1 : Y Ñ
Mf and note that l1fpxq � xx, 1y � f 1pxq for every x P X. Thus l1 inducesrl1 : Z � Y {fpXq Ñ Cf � Mf {f 1pXq, and we show that rl1 is the homotopy
inverse of α. The homotopy
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Y
ls //Mf

f2 //Y

induces a homotopy rls : Z Ñ Z with rl0 � id and rl1 � αrl1. Therefore id � αrl1.
Next define a homotopy ht : Mf ÑMf by

htxyy � ltpyq and htxx, sy � xx, p1� sqt� sy,

where y P Y, x P X, and s, t P I. Clearly ht is well-defined and htxx, 1y �
xx, 1y. Then ht induces a homotopy H : Cf � I Ñ Cf with id �H rl1α. Thus
α is a homotopy equivalence. Finally, αk � p follows from the definition of
α, and so the proof is complete. [\
Remark 3.5.5 We note for future use that α : Cf Ñ Z is given by αxx, ty �
� and αxyy � xyy, for x P X, y P Y, and t P I.
In order to obtain the coexact sequence of a map in Section 4.2, we need to
iterate the mapping cone construction. To fix our notation, let f : X Ñ Y
be a cofiber map with cofiber Z, let pf : Y Ñ Z be the projection, let
kf : Y Ñ Cf be the inclusion and let αf : Cf Ñ Z be the homotopy
equivalence of Proposition 3.5.4. Now we apply Proposition 3.5.4 and this
notation to the cofiber map kf : Y Ñ Cf . We write kf � l and obtain the
diagram

Y
l // Cf

pl ))RRRRRRRRRRRRRRRR
kl // Cl

αl

��

pkl

**UUUUUUUUUUUUUUUUUUUU

Cf {lpY q � ΣX
�Σf // Cl{klpCf q � ΣY,

where the map �Σf : ΣX Ñ ΣY is defined by �Σfxx, ty � xfpxq, 1 � ty.
Clearly Cf {lpY q � ΣX and Cl{klpCf q � ΣY as illustrated in Figure 3.6.

Y Y Y

Y

l
fpXq fpXq

kl
qkl

Y Cf

Cl Cl{klpCf q � ΣY

Figure 3.6
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Lemma 3.5.6 In the diagram above, the left triangle is commutative and the
right triangle is commutative up to homotopy.

Proof. Since the left triangle is commutative by 3.5.4, we need only to prove
that there is a homotopy F : Cl � I Ñ ΣY of pkl to p�Σfqαl. Define
F pxx, sy, tq � xfpxq, tp1 � sqy for xx, sy P Cl, where x P X and s, t P I, and
F pxy, sy, tq � xy, sp1� tq � ty, for xy, sy P CY � Cl and t P I. Then F is the
desired homotopy. [\

Next we consider fibrations. All statements and proofs are dual to those
for cofibrations, and so we omit the proofs.

Definition 3.5.7 Given a map f : X Ñ Y, let Ef � X � Y I be defined by

Ef � tpx, lq |x P X, l P Y I , fpxq � lp0qu.

Then Ef is called the mapping path of f. Clearly Ef is defined by the pullback
square

Ef //

��

Y I

p0

��
X

f // Y,

where p0plq � lp0q. There are maps f 1 : X Ñ Ef and f2 : Ef Ñ Y defined by
f 1pxq � px, lfpxqq, where lfpxq is the path in Y that is constant at fpxq and
f2px, lq � lp1q. Clearly f � f2f 1.

Proposition 3.5.8

1. f2 : Ef Ñ Y is a fiber map.

2. f 1 : X Ñ Ef is a homotopy equivalence.

Remark 3.5.9

1. The homotopy inverse k : Ef Ñ X of f 1 is given by kpx, lq � x.
2. The fiber of f2 : Ef Ñ Y is just If the homotopy fiber of f (Definition

3.3.13). Thus we have a fiber sequence

If //Ef
f2 //Y.

We observe that this is one of two fiber sequences in which If appears.
The other is

ΩY //If
v //X

which was described in Definition 3.3.13. The space If , which is the fiber
of f2, is also the homotopy fiber of f.

If f : X Ñ Y is a fiber map, then the fiber of f is F � f�1p�q and the
homotopy fiber of f is If . The next proposition states that these two spaces
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have the same homotopy type. We may then refer to either of them as the
fiber of f or the homotopy fiber of f.

Let F
i //X

f //Y be a fiber sequence and let f 1 : X Ñ Ef be the map
defined in Definition 3.5.7. Clearly f 1 induces a map β : F Ñ If of fibers.

Proposition 3.5.10 With the notation above, β is a homotopy equivalence
such that the following diagram is commutative

If
v // X

F,

β

OO

i

88qqqqqqqqqqqqq

where v is the projection.

Remark 3.5.11 We note for future use that β : F Ñ If is given by βpxq �
pipxq, �q, for x P F.
In order to obtain the exact sequence of a map in Section 4.2, we need to
iterate the homotopy fiber construction. To fix our notation, let f : X Ñ Y
be a fiber map , if : F Ñ X the inclusion of the fiber, vf : If Ñ X the fiber
map, and βf : F Ñ If the homotopy equivalence of Proposition 3.5.10. Now
we apply Proposition 3.5.10 to the fiber map vf : If Ñ X. We write vf � λ
and obtain a diagram

Iλ
vλ // If

λ // X

v�1
λ p�q � ΩX

�Ωf //

ivλ

44jjjjjjjjjjjjjjjjjjj
ΩY � λ�1p�q,

βλ

OO

iλ

66mmmmmmmmmmmmmmm

where the map �Ωf : ΩX Ñ ΩY is defined by pp�Ωfqplqqptq � fplp1� tqq,
for l P ΩX and t P I.
Lemma 3.5.12 In the diagram above, the left triangle is commutative up to
homotopy and the right triangle is commutative.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

3.1. p:q Consider the following pushout square
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A
f //

g

��

X

k

��
Y

l // P.

Prove that

ΣA
Σf //

Σg

��

ΣX

Σk

��
ΣY

Σl // ΣP

is a pushout square.

3.2. If f : X Ñ Y is a cofiber map and f � g : X Ñ Y, then is g a cofiber
map?

3.3. Let i : AÑ X be a map. Prove that if i is a free cofiber map, then i is
a based cofiber map.

3.4. p:q Let W be a locally compact space. Prove that if

A //

��

X

��
Y // P

is a pushout square, then

A�W //

��

X �W

��
Y �W // P �W

is a pushout square. Can this result be dualized?

3.5. Consider the homotopy-commutative diagram

A
α //

f

��

A1

f 1

��

α1 // A2

f2

��
X

β // X 1
β1 // X2.

Let F and G be homotopies such that βf �F f 1α and β1f 1 �G f2α1. Define a
homotopy F �G : A�I Ñ X2 by F �G � β1F�Gpα�idq of β1βf with f2α1α.
Then there are maps ΦF : Cf Ñ Cf 1 , ΦG : Cf 1 Ñ Cf2 and ΦF�G : Cf Ñ Cf2

as defined in Proposition 3.2.13. Prove that ΦG ΦF � ΦF�G.
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3.6. Prove the following.

1. The composition of fiber maps is a fiber map.

2. The product of fiber maps is a fiber map.

3. The loop of a fiber map is a fiber map.

What is the fiber in each case? What are the duals of these results?

3.7. If p : E Ñ B is a fibration and B is path-connected, prove that p is onto.

3.8. Prove that EpX � Y ;X,Y q is contractible, for any space X and Y.

3.9. p:q Prove that if p : E Ñ B is a based weak fibration, then p is an
unbased weak fibration.

3.10. p:q Given a map p : E Ñ B, we define S � E � BI to be the space
consisting of all pe, lq such that ppeq � lp0q, where e P E and l P BI . Then
p is said to have the path lifting property if there is a map λ : S Ñ EI

such that λpe, lqp0q � e and pλpe, lq � l (where pλpe, lq is the composition
of λpe, lq : I Ñ E and p : E Ñ B). The map λ is called a lifting map for p.
Prove that the following are equivalent.

1. p : E Ñ B is a fiber map.

2. p has the path lifting property.

3. p has the covering homotopy property with respect to the mapping path
space Ep.

3.11. Using reduced cylinders, dualize Exercise 3.10 by obtaining equivalent
conditions for a map to be a cofibration.

3.12. Prove Proposition 3.3.12 using the characterization of fibrations via
lifting maps in Exercise 3.10.

3.13. Consider the pullback square

P //

π

��

E

p

��
X

f // B.

Show that f lifts to E ðñ π has a section. What conditions will yield a
homotopy lift?

3.14. p�q p:q Consider the commutative diagram

A //

��

X

��

// Z

��
Y // P // Q
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and denote the three commutative squares by A�X�P �Y, X�Z�Q�P,
and A� Z �Q� Y. Prove the following.

1. If A�X�P�Y and X�Z�Q�P are pullback squares, then A�Z�Q�Y
is a pullback square.

2. If X�Z�Q�P and A�Z�Q�Y are pullback squares, then A�X�P�Y
is a pullback square.

3.15. p:q Let f : X Ñ Y and g : Y Ñ Z be maps and let Ig be the homotopy
fiber of g with projection v : Ig Ñ Y. Consider the pullback square

P //

u

��

Ig

v

��
X

f // Y.

Show that there is a homeomorphism θ : P Ñ Igf such that wθ � u, where
w : Igf Ñ X is the projection. Formulate and prove the dual result.

3.16. Let f : X Ñ A and g : X Ñ B be maps and pf, gq : X Ñ A � B.
Let If be the homotopy fiber of f with projection v : If Ñ X and form the
composition gv : If Ñ B. Prove Igv � Ipf,gq. Formulate and prove the dual
result.

3.17. Define the map ΨF in Proposition 3.3.15 and prove Proposition 3.3.15.

3.18. Recall that for U, V � X, we denote by EU,V the space of paths in X
that begin in U and end in V. Now let i : AÑ X be an inclusion map. Show
that the mapping path Ei � EA,X and that the homotopy fiber Ii � EA,t�u.

3.19. Let p : E Ñ B be a bundle map and f : AÑ B any map. If Qpu, vq is
the pullback of

A
f //B E,

poo

then prove that u : QÑ A is a bundle map.

3.20. p�q Let G be a topological group and H a closed subgroup. Prove

1. p : GÑ G{H is an open map.

2. G{H is Hausdorff.

3. If H and G{H are connected, then G is connected.

3.21. p:q Let G be a topological group and X a space. We call X a G-space
if there is a continuous function G�X Ñ X denoted pg, xq Ñ g �x, for g P G
and x P X such that e � x � x and g1 � pg � xq � pg1gq � x, for all g, g1 P G and
x P X, where e is the identity of G. We say that X is a transitive G-space if
for every x, x1 P X, there exists a g P G such that x1 � g � x. For an element
x P X, the isotropy subgroup Gx of G consists of all g P G such that g �x � x.
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For a transitive G-space X, define a continuous surjection θ : G Ñ X by
θpgq � g � �. Prove that θ induces a continuous bijection rθ : G{G� Ñ X.
Prove that if θ is an open map or if G is compact and X is Hausdorff, thenrθ is a homeomorphism. Apply this result to VkpFnq, where F � R,C, or H to
obtain Lemma 3.4.10 and its analogues for C and H.

3.22. p:q Consider the determinant function det : Opnq Ñ t�1u. Define the
special orthogonal group SOpnq to be the subgroup of Opnq consisting of all
matrices of determinant 1.

1. Prove that the orthogonal group Opnq is compact.

2. Prove that the special orthogonal group SOpnq is compact.

3.23. p:q Prove that SOpnq{SOpn � kq is homeomorphic to the real Stiefel
manifold Vk,n.

3.24. p�q p:q Prove

1. Opnq is not connected.

2. SOpnq is connected.

3. Opnq is the union of two connected components, one of which is SOpnq
and the other of which is homeomorphic to SOpnq.

3.25. p�q Prove that GkpFnq is Hausdorff, where F � R,C, or H.

3.26. Prove that X and Y have the same homotopy type if and only if X
and Y are deformation retracts of the same space.

3.27. Prove the following result about mapping cylinders. If f0 � f1 : X Ñ Y,
then Mf0 �Mf1 .

3.28. Let ∆ : X Ñ X�X be the diagonal map and let ∆2 : E∆ Ñ X�X be
the mapping path fibration. Consider the fibration p : XI Ñ X �X given by
pplq � plp0q, lp1qq, with X � A � B and l P XI , which is defined just before
Proposition 3.3.2.

1. Prove that there is a homeomorphism θ : E∆ Ñ XI such that pθ � ∆2.

2. Show that the homotopy fiber of ∆ has homotopy type of ΩX.

3. If j1 : X Ñ X � X is the inclusion into the first factor, prove that the
pullback of j1 and p gives the fiber sequence ΩX Ñ EX Ñ X.





Chapter 4

Exact Sequences

4.1 Introduction

In the first section we use the ideas of Chapter 3 to derive several basic
exact sequences. The main sequences that we consider are two long exact
sequences of homotopy sets. One is associated to a fiber sequence F Ñ E Ñ
B. The terms are the homotopy sets rX,Y s, where the X’s are the iterated
suspensions of some fixed space and the Y ’s are the successive spaces of
the fiber sequence. The other sequence is associated to a cofiber sequence
A Ñ X Ñ Q. The terms are the homotopy sets rX,Y s, where the Y ’s are
the iterated loop spaces of some fixed space and the X’s are the successive
spaces of the cofiber sequence. As special cases we obtain the exact homotopy
sequence of a fibration and the exact cohomology sequence of a cofibration.
We next discuss the action of an H-space on a space and the coaction of
a co-H-space on a space. The former is illustrated in a fiber sequence by
the action of the loops of the base ΩB on the fiber F , and the latter in
a cofiber sequence by the coaction of the suspension ΣA on the cofiber Q.
These then yield operations of one homotopy set on another and give sharper
exactness results at the end terms of the two exact sequences of homotopy sets
mentioned above. In the final section we return to homotopy groups. We give
equivalent characterizations of homotopy groups, define the homotopy groups
of a pair, establish the exact homotopy sequence of a pair, and discuss the
relative Hurewicz homomorphism. We conclude by considering certain maps,
called excision maps, which are associated to maps X Ñ Y Ñ Z whose
composition is trivial. These maps are heavily used in Chapter 6.

Unless otherwise stated, all topological spaces are based and all maps and
homotopies preserve the basepoint. We begin with some simple definitions.

DOI 10.1007/978-1-4419-7329-0_4, © Springer Science+Business Media, LLC 2011
, Universitext,M. Arkowitz, Introduction to Homotopy Theory 115
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4.2 The Coexact and Exact Sequence of a Map

Definition 4.2.1

1. A set S with a fixed element denoted 0 is called a based set. If S and T are
based sets, then a function φ : S Ñ T such that φp0q � 0 is called a based
function. The kernel of φ, denoted Kerφ, is the set tx |x P S, φpxq � 0u
and the image of φ, denoted Imφ, is just the image of the function φ. Let
Si be based sets and φi : Si Ñ Si�1 based functions for i � 1, 2. Then the
sequence

S1
φ1 //S2

φ2 //S3

is called exact at S2 if Imφ1 � Kerφ2. The sequence (finite or infinite) of
based sets and functions

� � � //Si�1

φi�1 //Si
φi //Si�1

// � � �

is exact if it is exact at each Si. If

� � � //S1i�1

φ1i�1 //S1i
φ1i //S1i�1

// � � �

is another exact sequence, then a map of the first exact sequence into the
second exact sequence consists of based functions hi : Si Ñ S1i such that
the following diagram commutes

� � � // Si�1
φi�1 //

hi�1

��

Si
φi //

hi

��

Si�1
//

hi�1

��

� � �

� � � // S1i�1

φ1i�1 // S1i
φ1i // S1i�1

// � � � .

2. Now consider a sequence (finite or infinite) of spaces and maps

X1
f1 //X2

f2 //X3
f3 // � � � .

This sequence is called coexact if for every space Z, the sequence of based
sets and functions

� � � f�3 //rX3, Zs
f�2 //rX2, Zs

f�1 //rX1, Zs

is exact.

3. A sequence (finite or infinite) of spaces and maps

� � � g4 //Y3
g3 //Y2

g2 //Y1
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is called exact if for every space W, the sequence of based sets and functions

� � � g4� //rW,Y3s
g3� //rW,Y2s

g2� //rW,Y1s

is exact.

If the Si are groups with identity 0 and the φi are homomorphisms, then
Ker and Im are groups, and this notion of exactness agrees with the more
familiar algebraic notion of exactness. In this context, a map of one exact
sequence of groups into another has the additional requirement that each hi
is a homomorphism.

We refer to a sequence of based sets and functions as a sequence of sets,
to a sequence of groups and homomorphisms as a sequence of groups, and to
a sequence of spaces and maps as a sequence of spaces.

Definition 4.2.2 Let

� � � //Xi�1

fi�1 //Xi
fi //Xi�1

// � � �

and

� � � //Yi�1

gi�1 //Yi
gi //Yi�1

// � � �
be two sequences of spaces. Suppose they are both finite on the left (M ¤ i,
for some M), finite on the right (i ¤ N , for some N), finite (M ¤ i ¤ N),
or infinite (no restriction on i). Then the sequences are called equivalent if
there are homotopy equivalences αi : Xi Ñ Yi such that each square in the
following diagram

� � � //Xi�1

αi�1

��

fi�1 //Xi
fi //

αi

��

Xi�1
//

αi�1

��

� � �

� � � //Yi�1

gi�1 //Yi
gi //Yi�1

// � � �
is homotopy-commutative.

We begin with a lemma.

Lemma 4.2.3 Let X1
f1 //X2

f2 //X3
f3 // � � � be a coexact sequence.

1. Then ΣX1
Σf1 //ΣX2

Σf2 //ΣX3
Σf3 // � � � is coexact.

2. If the sequence Y1
//Y2

//Y3
// � � � is equivalent to the given se-

quence, then it is coexact.

Proof. The only part of the proof requiring comment is (1), and this follows
from the adjoint isomorphism κ� : rΣX,Zs � rX,ΩZs and the fact that
f� κ� � κ� pΣfq� for any f : X Ñ X 1. [\
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The next lemma deals with the mapping cone.

Lemma 4.2.4

1. If f : X Ñ Y is any map, then X
f // Y

k // Cf is coexact, where k

is the inclusion.

2. Any cofiber sequence is coexact.

Proof. (1) This is a consequence of Proposition 3.2.12.
(2) Since any cofiber sequence X Ñ Y Ñ Z is equivalent to X Ñ Y Ñ Cf
by Proposition 3.5.4, the second assertion follows. [\

We will show that the infinite sequence of spaces and maps obtained from
the mapping cone construction is coexact. The main step in the proof is the
following proposition.

Proposition 4.2.5 Let f : X Ñ Y be any map, let l : Y Ñ Cf be the
inclusion, and let p : Cf Ñ Cf{lpY q � ΣX be the projection. Then the
sequence of spaces

X
f //Y

l //Cf
p //ΣX

�Σf //ΣY,

is coexact.

Proof. For any space Z, we must show that

rΣY,Zsp�Σfq
�

//rΣX,Zs p� //rCf , Zs l� //rY, Zs f� //rX,Zs

is exact. Exactness at rY,Zs follows from Lemma 4.2.4. We also have that

Y
l // Cf

p // ΣX

is a cofiber sequence, and so by Lemma 4.2.4, there is exactness at rCf , Zs.
Next recall from Proposition 3.5.4 and Lemma 3.5.6 that there is a homotopy-
commutative diagram

Y
l // Cf

p
''NNNNNNNNNNNNN

kl // Cl

αl

��

pkl

''OOOOOOOOOOOOO

ΣX
�Σf // ΣY,

where kl : Cf Ñ Cf Yl CY � Cl is the inclusion, ΣY � Cl{klpCf q, p � pl
and pkl are projections onto cofibers, and αl is a homotopy equivalence. The
sequence

Cf
p // ΣX

�Σf // ΣY
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is therefore equivalent to the sequence

Cf
kl // Cl

pkl // ΣY,

and hence there is exactness at rΣX,Zs. [\
Remark 4.2.6 Because pΣfq� : rΣY,Zs Ñ rΣX,Zs is a group homomor-
phism and �pΣfq� � p�Σfq�, we obtain from Proposition 4.2.5 that the
following sequence of spaces

X
f //Y

l //Cf
p //ΣX

Σf //ΣY

is coexact.

Theorem 4.2.7 If f : X Ñ Y is any map, then the sequence of spaces

X
f //Y

l //Cf
p //ΣX // � � �

� � � //ΣnX
Σnf //ΣnY

Σnl //ΣnCf
Σnp //Σn�1X // � � �

is coexact.

Proof. We apply Lemma 4.2.3 to the coexact sequence in Remark 4.2.6 and
obtain the coexact sequence

ΣX
Σf //ΣY

Σl //ΣCf
Σp //Σ2X

Σ2f //Σ2Y.

We then apply Lemma 4.2.3 to this sequence. We continue in this way to
complete the proof. [\
As an immediate consequence of Theorem 4.2.7 we have the following corol-
lary.

Corollary 4.2.8 For any map f : X Ñ Y and space Z, the following se-
quence of groups and sets is exact

//rΣnCf , ZspΣ
nlq�//rΣnY,ZspΣ

nfq�//rΣnX,Zs pΣn�1pq� //rΣn�1Cf , Zs //

� � � p� // rCf , Zs l� // rY,Zs f� // rX,Zs.
Remark 4.2.9 The exact sequence in Corollary 4.2.8 consists of sets, groups,
and abelian groups. In general, the last three terms are sets, the next three
are groups, and all others are abelian groups.

By taking Z to be an Eilenberg–Mac Lane space in Corollary 4.2.8 we
obtain the exact sequence in the following corollary.
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Corollary 4.2.10 If f : X Ñ Y is a map, G an abelian group, and n ¥ 0,
then there is a homomorphism δn : HnpX;Gq Ñ Hn�1pCf ;Gq such that the
following sequence is exact

H0pCf ;Gq l� //H0pY ;Gq f� //H0pX;Gq δ0 //H1pCf ;Gq // � � �

//HnpCf ;Gq l� //HnpY ;Gq f� //HnpX;Gq δn //Hn�1pCf ;Gq // � � �

Proof. Define δn to be the composition

HnpX;Gq � //Hn�1pΣX;Gq p� //Hn�1pCf ;Gq . [\

We introduce some terminology for the sequences that we have discussed.

Definition 4.2.11 The coexact sequence of spaces in Theorem 4.2.7 is called
the coexact sequence of a map. The exact sequence of Corollary 4.2.8 is some-
times referred to as the Puppe sequence or the Barratt–Puppe sequence. We
call the exact sequence in Corollary 4.2.10 the exact cohomology sequence of
a map.

There are similar sequences for a cofibration. These are obtained as a
consequence of the results above. We proceed as follows. Let

A
i //X

q //Q

be a cofiber sequence. In Proposition 3.5.4 we proved that there is a homotopy
equivalence α from the mapping cone Ci of i into Q such that the following
diagram commutes

X

q
&&MMMMMMMMMMMMM

l // Ci

α

��
Q,

where l is the inclusion. Thus we have the following equivalence of sequences

A
i //

id

��

X
l //

id

��

Ci
p //

α

��

ΣA
Σi //

id

��

ΣX //

id

��

� � �

A
i //X

q //Q
B //ΣA

Σi //ΣX // � � � ,

where B � pα�1. By Lemma 4.2.3, the lower sequence is coexact. This allows
us to transfer the preceding results for the map i : A Ñ X to the cofiber
sequence A //X //Q. As a consequence of Corollaries 4.2.8 and 4.2.10,
we have the following corollary.
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Corollary 4.2.12 Let A
i //X

q //Q be a cofiber sequence.
1. For any space Z, the following sequence is exact

� � � //rΣnQ,ZspΣ
nqq�//rΣnX,ZspΣ

niq�//rΣnA,Zs σn //rΣn�1Q,Zs //

� � � σ1
//rQ,Zs q� //rX,Zs i� //rA,Zs,

where σn � pΣn�1Bq� : rΣnA,Zs Ñ rΣn�1Q,Zs.
2. If G is an abelian group and n ¥ 0, then there is a homomorphism

∆n : HnpA;Gq Ñ Hn�1pQ;Gq such that the following sequence is exact

H0pQ;Gq q� //H0pX ;Gq i� //H0pA;Gq ∆0
//H1pQ;Gq // � � �

//HnpQ;Gq q� //HnpX;Gq i� //HnpA;Gq ∆n //Hn�1pQ;Gq // � � � .

Proof. Define ∆n as the composition

HnpA;Gq � //Hn�1pΣA;Gq B� //Hn�1pQ;Gq . [\

Definition 4.2.13 Let A
i //X

q //Q be a cofiber sequence. The map
B � pα�1 : QÑ ΣA is called the connecting map of the cofibration. The exact
sequence (1) of Corollary 4.2.12 is called the exact sequence of a cofibration
and the exact sequence (2) of Corollary 4.2.12 is called the exact cohomology
sequence of a cofibration.

Remark 4.2.14

1. The exact cohomology sequence of a cofibration in Corollary 4.2.12 is
isomorphic to the exact CW or singular cohomology sequence of the pair
pY,Xq with coefficients in G, when the CW or singular cohomology groups
H�pY,X;Gq are substituted for H�pQ;Gq (see [32, p. 14]).

2. We note for later use that there is an exact homology sequence of a map
and an exact homology sequence of a cofibration. These exact sequences
are similar to the ones above for cohomology in Corollaries 4.2.10 and
4.2.12, but the homology groups replace the cohomology groups and the
arrows are reversed (see [14, p. 434]).

We next discuss the dual results for exact sequences of spaces. We state the
main results without proof and leave the statement of intermediate results
and all the proofs as exercises. These are straightforward translations via
duality of the corresponding results for coexact sequences.

For a map f : X Ñ Y, we denote by If the homotopy fiber of f (Definition
3.3.13). We consider the sequence of spaces
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ΩY
i //If

v //X
f //Y,

where v is the fiber map and i is the inclusion of the fiber ΩY into the total
space If .

Theorem 4.2.15 If f : X Ñ Y is a map, then the following sequence of
spaces is exact

//Ωn�1Y
Ωni //ΩnIf

Ωnv //ΩnX
Ωnf //ΩnY //

� � � //If
v //X

f //Y.

The next corollary is an immediate consequence of the theorem.

Corollary 4.2.16 If f : X Ñ Y is a map and W is any space, then the
following sequence of groups and sets is exact

//rW,Ωn�1Y spΩ
niq�//rW,ΩnIf s

pΩnvq�//rW,ΩnXspΩ
nfq�//rW,ΩnY s //

� � � // rW,ΩY s i� // rW, If s v� // rW,Xs f� // rW,Y s.
By taking W to be the Moore space MpG,nq in Corollary 4.2.16, we obtain

an exact sequence of homotopy groups.

Corollary 4.2.17 If f : X Ñ Y is a map, G an abelian group, and n ¥ 2,
then there is a homomorphism dn�1 : πn�1pY ;Gq Ñ πnpIf ;Gq such that the
following sequence of homotopy groups with coefficients is exact

//πn�1pY ;Gq dn�1 //πnpIf ;Gq v� //πnpX ;Gq f� //πnpY ;Gq //

� � � //π3pY ;Gq d3 //π2pIf ;Gq v� //π2pX;Gq f� //π2pY ;Gq.

If G � Z, then this sequence can be continued to

π1pIf q v� // π1pXq
f� // π1pY q d1 // π0pIf q v� // π0pXq

f� // π0pY q.

Proof. Define dn�1 to be the composition

πn�1pY ;Gq � // πnpΩY ;Gq i� // πnpIf ;Gq. [\

Next we show how to obtain exact sequences for fibrations. Let

F
j //E

p //B
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be a fiber sequence. By Proposition 3.5.10, there is a homotopy equivalence
β : F Ñ Ip, where Ip is the homotopy fiber of p.

Definition 4.2.18 The connecting map B : ΩB Ñ F of the above fibration
is the composition

ΩB
i //Ip

β�1

//F,

where i is the inclusion and β�1 is a homotopy inverse of β.

It now follows, analogous to the dual situation, that the sequence

� � � //Ωn�1B
ΩnB //ΩnF

Ωnj //ΩnE
Ωnp //ΩnB //

� � � //ΩB
B //F

j //E
p //B.

is equivalent to the sequence

� � � //Ωn�1B
Ωni //ΩnIp

Ωnv //ΩnE
Ωnp //ΩnB //

� � � //ΩB
i //Ip

v //E
p //B.

Thus we obtain the following corollary.

Corollary 4.2.19 Let F
j //E

p //B be a fiber sequence.
1. If W is any space, then the sequence

� � � //rW,Ωn�1BspΩ
nBq�//rW,ΩnF spΩ

njq�//rW,ΩnEspΩ
npq�//rW,ΩnBs //

� � � //rW,ΩBs B� //rW,F s j� //rW,Es p� //rW,Bs
is exact.

2. If G is an abelian group and n ¥ 2, then there exists a homomorphism
Bn�1 : πn�1pB;Gq Ñ πnpF ;Gq such that the following sequence is exact

� � � //πn�1pB;Gq Bn�1 //πnpF ;Gq j� //πnpE;Gq p� //πnpB;Gq //

� � � //π3pB;Gq B3 //π2pF ;Gq j� //π2pE;Gq p� //π2pB;Gq.
If G � Z, then this sequence can be continued to

π1pF q
j� //π1pEq

p� //π1pBq B1 //π0pF q
j� //π0pEq

p� //π0pBq.
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Proof. Define Bn�1 to be the composition

πn�1pB;Gq � // πnpΩB;Gq B� // πnpF ;Gq. [\

We now introduce some terminology for the previous exact sequences.

Definition 4.2.20 The exact sequence of spaces in Theorem 4.2.15 is called
the exact sequence of a map. The exact sequence in Corollary 4.2.17 is called
the exact homotopy sequence of a map. The exact sequence in Corollary
4.2.19(2) is called the exact homotopy sequence of a fibration.

Remark 4.2.21 We observe that the exact sequences of sets and groups
in Corollaries 4.2.8, 4.2.10, 4.2.12, 4.2.16, 4.2.17, and 4.2.19 are all natural
with respect to the appropriate maps of spaces. This means that these maps
induce maps of the exact sequences. Rather than stating this result for all
of the sequences mentioned above, we just do it for one of the corollaries to
illustrate the general principle.

We consider Corollary 4.2.8. Let f : X Ñ Y and f 1 : X 1 Ñ Y 1 be maps
and assume that there is a homotopy-commutative diagram

X
f //

a

��

Y

b

��
X 1

f 1 // Y 1.

By Proposition 3.2.13, there is a map Φ : Cf Ñ Cf 1 such that the following
diagram homotopy-commutes

Y
l //

b

��

Cf

Φ

��

p // ΣX

Σa

��
Y 1 l1 // Cf 1

p1 // ΣX 1.

From this we obtain a map of the exact sequence of f 1 in Corollary 4.2.8 into
the analogous exact sequence of f

//rΣnCf 1 , Zs //

pΣnΦq�

��

rΣnY 1, Zs //

pΣnbq�

��

rΣnX 1, Zs
pΣnaq�

��

//rΣn�1Cf 1 , Zs //

pΣn�1Φq�

��
//rΣnCf , Zs //rΣnY,Zs //rΣnX,Zs //rΣn�1Cf , Zs // ,

where the top line is induced by the suspensions of l1, f 1, and p1 and the
bottom line is induced by the suspensions of l, f , and p. Thus the sequence
in Corollary 4.2.8 is natural with respect to the maps a and b.
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4.3 Actions and Coactions

In this section we introduce the notion of an H-space acting on a space and
the dual notion. These are used to refine exactness of the end terms of the
some of the exact sequences of Section 4.2. We begin by giving the homotopy
version of a group acting on a space.

Definition 4.3.1 Given a space X and an H-space pA,mq. A (right) action
of A on X is a map φ : X �AÑ X such that

1. φ j1 � id : X Ñ X, where j1 : X Ñ X � A is the inclusion.

2. φpφ� idq � φpid�mq : X �A� AÑ X :

X � A�A
φ�id //

id�m

��

X � A

φ

��
X � A

φ // X.

We say that A acts on X by φ.

We now give a few simple examples. We give others later in this section.

Example 4.3.2

• If G is a group and if there is an action of G on X with equality instead
of homotopy in Definition 4.3.1, then X is a right G-space (Exercise 3.21).
This concept appears frequently in the literature ([14, p. 54], [49, Chap. 1,
Sect. 12]).

• If X � A and pX,mq is a homotopy-associative H-space, then X acts on
itself. Definition 4.3.1(2) is just the homotopy-associativity of m.

We next show that in a fibration, the loops on the base act on the fiber.
We begin with principal fibrations. Let f : X Ñ Y be a map and let If �
tpx, ωq |x P X, ω P EY, fpxq � ωp0qu be the homotopy fiber of f. Then

ΩY
i //If

v //X,

is a fiber sequence, where ipωq � p�, ωq and vpx, ωq � x for ω P ΩY and
x P X. Recall that for any space Y, the loop space ΩY is a grouplike space
with multiplication m : ΩY �ΩY Ñ ΩY, and we write mpω, νq � ω � ν, for
ω, ν P ΩY. More generally, if ω P EY and ν P ΩY, then ω � ν P EY.

We define a map φ0 : If � ΩY Ñ If by φ0ppx, ωq, νq � px, ω � νq, for
px, ωq P If and ν P ΩY.
Proposition 4.3.3

1. The map φ0 : If �ΩY Ñ If is an action of ΩY on If .



126 4 Exact Sequences

2. The following diagram commutes

If �ΩY
φ0 //

p1

��

If

v

��
If

v // X,

where p1 : If �ΩY Ñ If is the projection.

3. The following square diagram is commutative and the following triangular
diagram is homotopy-commutative,

ΩY �ΩY
m //

i�id

��

ΩY

i

��

and ΩY
i //

j2

��

If

If �ΩY
φ0 //If If �ΩY,

φ0

77nnnnnnnnnnnnn

where j2 is inclusion into the second factor.

4. If the square

X
f //

a

��

Y

b

��
X 1

f 1 // Y 1

is commutative and Ψ : If Ñ If 1 is defined by Ψpx, ωq � papxq, b ωq, for
px, ωq P If , then the square

If �ΩY
φ0 //

Ψ�Ωb

��

If

Ψ

��
If 1 �ΩY 1

φ10 // If 1 ,

is commutative, where φ0 and φ10 are the actions.

Proof. (1) Let j1 : If Ñ If �ΩY be the inclusion and let px, ωq P If . Then

φ0j1px, ωq � φ0ppx, ωq, �q � px, ω � �q,

and so φ0j1 � id. Next if px, ωq P If and λ, µ P ΩY, then

φ0pφ0 � idqppx, ωq, λ, µq � px, pω � λq � µq

and
φ0pid�mqppx, ωq, λ, µq � px, ω � pλ� µqq.

Hence φ0pφ0 � idq � φ0pid�mq.
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(2) and (3) The proofs are straightforward and hence omitted.

(4)
Ψφ0ppx, ωq, νq � Ψpx, ω � νq

� papxq, b pω � νqq
� φ10ppapxq, b ωq, b νq
� φ10pΨ �Ωbqppx, ωq, νq,

for px, ωq P If and ν P ΩY. [\

We next show how to define an action for any fibration F
j //E

p //B.
Recall from Proposition 3.5.10 and Remark 3.5.11 that the map β : F Ñ Ip
which is given by βpxq � pjpxq, �q for x P F is a homotopy equivalence. Then
we define a map φ : F �ΩB Ñ F as the composition

F �ΩB
β�id // Ip �ΩB

φ0 // Ip
β�1

// F,

where φ0 is the action above and β�1 is a homotopy inverse of β.

Theorem 4.3.4

1. The map φ : F �ΩB Ñ F is an action of ΩB on F.

2. The following diagrams are homotopy-commutative

ΩB �ΩB
m //

B�id

��

ΩB

B

��

and ΩB
B //

j2

��

F

F �ΩB
φ //F F �ΩB,

φ

77nnnnnnnnnnnnn

where B : ΩB Ñ F is the connecting map (Definition 4.2.18) and j2 is
inclusion into the second factor.

3. If F 1 j1 //E1 p1 //B1 is another fibration and there is a commutative di-
agram

F
j //

d

��

E

a

��

p // B

b

��
F 1

j1 // E1
p1 // B1,

then the following diagram is homotopy-commutative

F �ΩB
φ //

d�Ωb

��

F

d

��
F 1 �ΩB1

φ1 // F 1,

where φ and φ1 are the actions of the two fibrations.



128 4 Exact Sequences

Proof. Since β : F Ñ Ip is a homotopy equivalence and φ � β�1φ0pβ � idq
and B � β�1i, the proofs of (1) and (2) follow easily from Proposition 4.3.3.
For (3) we first note that the maps a and b determine a map Ψ : Ip Ñ Ip1
defined by Ψpx, ωq � papxq, bωq, for x P E and ω P EB. Then it is easily
checked that Ψβ � β1d, and so the squares in the following diagram

F �ΩB

φ

,,
β�id

//

d�Ωb

��

Ip �ΩB

Ψ�Ωb

��

φ0

// Ip
β�1

//

Ψ

��

F

d

��
F 1 �ΩB1

φ1

22
β1�id // Ip1 �ΩB1

φ10 // Ip1
β1�1

// F 1.

are homotopy-commutative. Therefore

dφ � dβ�1φ0pβ � idq � β1�1φ10pβ1 � idqpd�Ωbq � φ1pd�Ωbq.

This completes the proof. [\
The map φ in Theorem 4.3.4 is sometimes referred to as the holonomy map
or the holonomy action.

For the rest of this section we give the dual theory of coactions. These
results follow easily by straightforward dualization, and so we state only the
main results and omit their proofs.

Definition 4.3.5 Given a space Y and a co-H-space pB, cq. A (right) coac-
tion of B on Y is a map ψ : Y Ñ Y _B such that

1. q1ψ � id, where q1 : Y _B Ñ Y is the projection.

2. The following diagram is homotopy-commutative

Y
ψ //

ψ

��

Y _B

id_c

��
Y _B

ψ_id // Y _B _B.

We say that B coacts on Y .

We begin by defining a coaction for a principal cofibration. Let f : X Ñ Y
be a map and consider the cofiber sequence

Y
l //Cf

q //ΣX,

where l is the inclusion and q is the projection. We define a map ψ0 : Cf Ñ
Cf _ΣX by ψ0xyy � pxyy, �q and
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ψ0xx, ty �
" pxx, 2ty, �q if 0 ¤ t ¤ 1

2p�, xx, 2t� 1yq if 1
2
¤ t ¤ 1,

for x P X, y P Y, and t P I.

Cf Cf _ΣX

ψ0

fpXq
Y

fpXq
Y

Figure 4.1

Proposition 4.3.6 For any map f : X Ñ Y, the map ψ0 : Cf Ñ Cf _ΣX
defined above is a coaction.

For an arbitrary cofibration A
i //X

p //Q, the map α : Ci Ñ Q which
is given by αxa, ty � � and αxxy � ppxq, for a P A, x P X and t P I, is a
homotopy equivalence (Proposition 3.5.4 and Remark 3.5.5). Then we define
a map ψ : QÑ Q_ΣA as the composition

Q
α�1
// Ci

ψ0 // Ci _ΣA
α_id // Q_ΣA.

Theorem 4.3.7

1. The map ψ : QÑ Q_ΣA is a coaction of ΣA on Q.

2. The following diagrams are homotopy-commutative

Q
ψ //

B

��

Q_ΣA

B_id

��

and Q
B //

ψ

��

ΣA

ΣA
c //ΣA_ΣA Q_ΣA,

q2

66nnnnnnnnnnnnn

where B : Q Ñ ΣA is the connecting map of the cofibration (Definition
4.2.13) and q2 is the projection.

3. If A1
i1 //X 1 p1 //Q1 is a cofibration and there is a commutative diagram
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A
i //

a

��

X

b

��

p // Q

c

��
A1

i1 // X 1
p1 // Q1,

then the following diagram is homotopy-commutative

Q
ψ //

c

��

Q_ΣA

c_Σa

��
Q1 ψ1 // Q1 _ΣA1,

where ψ and ψ1 are the coactions of the two cofibrations.

4.4 Operations

In this section we show how the actions and coactions of the previous section
lead to operations of one homotopy set on another. We note that several
authors use the terms “action” and “operation” interchangeably. However
we attempt to use the word “action” to apply only to spaces.

Definition 4.4.1 Let S be a based set with a binary operation (denoted
+) and two-sided identity 0. We say that S operates on a set V if for every
s P S and x P V, there is an element xs P V such that (1) x0 � x and (2)
pxsqt � xs�t, for all x P V and s, t P S.

Suppose that pA,mq is an H-space, X is a space, and φ : X � A Ñ X is
an action of A on X. If W is any space and g : W Ñ X and a : W Ñ A are
any maps, then define ga : W Ñ X to be the composition

W
∆ //W �W

g�a //X �A
φ //X,

where ∆ is the diagonal map. If a � a1 : W Ñ A with homotopy at and
g � g1 : W Ñ X with homotopy gt, then ga � g1a

1

with homotopy gatt . Thus
there is a function rW,Xs � rW,As Ñ rW,Xs defined by

rgsras � rgas P rW,Xs,

for rgs P rW,Xs and ras P rW,As.
Proposition 4.4.2 The function rW,Xs�rW,As Ñ rW,Xs defined above is
an operation of rW,As on rW,Xs.
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Proof. (1) Let ρ � rf s P rW,Xs and 0 � r�s P rW,As, let p1 : W�W ÑW be
the projection onto the first factor, and let j1 : X Ñ X �A be the inclusion.
Then in the diagram

W
∆ //W �W

f�� //

p1

��

X �A
φ //X,

W
f //X

j1

OO

id

77oooooooooooooo

the top line is f� : W Ñ X (i.e., � operating on f), the square is commutative
and the triangle is homotopy-commutative by Definition 4.3.1. Thus f� �
fp1∆ � f, and so ρ0 � ρ.

(2) Let ρ � rf s P rW,Xs and α � ras, β � rbs P rW,As. Then in the
following diagram

W
∆ //W �W

∆�id //W �W �W
f�a�b //X � A�A

φ�id //

id�m

��

X �A

φ

��
X �A

φ //A,

the top line is pfaqb and the triangle is homotopy-commutative by Definition
4.3.1. Therefore

pfaqb � φpf �mpa� bqqp∆� idq∆
� φpf �mpa� bqqpid�∆q∆
� φpf � pa� bqq∆
� fa�b,

and so pραqβ � ρα�β . [\
Next we let f : X Ñ Y be any map and consider the principal fiber

sequence

ΩY
i //If

v //X.

By Proposition 4.3.3, there is an action φ0 : If � ΩY Ñ If . This yields an
operation of rW,ΩY s on rW, If s, for any space W.

Lemma 4.4.3 If i� : rW,ΩY s Ñ rW, If s and α, γ P rW,ΩY s, then

1. i�pα� γq � pi�pαqqγ .
2. i�pγq � 0γ .

Proof. (1) Let α � ras and γ � rcs and consider the diagram

W
∆ //W �W

ia�c //

a�c ))RRRRRRRRRRRRRR If �ΩY
φ0 //If

ΩY �ΩY
m //

i�id

OO

ΩY,

i

OO
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where the top line equals piaqc. The triangle is clearly commutative and the
square is commutative by Proposition 4.3.3. Therefore

piaqc � ipa� cq,

and this proves (1).

(2) The proof follows from Part (1) by setting α � 0. [\
By Corollary 4.2.16, the following sequence is exact

� � � //rW,ΩXs pΩfq� //rW,ΩY s i� //rW, If s v� //rW,Xs,

for every space W. We use the operation of rW,ΩY s on rW, If s to obtain
more information about the exactness at rW, If s and at rW,ΩY s.
Theorem 4.4.4

1. Let ρ, σ P rW, If s. Then v�pρq � v�pσq ðñ there exists γ P rW,ΩY s with
σ � ργ .

2. If γ, δ P rW,ΩY s, then i�pγq � i�pδq ðñ there exists ε P rW,ΩXs with γ
� pΩfq�pεq � δ.

Proof. (1) Let ρ � rgs and γ � rcs. We first show vgc � vg. We have that
vgc is the top line of the diagram

W
∆ //W �W

g�c //If �ΩY
φ0 //

p1

��

If

v

��
If

v //X,

where ∆ is the diagonal map. By Proposition 4.3.3(2), vφ0 � vp1. Therefore

vgc � vp1pg � cq∆ � vg.

This shows that v�pργq � v�pρq.
We prove the other implication. Recall that If is the following pullback

If
u //

v

��

EY

p0

��
X

f // Y,

where p0plq � lp0q. Now suppose that ρ � rgs, σ � rhs P rW, If s and vg � vh.
By the covering homotopy property of the fiber map v, we can replace g by
a homotopic map (still called g) such that vg � vh. Thus

pugqpwqp0q � pp0ugqpwq � pfvgqpwq � pfvhqpwq � pp0uhqpwq � puhqpwqp0q,
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for every w PW. We then define c : W Ñ ΩY by

cpwq ptq �
" pugqpwq p1� 2tq if 0 ¤ t ¤ 1

2
puhqpwq p2t� 1q if 1

2 ¤ t ¤ 1,

for w P W and t P I, so cpwq � �pugqpwq � puhqpwq. We show gc � h. We
have

pgcqpwq �
�
pvgqpwq, pugqpwq � cpwq

	
�
�
pvgqpwq, pugqpwq � ��pugqpwq � puhqpwq�	,

and so ug � p�ug � uhq �F uh : W Ñ EY for some homotopy F such
that F pw, tqp0q � pfvhqpwq. Since hpwq � ppvhqpwq, puhqpwqq, it follows that
gc � h : W Ñ If , and so ρrcs � σ.

(2) We first prove the implication “ùñ”. Suppose i�pγq � i�pδq. Then for
every ν P rW,ΩY s,

i�pγ � νq � pi�pγqqν � pi�pδqqν � i�pδ � νq,

by Lemma 4.4.3. Therefore with ν � �δ, we have i�pγ�δq � 0. By exactness,
there exists ε P rW,ΩY s such that γ � pΩfq�pεq � δ.

Now we prove “ðù”. Suppose γ � pΩfq�pεq � δ, for some ε P rW,ΩXs.
Then

i�pγq � i�ppΩfq�pεq � δq � pi�pΩfq�pεqqδ � 0δ � i�pδq,
by Lemma 4.4.3. [\

We extend Theorem 4.4.4 to arbitrary fibrations. Let F
j //E

p //B
be a fiber sequence. By Proposition 3.5.10 and Definition 4.2.18, the map
β : F Ñ Ip is a homotopy equivalence such that the following diagram
homotopy-commutes

ΩE
Ωp //ΩB

B //F
j //

β

��

E

ΩE
Ωp //ΩB

i //Ip
v //E,

where B : ΩB Ñ F is the connecting map. By Section 4.3 there is an action
φ : F �ΩB Ñ F defined as the composition

F �ΩB
β�id // Ip �ΩB

φ0 // Ip
β�1

// F.

Then φ determines an operation of rW,ΩBs on rW,F s, for any space W. Thus
we obtain the following commutative diagram
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rW,ΩEs pΩpq� //rW,ΩBs B� //rW,F s j� //

β��

��

rW,Es

rW,ΩEs pΩpq� //rW,ΩBs i� //rW, Ips v� //rW,Es

such that the operation of rW,ΩBs on rW,F s in the top line is compatible
with the operation of rW,ΩBs on rW, Ips in the bottom line, that is, β�pχγq �
pβ�pχqqγ , for χ P rW,F s and γ P rW,ΩBs.

These remarks together with Theorem 4.4.4 give the following theorem.

Theorem 4.4.5 Let F
j //E

p //B be a fiber sequence with connecting
map B : ΩB Ñ F. Let φ : F � ΩB Ñ F be the action with corresponding
induced operation of rW,ΩBs on rW,F s, for every space W.

1. If χ, ξ P rW,F s, then j�pχq � j�pξq ðñ ξ � χγ for some γ P rW,ΩBs.
2. If γ, δ P rW,ΩBs, then B�pγq � B�pδq ðñ γ � pΩpq�pεq � δ, for some

ε P rW,ΩEs.
We conclude this section by briefly considering operations obtained from

coactions.

Definition 4.4.6 Let pB, cq be a co-H-space and ψ : Y Ñ Y _B a coaction
of B on Y. If Z is any space and g : Y Ñ Z and a : B Ñ Z are any maps,
then define ga : Y Ñ Z as the composition

Y
ψ //Y _B

g_a //Z _ Z
∇ //Z,

where ∇ is the folding map. This defines an operation of rB,Zs on rY, Zs by

rgsras � rgas P rY, Zs.

For any map f : X Ñ Y, we have seen in Proposition 4.3.6 that there
is a coaction ψ0 : Cf Ñ Cf _ ΣX. This yields an operation of rΣX,Zs on
rCf , Zs, for every space Z. By Corollary 4.2.8, the map f : X Ñ Y gives rise
to the following exact sequence

� � � //rΣY,Zs pΣfq
�

//rΣX,Zs q� //rCf , Zs l� //rY,Zs.

Theorem 4.4.7

1. Let ρ, σ P rCf , Zs. Then l�pρq � l�pσq ðñ σ � ργ , for some γ P rΣX,Zs.
2. Let γ, δ P rΣX,Zs. Then q�pγq � q�pδq ðñ γ � pΣfq�pεq � δ, for some

ε P rΣY,Zs.

If A
i //X

p //Q is any cofibration, then there is a homotopy equiva-
lence α : Ci Ñ Q by Proposition 3.5.4 and a coaction ψ : QÑ Q_ΣA which
is defined as the composition



4.5 Homotopy Groups II 135

Q
α�1
// Ci

ψ0 // Ci _ΣA
α_id // Q_ΣA.

This gives an operation of rΣA,Zs on rQ,Zs, for any space Z. We have the
following exact sequence

� � � //rΣX,Zs pΣiq
�

//rΣA,Zs B� //rQ,Zs p� //rX,Zs

by Corollary 4.2.12.
Using α, we map the exact sequence of the cofibration into the exact

sequence of the map i : AÑ X and obtain the following result from Theorem
4.4.7.

Theorem 4.4.8 Let A
i //X

p //Q be a cofibration and consider the op-
eration of rΣA,Zs on rQ,Zs.
1. Let χ, ξ P rQ,Zs. Then p�pχq � p�pξq ðñ ξ � χγ , for some γ P rΣA,Zs.
2. Let γ, δ P rΣA,Zs. Then B�pγq � B�pδq ðñ γ � pΣiq�pεq � δ, for some

ε P rΣX,Zs.

4.5 Homotopy Groups II

In this section we discuss the homotopy groups in more detail. We begin with
an alternative characterization of the homotopy groups of a space. We then
introduce and study the homotopy groups of a pair of spaces. After that we
derive exact homotopy sequences which are obtained from two maps whose
composition is trivial.

We adopt the following notation. If f : X Ñ Y is a map and fpAq � B for
A � X and B � Y, then we write f 1 : pX,Aq Ñ pY,Bq for the map of pairs
determined by f. The pairs pX,Aq and pY,Bq are homeomorphic if there is
a homeomorphism θ : X Ñ Y such that θ|A : AÑ B is a homeomorphism.

Now let In be the n-cube I � I � � � � � I (n-factors) and let BIn be the
boundary of In, the set of all pt1, t2, . . . , tnq in In such that some ti � 0 or 1
and let the basepoint � of BIn be p1, 0, . . . , 0q. For a space X we consider maps
of pairs f : pIn, BInq Ñ pX, t�uq and denote by π1npXq the set of homotopy
classes of these maps. Two maps f, g : pIn, BInq Ñ pX, t�uq are homotopic if
and only if f � g rel BIn. Clearly there is a homeomorphism from In to En

that carries BIn onto Sn�1, and so the pair pIn, BInq is homeomorphic to the
pair pEn, Sn�1q. Thus we could regard π1npXq as the set of homotopy classes
of maps pEn, Sn�1q Ñ pX, t�uq. The pair pEn, Sn�1q is homeomorphic to the
pair pEn�, Sn�1q, where En� is the upper cap of Sn, therefore we could also
regard π1npXq as the set of homotopy classes of maps pEn�, Sn�1q Ñ pX, t�uq.

We set S � p0, 0, . . . ,�1q P Sn, called the South Pole, and N �
p0, 0, . . . , 1q P Sn, called the North Pole, and recall that � � p1, 0, . . . , 0q
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is the basepoint of Sn (as well as of En� and En�). We define a continuous
function k : En� Ñ Sn as follows. Represent the points p P Sn � Rn�1 as
rx, us, where x P Sn�1 and �1 ¤ u ¤ 1 is the last coordinate of p, as indicated
in Figure 4.2.

En�

u

p

x

Figure 4.2

Thus x � px1, . . . , xnq is the point in Sn�1 determined by the ray from the
origin through the projection of p onto Rn. Therefore rx, us corresponds to
pp1, . . . , pn, uq with pi � xi

?
1� u2 for i � 1, . . . , n. Define k : En� Ñ Sn by

krx, us � rx, 2u � 1s, for 0 ¤ u ¤ 1 and x P Sn�1. Then kpSn�1q � tSu and
k|pEn� � Sn�1q is a free map that carries En� � Sn�1 homeomorphically onto
Sn�tSu. It can be described as follows. The upper cap En� � Sn is stretched
on Sn with N fixed and Sn�1 � En� going to S.

Sn

u
p

x
2u�1



kppq

Figure 4.3

In order to obtain a map En� Ñ Sn that carries Sn�1 to t�u and is a homeo-
morphism En� � Sn�1 � Sn � t�u, we compose k with a rotation ρ of Sn. If
we define ρ by ρpt1, t2, . . . , tn, tn�1q � p�tn�1, t2, . . . , tn, t1q, then ρ carries S
to �. Thus we have the map h � ρk : En� Ñ Sn that carries Sn�1 onto t�u
and maps En� � Sn�1 homeomorphically onto Sn � t�u. Now h determines a
map of pairs h1 : pEn�, Sn�1q Ñ pSn, t�uq.
Proposition 4.5.1 For all spaces X and n ¥ 1, the function θ : πnpXq Ñ
π1npXq defined by θrf s � rfh1s is a bijection.
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Proof. We first show that θ is one–one. Suppose f, g : Sn Ñ X and fh1 �F
gh1 : pEn�, Sn�1q Ñ pX, t�uq. Since h is an identification map, so is h �
id : En� � I Ñ Sn � I (Appendix A). Therefore F : En� � I Ñ X induces
G : Sn � I Ñ X. Hence f �G g, and so rfs � rgs.

To show θ is onto, let l : pEn�, Sn�1q Ñ pX, t�uq be a map. Then l induces
a map l̄ : Sn Ñ X such that l̄h1 � l Thus θrl̄s � rls. [\

Next we see that this alternative characterization of homotopy groups gives
rise to an alternative definition of addition.

Remark 4.5.2 If f, g : pIn, BInq Ñ pX, t�uq, then define f�1g : pIn, BInq Ñ
pX, t�uq by

pf �1 gqpt1, t2, . . . , tnq �
"
fpt1, t2, . . . , 2tnq if 0 ¤ tn ¤ 1

2
gpt1, t2, . . . , 2tn � 1q if 1

2 ¤ tn ¤ 1,

for pt1, t2, . . . , tnq P I. Clearly this induces a binary operation on π1npXq
denoted �1. Then θpα�βq � θpαq�1θpβq by Exercise 4.7. Because of this and
Proposition 4.5.1, we drop the prime in π1npXq and �1 and regard the group
πnpXq as homotopy classes of maps Sn Ñ X, as homotopy classes of maps
pIn, BInq Ñ pX, t�uq, or as homotopy classes of maps pEn, Sn�1q Ñ pX, t�uq.

We next study the relative homotopy groups, that is, the homotopy groups
of a pair of spaces. These are generalizations of the homotopy groups and are
similar to the relative homology and cohomology groups. For a pair of spaces
pX,Aq, the relative homotopy groups give information on the homotopy ho-
momorphism induced by the inclusion map AÑ X.

Now let X be a space and A � X a subspace. We denote by EpX ;A, t�uq
the subspace of the path space EX consisting of paths that begin in A and
end in t�u. Clearly EpX ;A, t�uq is just the homotopy fiber of the inclusion
map AÑ X.

Definition 4.5.3 For A � X and an abelian group G, we define the nth
relative homotopy group of the pair pX,Aq with coefficients in G by

πnpX,A;Gq � πn�1

�
EpX ;A, t�uq;G�,

for n ¥ 3. When G � Z, we have

πnpX,Aq � πn�1pEpX ;A, t�uqq,

for n ¥ 1. We refer refer to the πnpX,Aq for n ¥ 1 as relative homotopy groups
even though π1pX,Aq is in general just a based set. A map f : pX,Aq Ñ
pY,Bq of pairs induces a map EpX;A, t�uq Ñ EpY ;B, t�uq and hence a
homomorphism f� : πnpX,A;Gq Ñ πnpY,B;Gq, for n ¥ 3 (n ¥ 2, if G �
Z). Furthermore, the induced function f� : π1pX,Aq Ñ π1pY,Bq is a based
function and is called a homomorphism.
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We can interpret relative homotopy groups with coefficients as follows.
If α � ras is an element of πnpX,A;Gq, then a : ΣMpG,n � 1q �
MpG,nq Ñ EpX;A, t�uq. By taking the adjoint of a we obtain a map of
pairs ra : pCMpG,n� 1q,MpG,n�1qq Ñ pX,Aq. Clearly we may then regard
πnpX,A;Gq as homotopy classes of maps pCMpG,n � 1q,MpG,n � 1qq Ñ
pX,Aq. In the case G � Z, we have MpZ, n � 1q � Sn�1 and CSn�1 � En

(proof of Proposition 2.3.9), and so we may regard the relative group πnpX,Aq
as homotopy classes of maps pEn, Sn�1q Ñ pX,Aq.

We give another interpretation of the relative homotopy groups with Z
coefficients. Regard In�1 � In by identifying In�1 with In�1�t0u � In. Let
Jn�1 � In be the set of all pt1, t2, . . . , tnq P In such that either ti � 0 or 1,
for some i � 1, 2, . . . , n� 1, or tn � 1.

In

Shaded face is In�1, union

of other faces is Jn�1

Figure 4.4

Note that Jn�1 � pBIn�1 � Iq Y pIn�1 � t1uq and In�1 Y Jn�1 � BIn,
where BIn�1 is the boundary of In�1. If f, g : pIn, In�1, Jn�1q Ñ pX,A, t�uq,
then f � g means that there is a homotopy ft between f and g such that
ftpIn�1q � A and ftpJn�1q � t�u.
Remark 4.5.4 If pX,Aq is a pair of spaces and n ¥ 1, then there is a bijec-
tion of πnpX,Aq with the set of homotopy classes of maps pIn, In�1, Jn�1q Ñ
pX,A, t�uq.The bijection is given as follows. Assume that f : pIn�1, BIn�1q Ñ
pEpX ;A, t�uq, t�uq. Then we consider the adjoint rf : In � In�1 � I Ñ X

of f. Clearly rfpIn�1 � t0uq � A and rfpIn�1 � t1uq � t�u � rfpBIn�1 � I),

and so rf : pIn, In�1, Jn�1q Ñ pX,A, t�uq. Then the function µ defined by

µrfs � r rfs is the desired bijection. For details, see [41, pp. 17-19].

We next obtain an exact sequence for relative homotopy groups. By Propo-
sition 3.3.2, the sequence of spaces

ΩX //EpX ;A, t�uq q0 //A
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is a fiber sequence, where q0pωq � ωp0q, for ω P EpX;A, t�uq. By applying
Corollary 4.2.19(2) to this fibration, we have the following exact homotopy
sequence of the pair pX,Aq with coefficients in G

// πn�1pX,A;Gq // πnpA;Gq // πnpX;Gq // πnpX,A;Gq //

� � � // π3pX,A;Gq // π2pA;Gq // π2pX;Gq.

For G � Z we can adjoin the following exact sequence to the preceding one

π2pX,Aq // π1pAq // π1pXq // π1pX,Aq // π0pAq // π0pXq.

In general, the last three terms are not groups and the previous three terms
are groups that are not necessarily abelian. Let the boundary map in this lat-
ter sequence be denoted by Bn : πnpX,Aq Ñ πn�1pAq. If we regard πnpX,Aq
as homotopy classes of maps f : pEn, Sn�1q Ñ pX,Aq, then by Exercise 4.16,
Bnrf s � rf |Sn�1s.

Furthermore, if g : pX,Aq Ñ pY,Bq is a map, then g gives rise to a
commutative diagram of maps from one fiber sequence to another

ΩX //

Ωg

��

EpX;A, t�uq //

Eg

��

A

g|A

��
ΩY //EpY ;B, t�uq //B,

and hence a map from the exact homotopy sequence of the pair pX,Aq into
the exact homotopy sequence of the pair pY,Bq.

We study the relative group in more detail. This leads to a proof of Lemma
4.5.7, a generalization of Lemma 2.4.5, which was stated without proof.

Lemma 4.5.5 Let pY,Bq be a pair of spaces and let f : pEn, Sn�1q Ñ pY,Bq
represent an element α P πnpY,Bq. Then α � 0 if and only if there exists a
map g : pEn, Sn�1q Ñ pY,Bq with g|Sn�1 � f |Sn�1, f � g rel Sn�1, and
gpEnq � B.

Proof. Suppose that α � 0. We first define a function F : En � I Ñ En � I
by

F px, tq �
"�
x{p1� t{2q, t� if 0 ¤ |x| ¤ 1� t{2�
x{|x|, 2� 2|x|� if 1� t{2 ¤ |x| ¤ 1,

for x P En and t P I. If Ent denotes En � ttu � En � I, then Figure 4.5
illustrates the image of Ent under F.

Clearly F |En0 � id and F maps tx P En1 | |x| ¤ 1
2u to En1 and maps

tx P En1 | |x| ¥ 1
2u to Sn�1 � I. If f �G � : pEn, Sn�1q Ñ pY,Bq, then set

gpxq � GF px, 1q for x P En. Thus gpEnq � B and f �GF g rel Sn�1.
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Ent En � I

F |Ent

0

t

1

Radius of inner ball

� 1� t
2

Figure 4.5

Conversely suppose f �H g rel Sn�1 and gpEnq � B. Define a homotopy
G : En � I Ñ Y by

Gpx, tq �
"
Hpx, 2tq if 0 ¤ t ¤ 1{2
gpp2� 2tqx� p2t� 1q�q if 1{2 ¤ t ¤ 1,

for x P En and t P I. From t � 0 to t � 1{2 the homotopy G is just the
homotopy H and from t � 1{2 to t � 1 the homotopy G is g on the line
segment in En from x to �. Then f �G � : pEn, Sn�1q Ñ pY,Bq. [\

This lemma plays a key role in the following result.

Lemma 4.5.6 Let e : B Ñ Y be a map such that e� : πk�1pBq Ñ πk�1pY q
is a monomorphism and e� : πkpBq Ñ πkpY q is an epimorphism, for some k.
Let i : Sk�1 Ñ Ek be the inclusion map and let a : Ek Ñ Y and b : Sk�1 Ñ B
be maps with ai �H eb for some homotopy H : Sk�1 � I Ñ Y,

Sk�1
b //

i

��

B

e

��
Ek

a //

rb
77ooooooo
Y.

Then there exists a map rb : Ek Ñ B and a homotopy J : Ek � I Ñ Y such
that rbi � b, a �J erb, and J |Sk�1 � I � H.

Proof. We can replace e by the inclusion of B into the mapping cylinder Me

of e (Definition 3.5.1 and Proposition 3.5.2), and so can assume that e is an
inclusion map. Then the hypothesis on e� and the exact homotopy sequence
of the pair pY,Bq imply that πkpY,Bq � 0.WriteHpx, tq � htpxq and consider
the homotopy-commutative square above. Because i is a cofibration, there is
a homotopy kt : Ek Ñ Y such that k0 � a and kt i � ht. Thus the following
square is commutative
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Sk�1
b //

i

��

B

e

��
Ek

k1 // Y,

and a map of pairs k11 : pEk, Sk�1q Ñ pY,Bq is determined by k1. Since
rk11s P πkpY,Bq, it follows that rk11s � 0. By Lemma 4.5.5, there exists a maprb : Ek Ñ B such that rb i � b and k1 �G erb rel Sk�1, for some homotopy
G : Ek � I Ñ Y. If Kpx, tq � ktpxq, then

a � k0 �K k1 �G erb.
We then define the homotopy J 1 : Ek � I Ñ Y to be the concatenation of
K and G, that is, J 1 � K � G (see the discussion before Definition 1.3.3).

Then a �J 1 erb and J 1|Sk�1 � I � H � Feb, where Feb : Sk�1 � I Ñ Y is the
stationary homotopy determined by eb : Sk�1 Ñ Y. Clearly H �Feb � H rel
Sk�1�BI : Sk�1�I Ñ Y and we denote this homotopy by Λt : Sk�1�I Ñ Y.
Define a homotopy Γt : Sk�1 � I Y Ek � BI Ñ Y by

Γtpx, sq � Λtpx, sq
Γtpy, 0q � apyq
Γtpy, 1q � erbpyq,

for x P Sk�1, y P Ek, and s P I. Then we have the diagram

Sk�1 � I Y Ek � BI
j

��

Γt

))TTTTTTTTTTTTTTTTTT

Ek � I
J 1 // Y,

where j is the inclusion. But j is a cofiber map and J 1j � Γ0. Therefore
J 1 is homotopic to a homotopy J : Ek � I Ñ Y such that a �J erb and
J |Sk�1 � I � H. This completes the proof. [\

We next prove the lemma which implies the result (2.4.5) that was used
to prove Whitehead’s first theorem 2.4.7. The property that appears in this
lemma is often referred to as the homotopy extension lifting property and
the lemma is called the HELP lemma.

For the proof we recall Zorn’s lemma. Let S be a set with partial ordering
“¤”. A subset of S is called a chain if for any two elements a and b in the
subset, either a ¤ b or b ¤ a. If every nonempty chain in S has an upper
bound, (that is, an element greater than or equal to every element of the
chain), then there is a maximal element in S, (that is, an element that is not
strictly less than any element of S) [26, pp. 30–32].
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Lemma 4.5.7 Let pX,Aq be a relative CW complex and let e : B Ñ Y be
a map. Assume that for every k such that there exists one or more relative
k-cells of pX,Aq, the homomorphism e� : πk�1pBq Ñ πk�1pY q is a monomor-
phism and the homomorphism e� : πkpBq Ñ πkpY q is an epimorphism. Let
j : AÑ X be the inclusion and suppose that there are maps f : X Ñ Y and
g : AÑ B and a diagram

A
g //

j

��

B

e

��
X

f //

rg
88qqqqqqq
Y,

such that eg �L fj, for some homotopy L : A � I Ñ Y. Then there exists
a map rg : X Ñ B and a homotopy F : X � I Ñ Y such that rgj � g and
erg �F f, where F |A� I � L.

Proof. We consider the set S of all triples ppX 1, Aq, rg1, F 1q, where (1) pX 1, Aq
is a subrelative complex of pX,Aq (Remark 1.5.16), (2) rg1 : X 1 Ñ B is a
map such that rg1j � g; and (3) F 1 : X 1 � I Ñ Y is a homotopy such that
erg1 �F 1 f |X 1 and F 1|A � I � L. Then S is a set that is partially ordered as
follows: ppX1, Aq, rg1, F1q ¤ ppX2, Aq, rg2, F2q if X1 � X2, rg2 is an extension ofrg1, and F2 is an extension of F1. Since S satisfies the hypotheses of Zorn’s
lemma, there is a maximal element ppXm, Aq, rgm, Fmq in S. We show that
Xm � X. Suppose Xm is a proper subset of X. Then there is a relative cell in
pX,Aq that is not contained in Xm, and we assume that ek is such an open
cell of lowest dimension. If Φ : Ek Ñ X is the characteristic map of this cell
with Φ|Sk�1 � φ, then there is a diagram

Sk�1
φ //

i

��

Xm
rgm //

��

B

e

��
Ek

Φ // X
f // Y.

Because e rgm �Fm f |Xm, it follows that e rgmφ �Fmpφ�idq fΦ i. By Lemma

4.5.6 there exists a map rb : Ek Ñ B such that rb i � rgmφ and a homotopy
J : Ek � I Ñ Y such that erb �J fΦ and J |Sk�1 � I � Fmpφ� idq,

Sk�1
rgmφ //

i

��

B

e

��
Ek

fΦ //

rb
77ooooooo
Y.

We define X 1 by the following pushout square
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Sk�1
φ //

i

��

Xm

�� rgm

��>>>>>>>>>>>>>>>>>>

Ek //

rb
++WWWWWWWWWWWWWWWWWWWWWWWWWWWW X 1

rg1

''OOOOOOO

B.

and define rg1 : X 1 Ñ B as the map of the pushout X 1 determined by rb andrgm. Similarly consider the diagram

Sk�1 � I
φ�id //

i�id

��

Xm � I

�� Fm

  @@@@@@@@@@@@@@@@@@@

Ek � I //

J

++XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX X 1 � I

F 1

''PPPPPPP

Y,

where the square is a pushout square (Exercise 3.4) and the homotopy F 1

is determined by J and Fm. It is then easily verified that F 1 is a homo-
topy between erg1 and f |X 1. Thus the triple ppX 1, Aq, rg1, F 1q is in S and
ppXm, Aq, rgm, Fmq is not less than or equal to ppX 1, Aq, rg1, F 1q. This contra-
dicts the maximality of ppXm, Aq, rgm, Fmq. Therefore Xm � X and we setrg � rgm and F � Fm. [\

Lemma 4.5.6 is a special case of the HELP lemma 4.5.7 which occurs when
the relative CW complex pX,Aq � pEk, Sk�1q. In the proof above, Lemma
4.5.6 was used to prove the HELP lemma.

We next make some additional comments on the HELP lemma 4.5.7. We
first note that this lemma immediately yields Lemma 2.4.5. In the latter
lemma the hypothesis is that dimpX,Aq ¤ n and e : B Ñ Y is an n-
equivalence. This clearly implies the hypothesis of the HELP lemma.

Remark 4.5.8 1. The hypothesis on e� may appear somewhat unwieldy.
However, as noted earlier, if e is an inclusion, then it is equivalent to
the condition that πkpY,Bq � 0, and if e is not an inclusion, then it is
equivalent to πkpMe, Bq � 0, where Me is the mapping cylinder of e.

2. It is possible to prove the HELP lemma without invoking Zorn’s lemma.
This is done by defining the map rg and the homotopy F inductively
over the skeleta of pX,Aq. If this has been done on the pk � 1q-skeleton
pX,Aqk�1, then the extension to each relative k-cell is carried out exactly
as in the proof of the HELP lemma above. This defines the map and the
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homotopy on the k-skeleton pX,Aqk. These functions can then be put
together to yield the desired map rg and homotopy F.

3. The HELP lemma can be used to give a proof of the cellular approxima-
tion theorem. We sketch the proof. We are given a map f : pX,Aq Ñ
pY,Bq of relative CW complexes. We construct a cellular approxima-
tion g : pX,Aq Ñ pY,Bq of f by induction over the skeleta pX,Aqn.
Assume that a map gn�1 : pX,Aqn�1 Ñ pY,Bqn�1 exists such that
f |pX,Aqn�1 � jn�1gn�1 : pX,Aqn�1 Ñ Y, where jn�1 : pY,Bqn�1 Ñ Y is
the inclusion. We then have the diagram

pX,Aqn�1

��

gn�1 // pY,Bqn�1
in�1 // pY,Bqn

jn

��
pX,Aqn f |pX,Aqn // Y,

where in�1 is the inclusion. Since jn�1 � jnin�1, the diagram is homotopy-
commutative. Therefore, to apply the HELP lemma to this diagram and
obtain gn : pX,Aqn Ñ pY,Bqn, we need πnpY, pY,Bqnq � 0. This is true
but the proof is technical and we do not give it. We refer to [91, p. 73] or
[14, p. 207].

Next we derive a useful corollary of the HELP lemma.

Corollary 4.5.9 Let j : A Ñ X, f : X Ñ Y, g : A Ñ B, and e : B Ñ Y be
maps such that eg � fj. Assume that e is a fiber map with fiber F

A
g //

j

��

B

e

��
X

f //

rg
88ppppppp
Y.

1. If pX,Aq is a relative CW complex with inclusion map j and πk�1pF q � 0
for every k for which there exists one or more relative k-cells of pX,Aq,
then there exists a map rg : X Ñ B such that rgj � g and erg � f.

2. If j is a k-equivalence and πipF q � 0, for i ¥ k, then there exists a maprg : X Ñ B such that rgj � g and erg � f.

Proof. (1) The condition πk�1pF q � 0 is equivalent to the condition that
e� : πk�1pBq Ñ πk�1pY q is a monomorphism and e� : πkpBq Ñ πkpY q is an
epimorphism by the exact homotopy sequence of a fibration. Furthermore if
we let M : A�I Ñ B be the stationary homotopy defined by Mpa, tq � gpaq,
for a P A and t P I, then L � eM : A � I Ñ Y is a (stationary) homotopy
between eg and fj. Therefore by the HELP lemma 4.5.7, there exists a maprg0 : X Ñ B such that rg0j � g and a homotopy F : X � I Ñ Y such that
e rg0 �F f, where F |A�I � L. If we writemtpaq �Mpa, tq and ftpxq � F px, tq
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for a P A and x P X, then emt � ftj. By the CHEP (Corollary 3.3.6) applied
to the diagram

A
g //

j

��

B

e

��
X

e�g0 //

�g0
88qqqqqqqqqqqqq
Y,

there is a homotopy rgt : X Ñ B of rg0 such that rgtj � mt � g and ergt � ft.
Then rg � rg1 : X Ñ B is the desired map.

(2) By Corollary 2.4.10, we replace j : AÑ X by an inclusion i : AÑ K,
where pK,Aq is a relative CW complex with relative cells in dimensions ¥
k � 1. We then apply (1). [\

Corollary 4.5.9(1) also follows from the obstruction theory developed in
Chapter 9 (Exercise 9.1).

We next discuss the Hurewicz homomorphism for relative homotopy
groups. We choose a generator λn P HnpIn, BInq � Z. Then we define the
function

hn : πnpX,Aq Ñ HnpX,Aq
as follows. If α � rfs is an element of the relative homotopy group πnpX,Aq,
then the map f : pIn, In�1, Jn�1q Ñ pX,A, t�uq determines a map f :
pIn, BInq Ñ pX,Aq. This latter map induces f� : HnpIn, BInq Ñ HnpX,Aq,
and we set hnpαq � f�pλnq. Then hn : πnpX,Aq Ñ HnpX,Aq is a homomor-
phism for n ¥ 2 (Exercise 4.14) called the (relative) Hurewicz homomorphism.
Clearly if g : pX,Aq Ñ pY,Bq is a map of pairs, then the following diagram
is commutative

πnpX,Aq
g� //

hn

��

πnpY,Bq
h̄n
��

HnpX,Aq
g� // HnpY,Bq,

where hn and h̄n are nth Hurewicz homomorphisms for pX,Aq and pY,Bq,
respectively.

We relate the Hurewicz homomorphism of the pair pX,Aq to the Hurewicz
homomorphism of A. Recall that the definition of the Hurewicz homomor-
phism h1n�1 : πn�1pAq Ñ Hn�1pAq in Section 2.4 requires the choice of
a generator γn�1 P Hn�1pBInq. We choose λn P HnpIn, BInq and γn�1 P
Hn�1pBInq with the property that∆npλnq � γn�1, where∆n : HnpIn, BInq Ñ
Hn�1pBInq is the boundary homomorphism in the exact homology sequence
of the pair pIn, BInq. The proof of the next lemma is then straightforward,
and hence omitted.
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Lemma 4.5.10 The following diagram commutes

πnpX,Aq Bn //

hn

��

πn�1pAq
h1n�1

��
HnpX,Aq ∆n // Hn�1pAq,

where Bn and ∆n are the boundary homomorphisms in the exact homotopy
sequence of a pair and the exact homology sequence of a pair, respectively.

We now describe the adjoint isomorphism κ̄� : πn�1pΩXq Ñ πnpXq using
the path-space fibration.

Lemma 4.5.11 Let

ΩX //EX
p //X

be the path-space fibration and p1 : pEX,ΩXq Ñ pX, t�uq be the corresponding
map of pairs. Then the following diagram is commutative

πnpEX,ΩXq Bn //

p1�
��

πn�1pΩXq

κ̄�
uujjjjjjjjjjjjjjjj

πnpXq,

where Bn is the boundary homomorphism.

Proof. The proof follows from Exercises 4.2 and 4.24. [\
Then κ̄� � p1�B�1

n since Bn is an isomorphism and this suggests that we study
the homology analogue of the homomorphism p1�B�1

n .

Definition 4.5.12 Let ΩX //EX
p //X be the path-space fibration

and consider the homomorphisms

HnpX ;Gq HnpEX,ΩX;Gq ∆n //
p1�oo Hn�1pΩX;Gq,

where ∆n is the boundary homomorphism in the exact homology sequence
of a pair and p1 : pEX,ΩXq Ñ pX, t�uq is the map of pairs obtained from p.
Since EX is contractible, ∆n is an isomorphism. Define the homology suspen-
sion to be the homomorphism σn�1 � p1�∆

�1
n : Hn�1pΩX;Gq Ñ HnpX;Gq.

The term “homology suspension” is well established for this homomorphism,
even though it is not directly related to the suspension. In Lemma 6.4.7 we
give conditions for σn�1 to be an isomorphism. For now we note its relation
to the Hurewicz homomorphism. The proof follows from Lemma 4.5.10.
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Lemma 4.5.13 For any space X, the following diagram is commutative

πn�1pΩXq
κ̄� //

hn

��

πnpXq
h1n
��

Hn�1pΩXq
σn�1 // HnpXq,

where hn and h1n are Hurewicz homomorphisms.

We have seen in previous sections of this chapter that an important role
was played by certain maps called α and β assigned to a sequence

X
f //Y

g //Z.

If this sequence is a fiber sequence, then β : X Ñ Ig is a homotopy equivalence
(Proposition 3.5.10 and Remark 3.5.11). If the sequence is a cofiber sequence,
then α : Cf Ñ Z is a homotopy equivalence (Proposition 3.5.4 and Remark
3.5.5). We next define these maps more generally and introduce two other
closely related maps. Let

X
f //Y

g //Z

be a sequence of spaces such that gf � �. Consider the homotopy fibers If
and Ig of f and g

If

w

��

Ig

v

��
X

f //Y
g //Z,

where v and w are projections.

Definition 4.5.14 We define two excision maps as follows: β : X Ñ Ig is
given by βpxq � pfpxq, �q, for x P X and γ : If Ñ ΩZ is given by γpx, lq � g l,
for px, lq P If .

Next note that vβ � f and γj � Ωg,

X

β

��

f

��???????? and ΩY

j

��

Ωg

""EEEEEEEE

Ig
v // Y If

γ // ΩZ,

where j is the inclusion. By Corollary 4.2.17 we have the following diagram
with exact rows
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� � � // πr�1pY q
j1� //

id

��

πrpIf q
γ�

��

w� // πrpXq
β�

��

f� // πrpY q
id

��

// � � �

� � � // πr�1pY q
g1� // πrpΩZq

k� // πrpIgq v� // πrpY q // � � � ,

where j1� is the composition

πr�1pY q � // πrpΩY q
j� // πrpIf q,

g1� is the composition

πr�1pY q
g� // πr�1pZq � // πrpΩZq,

and k : ΩZ Ñ Ig is the inclusion.

Proposition 4.5.15 In the above diagram with exact rows, the first and third
squares are commutative, and the second square is anticommutative, that is,
β�w� � �k�γ�.
Proof. Because vβ � f and γj � Ωg, the first and third squares are commu-
tative. We sketch the proof that the second square is anticommutative. Let us
write a � βw, b � kγ : If Ñ Ig. Then apx, lq � pfpxq, �q and bpx, lq � p�, g lq,
for px, lq P If . Let v : Ig Ñ Y and u : Ig Ñ EZ be the two projections of the
pullback Ig and w : If Ñ X and t : If Ñ EY be the two projections of the
pullback If . If rφs P πrpIf q, then

upaφ� bφq � � � pEgqtφ and vpaφ� bφq � fwφ� �.

Now define θ : If Ñ Ig by θpx, lq � pfpxq, Egplqq, where px, lq P If . Then
uθφ � pEgqtφ and vθφ � fwφ, and from this it follows that aφ � bφ � θφ.
Next we define a homotopy F : If � I Ñ Ig such that θ �F �. For a path
l P EY and s P I, let ls,1 be the path l linearly reparametrized so as to
start at lpsq and end at lp1q � �, that is, ls,1ptq � lpp1 � tqs � tq. Then
we set F ppx, lq, sq � plpsq, g ls,1q, for px, lq P If and s P I, and so F is a
nullhomotopy of θ. It follows that aφ�bφ � �, and thus aφ � �bφ. Therefore
β�w�rφs � �k�γ�rφs, for all rφs P πrpIf q. [\
Corollary 4.5.16 If n ¤ 8, then β : X Ñ Ig is an n-equivalence ðñ γ :
If Ñ ΩZ is an n-equivalence.

Proof. The proof is an immediate consequence of Proposition 4.5.15 and the
five lemma (Appendix C). [\

Next we consider X
f //Y

g //Z with gf � � in the case when f is
an inclusion map. Then we identify If with EpY ;X, t�uq, the space of paths
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in Y that begin in X and end at t�u, and so πnpIf q � πn�1pY,Xq. Let
γ : If Ñ ΩZ be the excision map and let g1 : pY,Xq Ñ pZ, t�uq be the map
of pairs determined by g.

Lemma 4.5.17 The following diagram is commutative for all n ¥ 0,

πnpIf q � //

γ�

��

πn�1pY,Xq
g1�
��

πnpΩZq � // πn�1pZq.

Proof. This follows from the definition of γ. [\
The next result is an immediate consequence of the previous lemma,

Proposition 3.5.10, and Corollary 4.5.16.

Proposition 4.5.18 If F
i //E

p //B is a fiber sequence and if p1 :
pE,F q Ñ pB, t�uq is the map of pairs obtained from p, then p1� : πrpE,F q Ñ
πrpBq is an isomorphism for all r ¡ 1 and a bijection for r � 1.

Remark 4.5.19

1. We observe that Proposition 4.5.15 holds for homotopy groups with coeff-
ficients. For the proof we simply replace the sphere by a Moore space.

2. Proposition 4.5.18 is often proved directly as a consequence of the defini-
tion of a fibration (e.g., see [37, pp. 83–84]).

We next briefly comment on the dual results. Let

X
f //Y

g //Z

be a sequence of spaces such that gf � �. We consider the mapping cones
Cf and Cg of f and g

X
f //Y

g //

k

��

Z

l

��
Cf Cg

where k and l are inclusions.

Definition 4.5.20 We define excision maps as follows: α : Cf Ñ Z by
αxyy � gpyq and αxx, ty � � and δ : ΣX Ñ Cg by δxx, ty � xfpxq, ty, for
x P X, y P Y, and t P I.

All of these excision maps play an important role in the sequel. They are
used to prove the classical theorems in Section 6.4. With some modifications,
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the results on the excision maps β and γ dualize to the maps α and δ. We
state two of these without proof. The first is the dual of Proposition 4.5.15.

Consider the sequences of spaces

Y
k // Cf

p // ΣX and Z
l // Cg

q // ΣY

and the corresponding diagram of cohomology groups

� � � // Hr�1pY ;Gq q1� //

id

��

HrpCg;Gq
δ�

��

l� // HrpZ;Gq
α�

��

g� // HrpY ;Gq
id

��

// � � �

� � � // Hr�1pY ;Gq f 1� // HrpΣX;Gq p� // HrpCf ;Gq k� // HrpY ;Gq // � � � ,

where q1� is the composition

Hr�1pY ;Gq � // HrpΣY ;Gq q� // HrpCg;Gq

and f 1� is the composition

Hr�1pY ;Gq f� // Hr�1pX;Gq � // HrpΣX;Gq.

Proposition 4.5.21 In the preceding diagram the rows are exact, the first
and third squares are commutative, and the second square is anticommutative.

We give a definition analogous to n-equivalence.

Definition 4.5.22 A map f : X Ñ Y is called a cohomological n-equivalence
if for every abelian group G, the induced homomorphism f� : HipY ;Gq Ñ
HipX ;Gq is an isomorphism for i   n and a monomorphism for i � n.

Corollary 4.5.23 If n ¤ 8, then α : Cf Ñ Z is a cohomological n-
equivalence ðñ δ : ΣX Ñ Cg is a cohomological n-equivalence.

Finally, we mention that we are following [40, p. 13] in calling these maps
excision maps.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

4.1. p�q Let F
j // E

p // B be a fibration and let λ : S Ñ EI be a
path lifting map (Exercise 3.10). Let i2 : ΩB Ñ S be the inclusion into
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the second factor and let p1 : EI Ñ E be defined by p1plq � lp1q. Define

λ1 � p1λi2 : ΩB Ñ E and note that λ1 induces pλ1 : ΩB Ñ F. Prove that pλ1

is homotopic to the connecting map B : ΩB Ñ F (Definition 4.2.18).

4.2. p�q p:q For the path space fibration ΩB //EB //B, prove that
the connecting map B : ΩB Ñ ΩB is homotopic to �id : ΩB Ñ ΩB.

4.3. p�q Let K be a CW complex and L � K a subcomplex. Consider the
cofiber sequence L Ñ K Ñ K{L and let B : K{L Ñ ΣL be the connecting
map. Let i : K{LÑ CK{L be the inclusion. Prove the following.

1. CK{L � ΣL.

2. B � � ðñ i � �.
3. ΣL is a homotopy retract of ΣK ðñ i � �.

4.4. p�q p:q Let ΩX // E0X
p1 // X be the path space fibration where

E0X consists of paths l in X with lp0q � � and p1plq � lp1q. Prove that the
action φ : ΩX�ΩX Ñ ΩX of the loops of the base on the fiber is homotopic
to the loop space multiplication m of ΩX.

4.5. p�q Let F
j //E

p //B be a fiber sequence. Prove that if B is con-
tractible, then j is a homotopy equivalence.

4.6. Let θX,Y : ΩX � ΩY Ñ ΩpX � Y q be the homeomorphism defined by
θX,Y pω, νqptq � pωptq, νptqq, for ω P ΩX, ν P ΩY, and t P I. Furthermore, let
pA,mq be an H-space and φ : X � A Ñ X an action of A on X. Prove that
pΩφqθX,A is an action of pΩA,µq on ΩX, where µ : ΩA �ΩA Ñ ΩA is the
loop-space multiplication. (Note that µ � pΩmqθA,A.)
4.7. p�q p:q For each i � 1, 2, . . . , n, define a binary operation on π1npXq by
setting rf s �i rgs � rf �i gs, where

pf �i gqpt1, . . . , tnq �
"
fpt1, . . . , 2ti, . . . , tnq if 0 ¤ ti ¤ 1

2
gpt1, . . . , 2ti � 1, . . . , tnq if 1

2 ¤ ti ¤ 1,

for f, g : pIn, BInq Ñ pX, t�uq. These induce n binary operations in πnpXq.
Prove that each of these operations coincides with the standard binary oper-
ation in πnpXq (obtained by regarding Sn as a co-H-space).

4.8. πnpX,Aq consists of homotopy classes of maps pIn, In�1, Jn�1q Ñ
pX,A, t�uq. If f and g are two such maps, define f �i g : pIn, In�1, Jn�1q Ñ
pX,A, t�uq by

pf �i gqpt1, . . . , tnq �
"
fpt1, . . . , 2ti, . . . , tnq if 0 ¤ ti ¤ 1

2
gpt1, . . . , 2ti � 1, . . . , tnq if 1

2 ¤ ti ¤ 1,

for i � 1, . . . , n� 1. This induces n� 1 binary operations on πnpX,Aq. Prove
that these binary operations all agree with the given operation on πnpX,Aq.
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4.9. Regard t�u as a subspace of X. Show that the relative homotopy group
πnpX, t�uq is isomorphic to πnpXq.
4.10. Let K be a CW complex and let L � K be a subcomplex with inclusion
map i : LÑ K. Prove that if i induces isomorphisms of all homotopy groups,
then L is a strong deformation retract of K.

4.11. Given maps f : X Ñ Y and f 1 : X 1 Ñ Y 1. A map (of maps) from
f to f 1 is a pair pu, vq, where u : X Ñ X 1 and v : Y Ñ Y 1 are maps such
that f 1u � vf. A homotopy of maps is a pair of homotopies put, vtq, where
ut : X Ñ X 1 and vt : Y Ñ Y 1

X
ut //

f

��

X 1

f 1

��
Y

vt // Y 1

such that f 1ut � vtf, for every t P I. Define a set HnpX,A;Gq using homo-
topies of maps, where A is a subspace of X and G is an abelian group. Prove
that there is a bijection of HnpX,A;Gq onto HnpCi;Gq, where i : AÑ X is
the inclusion map. Consider the dual result.

4.12. p:q Establish the claim made in the proof of Lemma 4.5.6 that it suffices
to consider the case when e is an inclusion.

4.13. p:q Verify the assertion in Lemma 4.5.6 that J 1 is homotopic to J such

that a �J erb and J |Sk�1 � I � H.

4.14. p�q p:q Prove that hn : πnpX,Aq Ñ HnpX,Aq is a homomorphism for
n ¥ 2.

4.15. In the proof of Proposition 4.5.15 show that aφ� bφ � θφ.

4.16. p:q Using the characterization of the relative homotopy group πnpX,Aq
as homotopy classes of maps pEn, Sn�1q Ñ pX,Aq, show that the boundary
homomorphism Bn : πnpX,Aq Ñ πn�1pAq satisfies Bnrf s � rf |Sn�1s.
4.17. Suppose that a map f : X Ñ Y is factored as

X
f1 // M

f2 // Y,

where f1 is an inclusion and f2 is a homotopy equivalence. Prove that there
exists a map θ : Mf Ñ M such that θ|X � idX and θ1� : πnpMf , Xq Ñ
πnpM,Xq is an isomorphism for all n.

4.18. If G is a topological group and H is a subgroup, prove that the second
relative homotopy group π2pG,Hq is abelian.
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4.19. p�q If A is a subspace of X and A is contractible in X (see Definition
1.4.3), then prove that

πnpX,Aq � πnpXq ` πn�1pAq,

for n ¥ 2. (For n � 2, you may use the fact that the image of π2pXq Ñ
π2pX,Aq is contained in the center, which is proved in Corollary 5.4.3.)

4.20. Let the isomorphism τn�1 : Hn�1pXq Ñ HnpΣXq be taken as the
composition

Hn�1pXq
∆�1
n //HnpCX,Xq

q1� //HnpΣXq,

where ∆n is the boundary homomorphism in the exact homology sequence
of a pair and q : CX Ñ ΣX is the quotient map. Prove that for any space
X, the following diagram is commutative

πn�1pXq
Σn�1 //

hn

��

πnpΣXq
h1n
��

Hn�1pXq
τn�1 // HnpΣXq,

where hn and h1n are Hurewicz homomorphisms and Σn�1 is defined by
Σn�1rfs � rΣf s. (For this problem, it is necessary to choose compatible
generators γn�1 P Hn�1pSn�1q and γn P HnpSnq.)
4.21. For a space X, define τn�1 : Hn�1pXq Ñ HnpΣXq as in Exercise 4.20.
Let f : ΣX Ñ Y and let f : X Ñ ΩY be the adjoint of f. Show that the
following diagram is commutative

πn�1pXq //

f�
��

Hn�1pXq
τn�1 // HnpΣXq

f�

��
πn�1pΩY q

κ� // πnpY q // HnpY q,

where κ� is the adjoint isomorphism and the unmarked arrows are Hurewicz
homomorphisms.

4.22. p:q Let X be a space, let A and B be subspaces and set C � A X B.
Then pX;A,Bq is called a triad and we define the triad homotopy groups by

πnpX ;A,Bq � πn�1pEpX;B, t�uq, EpA;C, t�uqq,

for all n ¥ 2 (when n � 2, this is a based set).
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1. Prove that πnpX;A,Bq consists of homotopy classes of maps f : In Ñ X
such that fpt1, . . . , tnq P A if tn�1 � 0, fpt1, . . . , tnq P B if tn � 0, and
fpt1, . . . , tnq � � if pt1, . . . , tnq P BIn with tn�1 � 0 or tn � 0.

2. Prove that the following is an exact sequence.

// πn�1pX ;A,Bq // πnpA,Cq // πnpX,Bq // πnpX;A,Bq //

This is called the exact homotopy sequence of a triad.

3. Prove that πnpX;A,Bq � πnpX ;B,Aq.
4. If A � B � X, then show that the following sequence is exact.

// πnpB,Aq // πnpX,Aq // πnpX,Bq // πn�1pB,Aq //

This is called the exact homotopy sequence of a triple.

4.23. Let

X
f //Y

g //Z

be a sequence of spaces such that gf � � and let α : Cf Ñ Z and γ : If Ñ ΩZ
be excision maps. Define a map η : If Ñ ΩCf such that the following diagram
is anti-homotopy-commutative

If
γ //

η

��

ΩZ

ΩCf .

Ωα

77ooooooooooooo

State and prove the dual result.

4.24. p�q p:q Let F
j //E

p //B be a fiber sequence. Let p1 : pE,F q Ñ
pB, �q be the map of pairs determined by p, let Bn : πnpE,F q Ñ πn�1pF q
be the boundary homomorphism in the exact homotopy sequence of the pair
pE,F q, and let B� : πnpBq Ñ πn�1pF q be the homomorphism induced by
the connecting map B : ΩB Ñ F of the fibration. Prove that the following
diagram is anticommutative

πnpE,F q Bn //

p1�
��

πn�1pF q

πnpBq.
B�

66llllllllllllll



Chapter 5

Applications of Exactness

5.1 Introduction

In this chapter we give some diverse applications of the material in Chapter
4. In Definition 2.5.10 we defined the (homotopical) cohomology groups with
coefficients as HnpX;Gq � rX,KpG,nqs. When G � Z, we refer to these
groups as ordinary cohomology groups or integral cohomology groups. Analo-
gously, the homotopy groups with coefficients are πnpX;Gq � rMpG,nq, Xs
(Definition 2.5.6). When G � Z, these are just the homotopy groups of X .
In the first section we present two universal coefficient theorems. The first
expresses cohomology with coefficients in terms of ordinary cohomology, the
tensor product, and the torsion product. The second expresses homotopy
groups with coefficients in terms of the homotopy groups, Hom, and Ext. In
the next section we show that the cohomology groups of a CW complex are
naturally isomorphic to the singular cohomology groups of the complex. This
is done by a simple inductive argument over the dimension of the complex.
In Section 5.4, we study the action of rW,ΩBs on rW,F s, when F Ñ E Ñ B
is a fiber sequence and W is a co-H-space. We also give conditions for certain
fibrations and cofibrations to be trivial. For the Hopf fibrations this implies
that the loops on an F-projective n-space is equivalent to the product of
Sd�1 (the fiber) and the loops on Sdpn�1q�1 (the total space). In Section
5.5 we consider the space of free maps MpX,Y q of X into Y and show that
the evaluation fiber sequence Y X Ñ MpX,Y q Ñ Y yields an operation of
rW,ΩY s on rW,Y X s, for any space W . This operation is needed for com-
paring based and free homotopy classes. By taking W � S0 and X � Sn,
we obtain an operation of π1pY q on πnpY q. We discuss several characteri-
zations of this operation, extend it to relative homotopy groups, and prove
that the homomorphisms in the exact homotopy sequence of a pair are all
π1-homomorphisms. In the last section we calculate some homotopy groups of
spheres, Moore spaces, topological groups, Stiefel manifolds, and Grassman-
nians. Our computational methods include the exact homotopy sequence of a
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fiber sequence, the truncated exact homotopy sequence of a cofiber sequence,
and the Freudenthal suspension theorem.

5.2 Universal Coefficient Theorems

We assume some familiarity with the tensor product A b B and the group
of homomorphisms HompA,Bq of two abelian groups A and B. In addition,
we refer to basic facts about the torsion product TorpA,Bq � A �B and the
group of extensions ExtpA,Bq, that can be found in Appendix C.

We begin by noting the following extension of Proposition 2.5.9 which is
an immediate consequence of Lemma 2.5.13.

Lemma 5.2.1 If G and H are abelian groups and f, g : KpG,nq Ñ KpH,nq
are two maps, then f� � g� : πnpKpG,nqq � GÑ πnpKpH,nqq � H, n ¥ 1,
if and only if f � g.

Next we define a homomorphism of the universal coefficient theorem.

Definition 5.2.2 For a space X and an abelian group G, we define a
homomorphism α � αG : HnpXq b G Ñ HnpX;Gq as follows. Given
rfs P HnpXq � rX,KpZ, nqs and γ P G, then γ induces a homomorphism
θγ : Z Ñ G defined by θγp1q � γ. By Proposition 2.5.9 and Lemma 5.2.1,
θγ determines a unique homotopy class rφγs P rKpZ, nq,KpG,nqs given by
φγ� � θγ : πnpKpZ, nqq Ñ πnpKpG,nqq. We set αprfs b γq � rφγfs,

X
f //KpZ, nq φγ //KpG,nq.

Then α is a well-defined homomorphism (Exercise 5.1).

We need the following elementary fact in our proof below. If l : KpG,nq Ñ
KpH,nq induces the homomorphism λ : GÑ H on n-dimensional homotopy
groups, then the following diagram commutes

HnpXq bG
idbλ //

αG

��

HnpXq bH

αH

��
HnpX ;Gq l� //HnpX ;Hq,

where l� is the coefficient homomorphism induced by l.

Lemma 5.2.3 If F is a finitely generated, free-abelian group, then αF :
HnpXq b F Ñ HnpX;F q is an isomorphism.

Proof. Let F � Z and consider αZ : HnpXq b Z Ñ HnpXq. Thus αZprf s b
1q � rf s because φ1 � id. Therefore αZ is an isomorphism. Now let F have
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rank k, so that F is the direct sum of k copies of Z, and we write F �À
k Z. Then HnpXq b F �ÀkpHnpXq b Zq and KpF, nq � KpZ, nq � � � � �

KpZ, nq (k factors), and so HnpX;F q �ÀkH
npXq by Corollary 1.3.7. The

commutativity of the diagram

HnpXq b F
� //

αF

��

À
kpHnpXq b Zq

�
À
k αZ

��
HnpX;F q � //À

kH
npXq

then completes the proof. [\
Theorem 5.2.4 (universal coefficient theorem for cohomology) If X is a
space, G a finitely generated abelian group, and n ¥ 1, then there is a ho-
momorphism β : HnpX ;Gq Ñ Hn�1pXq � G and a short exact sequence of
groups

0 //HnpXq bG
α //HnpX;Gq β //Hn�1pXq �G //0,

for n ¥ 1.

Proof. Write G � F {R, where F is a finitely generated, free-abelian group
and R is a subgroup. Let ι : R Ñ F be the inclusion and ν : F Ñ G the
projection. By Proposition 2.5.9(2), there exists a map q : KpF, n � 1q Ñ
KpG,n� 1q such that q� � ν : πn�1pKpF, n� 1qq Ñ πn�1pKpG,n� 1qq. By
Proposition 3.5.8, we may assume that q is a fiber map. Thus we have a fiber
sequence

W
i //KpF, n� 1q q //KpG,n� 1q ,

for some space W. Applying Corollary 4.2.19 to this fibration, we see that

πlpW q �
"

0 if l � n� 1
R if l � n� 1.

Therefore KpR,n� 1q i //KpF, n� 1q q //KpG,n� 1q is a fiber sequence
and i� : πn�1pKpR,n � 1qq Ñ πn�1pKpF, n� 1qq is the inclusion ι : R Ñ F.
By Corollary 4.2.19, for any space X, the following sequence of groups is
exact

HnpX;Rq i� //HnpX ;F q q� //HnpX;Gq B� //Hn�1pX;Rq i� //Hn�1pX;F q.

This gives the short exact sequence

0 // H
npX;F q

i�HnpX ;Rq
q1� //HnpX;Gq B1� //Im B� //0,
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where q1� and B1� are determined by q� and B�, respectively. Now Ker i� �
Im B1�, where i� : Hn�1pX ;Rq Ñ Hn�1pX ;F q, and we show that Ker i� �
Hn�1pXq �G. For this consider the commutative diagram

Hn�1pXq bR
idbι //

αR�

��

Hn�1pXq b F

αF�

��
Hn�1pX;Rq i� //Hn�1pX;F q.

Since 0 //R
ι //F

ν //G //0 is a free resolution of G,

Ker i� � Ker pidb ιq � Hn�1pXq �G

by Appendix C. We define β to be the composition

HnpX ;Gq B1� //Ker i�
� //Hn�1pXq �G.

We next show that there is an isomorphism

θ : HnpXq bG // H
npX;F q

i�HnpX;Rq
such that the following diagram commutes

HnpXq bG
α //

θ�

��

HnpX;Gq

HnpX;F q
i�HnpX ;Rq .

q1�

66lllllllllllll

Consider the diagram with exact rows

HnpXq bR
idbι //

αR�

��

HnpXq b F

αF�

��

idbν //HnpXq bG //

θ
���
�
� 0

HnpX;Rq i� //HnpX;F q π // H
npX;F q

i�HnpX ;Rq
//0,

where π is the projection onto the quotient group. Since the left square is
commutative, there exists an isomorphism θ such that θ pid b νq � π αF .
Furthermore, it is easily checked that α � q1� θ. Thus α is a monomorphism
and

Imα � Im q1� � Ker B1� � Ker β.

This completes the proof. [\
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Remark 5.2.5 Theorem 5.2.4 has been proved in [83, p. 246] and elsewhere
by purely algebraic methods. In fact, the result in [83] is more general than
Theorem 5.2.4 in that (1) the hypothesis is that either G or the homology
groups of X are finitely generated; and (2) the exact sequence splits.

We next consider the dual theorem for homotopy groups with coefficients
πnpX ;Gq � rMpG,nq, Xs, where MpG,nq is the Moore space defined in
Lemma 2.5.2. Recall that MpG,nq has been constructed relative to a choice
of presentation of G.

Definition 5.2.6 Let X be a space, G an abelian group, and n an integer
greater than 1. If rfs P πnpX;Gq, then f� : G � πnpMpG,nqq Ñ πnpXq.
Thus there is a function η � ηG : πnpX;Gq Ñ HompG, πnpXqq defined by
ηrfs � f�. It can be shown that η is a homomorphism (Exercise 5.3).

Lemma 5.2.7 The homomorphism ηF : πnpX;F q Ñ HompF, πnpXqq is an
isomorphism if F is a free-abelian group.

Proof. For some set A, we have MpF, nq � �
αPA S

n
α, where Snα is the n-

sphere. Let iα : Snα ÑMpF, nq be the injection into the αth copy in the wedge.
Then triαs | α P Au � πnpMpF, nqq � F is a basis for F by Lemma 2.4.17.
If f, g : MpF, nq Ñ X are maps such that f� � g� : πnpMpF, nqq Ñ πnpXq,
then f�riαs � g�riαs. Hence fiα � giα,, so f � g. Therefore ηF is one–one.

If φ : F Ñ πnpXq is a homomorphism, then φriαs � rfαs P πnpXq, for
some fα : Snα Ñ X. Then the fα determine f : MpF, nq Ñ X such that
f� � φ : πnpMpF, nqq Ñ πnpXq. Therefore ηF is onto. [\
Corollary 5.2.8 The homomorphism η : rMpF, nq,MpF 1, nqs Ñ HompF, F 1q
is an isomorphism if F and F 1 are free-abelian groups.

Theorem 5.2.9 (universal coefficient theorem for homotopy) [40, p. 30] For
any space X, abelian group G, and integer n ¥ 2, there exists a homomor-
phism ξ : ExtpG, πn�1pXqq Ñ πnpX ;Gq such that the following is a short
exact sequence of groups

0 //ExtpG, πn�1pXqq ξ //πnpX ;Gq η //HompG, πnpXqq //0.

Proof. We sketch the proof. The group G has a presentation given by a short
exact sequence

0 //R
ι //F

ν //G //0 ,

where R and F are free-abelian. By Corollary 5.2.8, ι determines a map
i : MpR,nq Ñ MpF, nq such that i� � ι : πnpMpR,nqq Ñ πnpMpF, nqq.
Then by Lemma 2.5.2, MpG,nq is the mapping cone of i with inclusion
j : MpF, nq Ñ MpG,nq. By Corollary 4.2.8, we have the exact sequence of
groups

πn�1pX ;F q i� //πn�1pX ;Rq B� //πnpX;Gq j� //πnpX ;F q i� //πnpX ;Rq
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which yields the short exact sequence

0 // πn�1pX ;Rq
i�πn�1pX ;F q

B1� //πnpX ;Gq j
1�

//Ker i� //0,

where j
1� and B1� are induced by j� and B�, respectively. Using Lemma 5.2.7,

we see that there is an isomorphism θ : Ker i� Ñ HompG, πnpXqq such that
θj

1� � η. Also using Lemma 5.2.7 and the definition of Ext (Appendix C),
we see that

πn�1pX;Rq
i�πn�1pX;F q � ExtpG, πn�1pXqq.

This completes the sketch of the proof. [\
Remark 5.2.10

1. In general the exact sequence in Theorem 5.2.9 does not split. See [39,
p. 463] for an example. However, the exact sequence is natural with respect
to homomorphisms induced by maps of spaces and to homomorphisms
induced by a coefficient homomorphism.

2. There are other universal coefficient theorems besides the two given in
this section. One gives homology with arbitrary coefficients in terms of
integral homology and another gives cohomology with coefficients in terms
of integral homology. These are discussed in Appendix C. In addition, there
is a universal coefficient theorem for homotopy with coefficients which is
different from Theorem 5.2.9. This gives homotopy groups with coefficients
in terms of the ordinary homotopy groups and the functors tensor and tor
(see [75]).

5.3 Homotopical Cohomology Groups

The purpose of this section is to prove the result stated in Remark 2.5.11
that the nth homotopical cohomology group of a CW complex X with coeffi-
cients in an abelian group G, namely, HnpX;Gq � rX,KpG,nqs, is naturally
isomorphic to the n-th singular cohomology group Hn

singpX ;Gq.
We first define the basic class. If K � KpG,nq then µ : Hn

singpK;Gq Ñ
HompHnpKq, Gq, the epimorphism of the universal coefficient theorem for
cohomology (Appendix C), is an isomorphism because Hn�1pKq � 0. By
Exercise 2.34, the Hurewicz homomorphism h : πnpKq � G Ñ HnpKq is an
isomorphism.

Definition 5.3.1 The nth basic class in singular cohomology (or nth funda-
mental class) bn P Hn

singpK;Gq is defined by µpbnq � h�1 P HompHnpKq, Gq.
Recall that in Section 2.5 there is a homomorphism ρ � ρX : HnpX;Gq Ñ
Hn

singpX;Gq defined by
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ρrf s � f�pbnq P Hn
singpX;Gq,

where rf s P rX,Ks.
Theorem 5.3.2 If X is a CW complex, then ρ � ρX : HnpX ;Gq Ñ
Hn

singpX;Gq is an isomorphism.

We discuss some preliminaries before beginning the proof. As earlier, let
g1 : pX,Aq Ñ pY,Bq denote the map of pairs determined by g : X Ñ Y
such that gpAq � B. We also consider cones C0X � X � I{X � t0u Y t�u �
I and path spaces E0X � tν | ν P XI , νp0q � �u. For any space A, the
cohomology suspension ω : Hn

singpA;Gq Ñ Hn�1
sing pΩA;Gq is defined as the

following composition

Hn
singpA;Gq p1� // Hn

singpE0A,ΩA;Gq δ�1
ΩA // Hn�1

sing pΩA;Gq,

where p : E0A Ñ A with pplq � lp1q and δΩA : Hn�1
sing pΩA;Gq Ñ

Hn
singpE0A,ΩA;Gq is the coboundary homomorphism in the exact singular

cohomology sequence of the pair pE0A,ΩAq. If A � K � KpG,nq so that
ω : Hn

singpK;Gq Ñ Hn�1
sing pΩK;Gq, then it follows that

ωpbnq � bn�1,

where πnpKq � πn�1pΩKq via the adoint isomorphism (see Lemma 4.5.11).
We next present two lemmas for the proof of Theorem 5.3.2.

Lemma 5.3.3 If f : ΣX Ñ Y is a map, then there exists a map rf : C0X Ñ
E0Y such that the following diagram commutes

X
i //

κpfq

��

C0X

rf
��

q // ΣX

f

��
ΩY

j // E0Y
p // Y,

where p and q are projections, i and j are inclusions, and κpfq is the adjoint
of f.

Proof. Let rfxx, syptq � fxx, sty, for x P X and s, t P I. [\
Lemma 5.3.4 If K � KpG,nq and q : C0X Ñ ΣX is the projection, then
the following diagram commutes

rΣX,Ks
ρΣX

��

κ�

�
// rX,ΩKs

ρX

��
Hn

singpΣX;Gq q1�

�
// Hn

singpC0X,X ;Gq Hn�1
sing pX;Gq,δX

�
oo



162 5 Applications of Exactness

where δX is the coboundary homomorphism in the exact singular cohomology
sequence of the pair pC0X,Xq.
Proof. If rfs P rΣX,Ks, then

δXρXκ�rfs � δXκpfq�pbn�1q
� δXκpfq�δ�1

ΩKp
1�pbnq

� rf 1�p1�pbnq
� pp1 rf 1q�pbnq

since the diagram

Hn�1
sing pΩK;Gq δΩK //

κpfq�

��

Hn
singpE0K,ΩK;Gq

rf 1�
��

Hn�1
sing pX ;Gq δX // Hn

singpC0X,X;Gq

is commutative, where rf : C0X Ñ E0K is the map of Lemma 5.3.3. But

q1�ρΣXrfs � q1�f�pbnq.

Since fq � p rf by Lemma 5.3.3, δXρXκ�rfs � q1�ρΣXrf s. [\
Now we prove Theorem 5.3.2.

Proof. We first prove the result when X is finite-dimensional by showing by
induction on dimX that ρX is an isomorphism. Let X i be the ith skeleton of
X and denote ρXi : HnpXi;Gq � rX i,KpG,nqs Ñ Hn

singpXi;Gq by ρi. If X

is one-dimensional, then X ��αPA S
1
α and there is a commutative diagram

r�α S
1
α,Ks

pi�αq

�
//

ρ1

��

±
αrS1

α,Ks
±
ρα

��
Hn

singp
�
α S

1
α;Gq pi�αq

�
//
±
αH

n
singpS1

α;Gq,

where K � KpG,nq, ρα � ρS1
α
, ρ1 � ρ_αS1

α
, iα : S1

α Ñ
�
α S

1
α is the inclusion

and pi�αq is the map into the product determined by the i�α. Note that we are
dealing here with direct products of groups (not direct sums). Both pi�αq are
isomorphisms, therefore to show ρ1 an isomorphism, it suffices to show that
ρα : rS1

α,Ks Ñ Hn
singpS1

α;Gq is an isomorphism. If n ¡ 1 both groups are
trivial, so we assume that n � 1. We consider the diagram
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rS1
α,Ks

ρα //

ηπ

��

H1
singpS1

α;Gq
µ

��
Hompπ1pS1

αq, Gq HompH1pS1
αq, Gq,h�oo

where ηπ assigns to a homotopy class the induced homomorphism of funda-
mental groups, µ is the epimorphism of the universal coefficient theorem and
h� is obtained from the Hurewicz homomorphism h : π1pS1

αq Ñ H1pS1
αq. It

is easily checked that the diagram is commutative. Since µ, h�, and ηπ are
isomorphisms (for the latter, see Proposition 2.5.13), it follows that ρα is an
isomorphism. This establishes the induction for dimX � 1. Now suppose
that the result holds for all CW complexes of dimension ¤ i � 1. If X is
i-dimensional, then X � Xi. We consider the coexact sequence

�
β S

i�1
β

φ // Xi�1
j // X i

q // Σp�β S
i�1
β q Σφ // ΣXi�1,

where φ is determined by the attaching maps, j is the inclusion, and q is the
projection. This gives rise to a map of exact sequences

rΣXi�1,Ks pΣφq
�

//

ρ

��

rΣA,Ks q� //

ρ1

��

rXi,Ks j� //

ρi

��

rXi�1,Ks φ� //

ρi�1

��

rA,Ks
ρ2

��
Hn

s pΣXi�1q pΣφq
�

//Hn
s pΣAq

q� //Hn
s pX iq j� //Hn

s pX i�1q φ� //Hn
s pAq,

where A � �β S
i�1
β and Hn

s pY q denotes Hn
singpY ;Gq, for any space Y. By

the inductive hypothesis, ρi�1 and ρ2 are isomorphisms. By Lemma 5.3.4
and the inductive hypothesis, ρ and ρ1 are isomorphisms. By the five lemma,
ρi is an isomorphism. This completes the induction and proves the theorem
for finite-dimensional complexes. If X is an arbitrary CW complex, then the
inclusion map i : Xn�1 Ñ X induces an isomorphism i� : Hn

singpX ;Gq Ñ
Hn

singpXn�1;Gq. Moreover, i� : rX,KpG,nqs Ñ rXn�1,KpG,nqs is an iso-
morphism by Proposition 2.4.13. It now follows that ρ : rX,KpG,nqs Ñ
Hn

singpX;Gq is an isomorphism. [\

5.4 Applications to Fiber and Cofiber Sequences

We begin this section by investigating the operation of rW,ΩBs on rW,F s,
when W is a co-H-space and F Ñ E Ñ B is a fiber sequence.

Proposition 5.4.1 Let F
j //E

p //B be a fibration with action φ : F �
ΩB Ñ F and resulting operation of rW,ΩBs on rW,F s. If pW, cq is a co-H-
space and α, β P rW,ΩBs and u, v P rW,F s, then
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pu� vqα�β � uα � vβ,

where + denotes the binary operation obtained from the comultiplication c.

Proof. Let α � ras, β � rbs, u � rf s, and v � rgs. Then it is easily checked
that the following diagram is commutative

W
∆ //

c

��

W �W
c�c // pW _W q � pW _W q

pf_gq�pa_bq

��
W _W

∆_∆

��

pF _ F q � pΩB _ΩBq
∇�∇
��

pW �W q _ pW �W q
pf�aq_pg�bq

��

F �ΩB

φ

��
pF �ΩBq _ pF �ΩBq φ_φ // F _ F

∇ // F.

Therefore

pf � gqa�b � φp∇�∇qppf _ gq � pa_ bqqpc� cq∆
� ∇pφ_ φqppf � aq _ pg � bqqp∆_∆qc
� fa � gb.

This completes the proof. [\
Corollary 5.4.2 Assume the hypothesis of Proposition 5.4.1 and let B� :
rW,ΩBs Ñ rW,F s be induced by the connecting map B : ΩB Ñ F. Then

1. vα � B�pαq � v, for all α P rW,ΩBs and v P rW,F s.
2. uβ � u� B�pβq, for all β P rW,ΩBs and u P rW,F s.
Consequently each element of Im B� commutes with each element of rW,F s.
Proof. Let α � ras P rW,ΩBs and 0 � r�s P rW,F s and consider the diagram

W
∆ //

a
((QQQQQQQQQQQQQQ W �W

��a // F �ΩB
φ // F

ΩB

j2
55lllllllllllllll

B

22fffffffffffffffffffffffffffffffff

which is homotopy-commutative by Theorem 4.3.4(2). Therefore 0α � B�pαq.
We now prove (1) by setting u � 0 and β � 0 in Proposition 5.4.1. We prove
(2) by setting v � 0 and α � 0. The last assertion of the corollary follows
from (1) and (2). [\
This corollary has the following corollary.
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Corollary 5.4.3

1. If F
j //E

p //B is a fibration, then the image of B� : π2pBq Ñ π1pF q
is contained in the center Zpπ1pF qq of π1pF q.

2. In the exact homotopy sequence of the pair pX,Aq,

� � � //π2pXq j //π2pX,Aq //π1pAq // � � � ,

Im j is contained in the center Zpπ2pX,Aqq, where the homomorphism j
is induced by the inclusion pX, t�uq Ñ pX,Aq.

Proof. (1) is a special case of the previous corollary. For (2), let i : A Ñ X
be the inclusion and apply (1) to the mapping path fibration Ii Ñ Ei Ñ X,
where Ii � EpX;A, t�uq. [\

We next consider when a principal fibration is trivial.

Proposition 5.4.4 Let f : X Ñ Y be a map and let ΩY
i //If

v //X be
the principal fiber sequence induced by f . Then the following three statements
are equivalent.

1. f � �.
2. v has a homotopy section.

3. There is a homotopy equivalence θ : X �ΩY Ñ If such that the following
diagram is homotopy-commutative

ΩY
j2

zzuuuuuuuuu
i

  AAAAAAAA

X �ΩY
θ //

p1
$$IIIIIIIIII If

v
~~}}}}}}}}

X,

where j2 is the injection and p1 is the projection.

Proof. Consider the exact sequence

rX, If s v� // rX,Xs f� // rX,Y s.

If f � �, then v� is onto. Thus there exists s : X Ñ If such that vs � id.
Therefore p1q ùñ p2q. If v has a homotopy section s, then vs � id. Hence
� � fvs � f. This shows that (1) and (2) are equivalent.

Next we show that p2q ùñ p3q. Assume that v has a homotopy section
s : X Ñ If and define θ to be the following composition
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X �ΩY
s�id //If �ΩY

φ0 //If ,

where φ0 is the action of ΩY on If defined in Proposition 4.3.3. Then it fol-
lows from Proposition 4.3.3(2) and (3) that the diagram of Proposition 5.4.4
is homotopy-commutative. We next show that θ is a homotopy equivalence.
If A and B are any spaces, then µ : πrpAq ` πrpBq Ñ πrpA�Bq defined by
µpα, βq � j1�pαq � j2�pβq, where j1 : A Ñ A � B and j2 : B Ñ A � B are
the injections, is an isomorphism by Section 2.4. Hence there is a diagram

πrpXq ` πrpΩY q
s�`id //

µ�

��

πrpIf q ` πrpΩY q
µ�

��

λ

))SSSSSSSSSSSSSSSS

πrpX �ΩY q ps�idq� // πrpIf �ΩY q φ0� // πrpIf q,

with vertical arrows isomorphisms, where λpα, βq � α� i�pβq. The square is
commutative and, because φ0j1 � id and φ0j2 � i, the triangle is also com-
mutative. Thus θ�µpα, βq � s�pαq � i�pβq for α P πrpXq and β P πrpΩY q.
Since v�s� � id, a straightforward argument shows that θ�µ is an isomor-
phism. Therefore θ induces isomorphisms of homotopy groups. It now follows
from Whitehead’s first theorem 2.4.7 that θ is a homotopy equivalence. This
proves that p2q ùñ p3q.

For the opposite implication, we assume that θ exists and define s as the
composition

X
j1 //X �ΩY

θ //If .

Then s is a homotopy section of v. [\
As a consequence, we obtain a result about fibrations whose fiber is con-
tractible in the total space.

Corollary 5.4.5 Let F
i //E

p //B be a fibration with i � �. Then

1. ΩB � F �ΩE.

2. F is an H-space.

Proof. (1) Consider the principal fibration ΩE //Ii //F . By Proposi-
tion 5.4.4, Ii � F �ΩE. By Proposition 3.5.10, the excision map β : F Ñ Ip
of the given fibration is a homotopy equivalence. By Corollary 4.5.16, γ :
Ii Ñ ΩB is then a homotopy equivalence. Thus ΩB � F �ΩE.

(2) By Part (1), F is a homotopy retract of the H-space ΩB. By Exercise
2.2, F is an H-space. [\

In Chapter 8 we need the dual of Corollary 5.4.2. We therefore state it
and leave the proof as an exercise (Exercise 5.5).
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Proposition 5.4.6 Let A
i //X

q //Q be a cofibration with coaction ψ :
Q Ñ Q _ ΣA and resulting operation of rΣA,Zs on rQ,Zs. Let pZ,mq be
an H-space and let B� : rΣA,Zs Ñ rQ,Zs be induced by the connecting map
B : QÑ ΣA. Then

1. vα � B�pαq � v, for all α P rΣA,Zs and v P rQ,Zs, and

2. uβ � u� B�pβq, for all β P rΣA,Zs and u P rQ,Zs,
where + denotes the binary operation obtained from the multiplication m.
Consequently each element of Im B� commutes with each element of rQ,Zs.

We next note that there are obvious duals to Proposition 5.4.4 and Corol-
lary 5.4.5, and we state without proof the result which is dual to Corollary
5.4.5.

Corollary 5.4.7 Let A
j //X

q //Q be a cofibration with q � � and let
Q be simply connected. Then

1. ΣA � Q_ΣX.

2. Q is a co-H-space.

We conclude this section by illustrating Corollaries 5.4.5 and 5.4.7. We
first apply Corollary 5.4.5 to the Hopf fibrations.

Example 5.4.8 Consider the Hopf fibrations of Proposition 3.4.1

Sd�1
j //Sdpn�1q�1

p //FPn,

where F is the real numbers, the complex numbers, or the quaternions, d �1,
2, or 4, respectively, and FPn is the F-projective n-space. Since j � � by
Proposition 2.4.18, we apply Corollary 5.4.5 to conclude that

ΩFPn � Sd�1 �ΩSdpn�1q�1

in each of these three cases. In addition, the result holds for the fibration

S7 // S15 // S8

obtained from the Cayley numbers (see Example 3.4.5), and so ΩS8 � S7 �
ΩS15.

Remark 5.4.9 If F
i // E

p // B is a fiber sequence with i � �, then
by Corollary 5.4.5, ΩB � F � ΩE, and F is an H-space. Thus ΩB and
F � ΩE are H-spaces, and it is reasonable to ask if there is a homotopy
equivalence between them which is an H-map (such an equivalence is called
an H-equivalence). For the fibrations considered in Example 5.4.8, the answer
has been given by Ganea [34].
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We next give some definitions.

Definition 5.4.10 Let j : X_Y Ñ X�Y be the inclusion map. The smash
product X^Y of X and Y is defined to be Cj , the mapping cone of j and the
inclusion is denoted by l : X � Y Ñ X ^ Y. If X and Y are CW complexes,
j is a cofiber map. Then X ^ Y can be identified with X � Y {X _ Y and
l can be identified with the quotient map q : X � Y Ñ X � Y {X _ Y. The
flat product of X and Y denoted by X 5Y is defined to be Ij , the homotopy
fiber of j. Then v : X 5Y Ñ X _ Y denotes the projection. Clearly X 5Y �
EpX � Y ;X _ Y, t�uq, and so πnpX 5Y q � πn�1pX � Y,X _ Y q.
Lemma 5.4.11

1. The map Σj : ΣpX _ Y q Ñ ΣpX � Y q has a homotopy retraction.

2. The map Ωj : ΩpX _ Y q Ñ ΩpX � Y q has a homotopy section.

Proof. The proofs of the two statements are dual to each other, so we only
prove (1). We begin by fixing notation. Let p1 : X�Y Ñ X, p2 : X�Y Ñ Y,
q1 : X _ Y Ñ X, and q2 : X _ Y Ñ Y be the projections and let i1 : X Ñ
X _ Y, i2 : Y Ñ X _ Y, ι1 : ΣX Ñ ΣX _ ΣY and ι2 : ΣY Ñ ΣX _ ΣY
be the injections. If µ : ΣX _ ΣY Ñ ΣpX _ Y q is the homeomorphism
given by µpxx, ty, �q � xpx, �q, ty and µp�, xy, tyq � xp�, yq, ty, for all x P X,
y P Y, and t P I, then µι1 � Σi1 and µι2 � Σi2 (Exercise 2.11). Now define
r : ΣpX � Y q Ñ ΣpX _ Y q by r � Σi1Σp1 �Σi2Σp2. Then

r Σj � Σpi1p1jq �Σpi2p2jq.

Therefore to show rΣj � id, it suffices to prove that rpΣjqµ � µ, that is,
rΣjΣik � Σik, for k � 1, 2. But

rΣjΣik � Σpi1q1ikq �Σpi2q2ikq
�
"
Σi1 if k � 1
Σi2 if k � 2,

because qkik � id and qkil � �, for k � l. [\
This leads to a splitting of the suspension of a product and of the loop

space of a wedge.

Proposition 5.4.12

1. For any spaces X and Y, there is a homotopy equivalence

ΣpX � Y q � ΣpX ^ Y q _ΣpX _ Y q

which is given as the composition

ΣpX � Y q c //ΣpX � Y q _ΣpX � Y q Σl_r //ΣpX ^ Y q _ΣpX _ Y q,
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where c is the comultiplication of ΣpX �Y q and r is the homotopy retrac-
tion of Σj.

2. For any spaces X and Y, there is a homotopy equivalence

ΩpX 5Y q �ΩpX � Y q � ΩpX _ Y q

which is given as the composition

ΩpX 5Y q �ΩpX � Y q Ωv�s //ΩpX _ Y q �ΩpX _ Y q m //ΩpX _ Y q,

where m is the multiplication of ΩpX _ Y q and s is the homotopy section
of Ωj.

Proof. We prove (1). Because X ^ Y � Cj , there is a cofiber sequence

X � Y
l //X ^ Y

p //ΣpX _ Y q

and a resulting exact sequence

rΣpX � Y q, ΣpX _ Y qs pΣjq
�

//rΣpX _ Y q, ΣpX _ Y qs p� //rpX ^ Y q, ΣpX _ Y qs.

Since Σj has a homotopy retraction, pΣjq� is onto. Thus rps � p�rids � 0,
and so p � �. By Corollary 5.4.7, ΣpX�Y q and ΣpX^Y q_ΣpX_Y q have
the same homotopy type. It is easily verified that the homotopy equivalence
is as stated in the proposition. Assertion (2) of the proposition is proved
similarly. [\

5.5 The Operation of the Fundamental Group

In this section we study the operation of the fundamental group on homotopy
groups and on homotopy sets. The operation of the fundamental group also
appears in the statement of the Hurewicz theorem (see Theorem 6.4.21) and
in the construction of the Postnikov decomposition. We obtain the operation
from the action of the loops on the base on the fiber in a certain fibration
which we next consider.

If X and Y are spaces, then we denote by Y X the space of based maps
from X to Y with the compact–open topology. We now need to consider free
maps between based spaces, and so we introduce the following notation.

NOTATION The space of all free maps from the space X to the space Y
with the compact–open topology is denoted by MpX,Y q. The set of all free
homotopy classes rX,Y sfree is denoted in this section by xX,Y y. The basepoint
of MpX,Y q is the constant map � : X Ñ Y.
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We show next that there is a function π : MpX,Y q Ñ Y which is a
fibration. This is a consequence of a more general result. Before stating this
proposition, we discuss some preliminaries. If f : W ÑMpX,Y q and g : X �
W Ñ Y are functions such that fpwqpxq � gpx,wq, for all w P W and x P X,
then f and g are adjoint. If W is locally compact, then f is continuous if and
only if g is continuous (Appendix A). However, as we indicate in Appendix A,
it is possible to get rid of this hypothesis, and so in this section we will ignore
this assumption. Now suppose f : W Ñ MpX,Y q and f 1 : X Ñ MpW,Y q
are such that fpwqpxq � f 1pxqpwq. Therefore f and f 1 are essentially double
adjoints of each other, and so f is continuous if and only if f 1 is continuous
for spaces X, Y and W.

Proposition 5.5.1 If i : A Ñ X is a free cofiber map, then the map π :
MpX,Y q ÑMpA, Y q defined by πpfq � fi for f PMpX,Y q is a fiber map.

Proof. LetW be a space, let g : W ÑMpX,Y q be a map, and let F : W�I Ñ
MpA, Y q be a (based) homotopy such that F pw, 0q � πpgpwqq for w P W.
Then g1 : X Ñ MpW,Y q is continuous and g1pXq � YW , so we regard g1 as
a continuous function from X to YW . Similarly F determines a continuous
function F 1 : A� I Ñ YW with F 1pa, 0q � g1pipaqq, for a P A. But i : AÑ X
is a free cofiber map, and so there is a free homotopy G1 : X � I Ñ YW of g1

such that G1pi� idq � F 1. Then the function G : W � I ÑMpX,Y q defined
by Gpw, tqpxq � G1px, tqpwq is the desired based homotopy of g that covers
F. [\
We apply this to the case when A � t�u is the base point of the CW complex
X and Y is a based space. Since Mpt�u, Y q � Y, we have a fiber sequence

Y X
i // MpX,Y q π // Y,

where πpfq � fp�q. By Theorem 4.3.4, there is an action φ : Y X�ΩY Ñ Y X .
For any space W, this determines an operation

rW,Y Xs � rW,ΩY s Ñ rW,Y Xs. p�q

Lemma 5.5.2 There are bijections

1. µ : π0pY Xq Ñ rX,Y s.
2. ν : π0pMpX,Y qq Ñ xX,Y y.
Proof. The proofs of the two assertions are similar, therefore we only prove
(1). Let S0 � t�1, 1u with basepoint 1. If f : S0 Ñ Y X , then fp�1q : X Ñ Y.
If f �F g : S0 Ñ Y X , then G : X � I Ñ Y defined by Gpx, tq � F p�1, tqpxq,
for x P X and t P I, is a homotopy between fp�1q and gp�1q. Thus there is
a well-defined function µ : π0pY Xq Ñ rX,Y s given by µrf s � rfp�1qs. It is
easily checked that µ is a bijection. [\
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We take W � S0 in p�q and recall that as groups π0pΩY q � π1pY q (Exercise
2.24). Thus there is a function rX,Y s � π1pY q Ñ rX,Y s. We then have the
following definition.

Definition 5.5.3 For any spaces X and Y, the above operation of π1pY q
on rX,Y s is called the operation of the fundamental group π1pY q on the
homotopy set rX,Y s. For u P rX,Y s and α P π1pY q, the operation of α on u
is denoted u �α P rX,Y s. If we set X � Sn for n ¥ 1, we obtain the operation
of the fundamental group π1pY q on the nth homotopy group πnpY q.

The following properties hold (see Definition 4.4.1):

• u � 0 � u, for u P rX,Y s.
• pu � αq � β � u � pα� βq, for u P rX,Y s and α, β P π1pY q.
• If h : Y Ñ Y 1 is a map, then h�pu � αq � h�puq � h�pαq, for u P rX,Y s and
α P π1pY q.

• The diagram

π0pY Xq
µ

��

i� // π0pMpX,Y qq
ν

��
rX,Y s θ // xX,Y y

is commutative, where i : Y X ÑMpX,Y q is the inclusion function and θ is
the function that assigns to the homotopy class of a map, its free homotopy
class. Since µ and ν are bijections, we have the following consequence of
Theorem 4.4.5.

• θpuq � θpvq if and only if there is an α P π1pY q such that v � u �α. Let X
be a CW complex, let Y be a path-connected space, and let rX,Y s1 be the
orbit space of the operation of π1pY q on rX,Y s. Then θ induces a function
θ1 : rX,Y s1 Ñ xX,Y y. Because θ is onto (Exercise 2.25), it follows that

• θ1 : rX,Y s1 Ñ xX,Y y is a bijection. In particular, if the operation of π1pY q
on rX,Y s is trivial, then θ : rX,Y s Ñ xX,Y y is a bijection. In this case,
two based maps X Ñ Y which are freely homotopic are based homotopic.
This holds, for example, if Y is simply connected or if Y is an H-space
(Lemma 5.5.6). We note that if the operation of π1pY q on πnpY q is trivial,
then θ : πnpY q Ñ xSn, Y y is a bijection.

An alternative definition of the operation of the fundamental group on the
homotopy set in terms of covering spaces is given in [23, p. 157]. Another def-
inition of this operation using loop spaces and conjugation in groups appears
in [67, p. 330].

We next give a more concrete description of the operation of π1pY q on
rX,Y s. Let g : X Ñ Y be a map, let a : pI, BIq Ñ pY, t�uq, and let g Y a :
X�t0uYt�u� I Ñ Y be the function that is g on X �t0u and a on t�u� I.
Since t�u � X is a subcomplex, X � t0u Y t�u � I is a retract of X � I by
Proposition 1.5.13. Thus g Y a extends to a function G : X � I Ñ Y and we
define the map rga : X Ñ Y by rgapxq � Gpx, 1q. If g �L g1 : X Ñ Y and a �A
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a1 : pI, BIq Ñ pY, t�uq, we show that rga � rg1a1 : X Ñ Y. Let G1 : X�I Ñ Y be
the function used to define rg1a1 . We assume that X is a CW complex and so
the inclusion X�BIYt�u�I Ñ X�I is a cofibration. By Proposition 1.5.13,
there is a retraction X� I� I Ñ pX� I�t0uqYpX�BI� IqYpt�u� I� Iq.
Now define H 1 : pX � I � t0uq Y pX � BI � Iq Y pt�u � I � Iq Ñ Y by

H 1px, s, tq �

$''&''%
Lpx, sq if t � 0 and x P X
Gpx, tq if s � 0 and x P X
G1px, tq if s � 1 and x P X
Apt, sq if x � � and s, t P I.

X
�

L
I

I
G

A

G1

X � I � I

Homotopy H: L on bottom face, G on front face,

G1 on back face, A on right face

Figure 5.1

Let H : X � I � I Ñ Y be an extension of H 1 (see Figure 5.1). Then
K : X � I Ñ Y defined by Kpx, sq � Hpx, s, 1q is a homotopy between rga
and rg1a1 . Thus if α � ras P π1pY q and u � rgs P rX,Y s, then there is a
well-defined element u � α � rrgas P rX,Y s.

We show that this operation agrees with the one in Definition 5.5.3.

Proposition 5.5.4 For all α P π1pY q and u P rX,Y s,

u � α � u � α.

Proof. According to Theorem 4.3.4, the action ψ : Y X � ΩY Ñ Y X of the
fibration

Y X // MpX,Y q π // Y

is obtained as follows. Let Iπ be the homotopy fiber of π, let β : Y X Ñ Iπ be
the excision map which is a homotopy equivalence, and let φ : Iπ�ΩY Ñ Iπ
be the action of Proposition 4.3.3. Recall that βpgq � pg, �q, for g P Y X , and
φppg, νq, ωq � pg, ν � ωq, for pg, νq P Iπ and ω P ΩY. Then the action ψ is
defined by the homotopy-commutativity of the diagram
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Y X �ΩY

β�id

��

ψ // Y X

β

��
Iπ �ΩY

φ // Iπ.

Then we define maps ρ, σ, τ : Y X �ΩY Ñ Iπ by

ρpg, ωq � pg, � � ωq,
σpg, ωq � prgω, �q,
τpg, ωq � pg, ωq,

for g P Y X and ω P ΩY. If r : X� I Ñ X�t0uYt�u� I is a fixed retraction,
we set G � pg Y ωqr : X � I Ñ Y, and so rgωpxq � Gpx, 1q, for x P X. It
suffices to prove that ρ � σ because ρ � βψ. Clearly ρ � τ, so we show that
τ � σ. For this, let rG : I Ñ MpX,Y q be the adjoint of G : X � I Ñ Y.
Then, with g P Y X , ω P ΩY and t P I, we define H : Y X �ΩY � I Ñ Iπ by
Hpg, ω, tq � p rGptq, ωt,1q, where ωt,1 is the path ω reparametrized so that it
starts at ωptq and ends at ωp1q � �. It follows that τ �H σ. [\

Thus we have two descriptions of the operation of π1pY q on πnpY q, the one
given in Definition 5.5.3 and the one just given with X � Sn. We now give
a third description which is frequently used. In this characterization, maps
representing homotopy classes are regarded as defined on pIn, BInq.

Let u � rfs P πnpY q and α � ras P π1pY q, where f : pIn, BInq Ñ pY, t�uq
and a : pI, BIq Ñ pY, t�uq. These maps determine a function f Y a : In �
t0u Y BIn � I Ñ Y defined by

pf Y aqpx, 0q � fpxq and pf Y aqpx1, tq � aptq,

for x P In, x1 P BIn, and t P I. Since In�t0uY BIn� I is a retract of In� I,
the function f Y a can be extended to a function F : In � I Ñ Y. We define
f̄a : pIn, BInq Ñ pY, t�uq by f̄apxq � F px, 1q.

We next show that the homotopy class of f̄a depends only on the homotopy
classes of f and a. The proof is similar to the proof of the analogous statement
for the second definition, but we sketch it for completeness. Suppose f �G
f 1 : pIn, BInq Ñ pY, t�uq and a �A a1 : pI, BIq Ñ pY, t�uq. Furthermore, let
F : In � I Ñ Y be any function that is an extension of f Y a and let F 1 :
In�I Ñ Y be any function that is an extension of f 1Ya1. Set f̄apxq � F px, 1q
and f̄ 1a1pxq � F 1px, 1q. Because In � BI Y BIn � I is a subcomplex of In � I,
it follows that pIn � I � t0uq Y pIn � BI � Iq Y pBIn � I � Iq is a retract of
In� I � I. We define H : pIn� I �t0uq Y pIn�BI � Iq Y pBIn� I � Iq Ñ Y
by

Hpx, s, tq �

$''&''%
Gpx, sq if t � 0 and x P In
F px, tq if s � 0 and x P In
F 1px, tq if s � 1 and x P In
Apt, sq if x P BIn,
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where s, t P I. Therefore there exists a function K : In � I � I Ñ Y that
extends H. Thus if K1 : In � I Ñ Y is defined by K 1px, sq � Kpx, s, 1q, then
f̄a �K1 f̄ 1a1 : pIn, BInq Ñ pY, t�uq. Consequently u � α � rf̄as P πnpY q is well-
defined for α � ras P π1pY q and u � rfs P πnpY q. We note for later use that
we have shown that if F : In� I Ñ Y is any homotopy which is an extension
of f Y a, then the map k : pIn, BInq Ñ pY, t�uq defined by kpxq � F px, 1q is
homotopic to f̄a.

We now show that this operation agrees with the earlier ones. We represent
u P πnpY q by a map g : Sn Ñ Y and represent α P π1pY q by a : pI, BIq Ñ
pY, t�uq. Then g Y a : Sn � t0u Y t�u � I Ñ Y is the function defined above.
Thus g Y a extends to a function G : Sn � I Ñ Y and rga : Sn Ñ Y is given
by rgapyq � Gpy, 1q. If h : In Ñ Sn is the continuous function that carries BIn
to t�u and is a homeomorphism from In�BIn to Sn�t�u (see the beginning
of Section 4.5) and f � gh, then f : pIn, BInq Ñ pY, t�uq also represents u.
Furthermore, if the extension F of f Y a : In � t0u Y BIn � I Ñ Y is taken
to be the composition

In � I
h�id // Sn � I

G // X,

then f̄apxq � Gphpxq, 1q � rgaphpxqq. Therefore f̄a : pIn, BInq Ñ pY, t�uq andrga : Sn Ñ Y represent the same element in πnpY q, and so u�α � u�α � u�α.
Let us consider the case n � 1. Then α � ras, u � rfs and u � α � rf̄as are

all in π1pY q and we have

u � α � �α � u� α.

This follows at once from Figure 5.2.

I

�a f a

f

I

a a

p 1
2
, 3
2
q

Figure 5.2
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Thus the operation of α P π1pY q on u P π1pY q is conjugation of u by �α. In
particular, if α P π1pY q and u, v P π1pY q, then pu� vq � α � u � α� v � α. We
next see that this holds more generally.

Proposition 5.5.5 If α P π1pY q and u, v P πnpY q, then pu� vq �α � u �α�
v � α.
Proof. Let α � ras, u � rf s and v � rgs, where a : pI, BIq Ñ pY, t�uq and
f, g : pIn, BInq Ñ pY, t�uq. Let F,G : In � I Ñ Y be free homotopies such
that for x P In, we have f̄apxq � F px, 1q, ḡapxq � Gpx, 1q, f �F f̄a, and
g �G ḡa. Let x � pt1, t2, . . . , tnq P In and define F �G : In � I Ñ Y by

pF �Gqpx, tq �
"
F p2t1, t2, . . . , tn, tq if 0 ¤ t1 ¤ 1

2
Gp2t1 � 1, t2, . . . , tn, tq if 1

2
¤ t1 ¤ 1.

Then pF �Gqpx, 0q � pf � gqpxq and pF �Gqpx1, tq � aptq, for x1 P BIn and
t P I. Therefore

pf � gqapxq � pF �Gqpx, 1q � pf̄a � ḡaqpxq.

Hence pu� vq � α � u � α� v � α. [\
Next we consider the operation when Y is an H-space.

Lemma 5.5.6 If Y is an H-complex, then the operation of π1pY q on rX,Y s
is trivial.

Proof. We assume that the multiplication m of Y has the property that
mpy, �q � y � mp�, yq, for all y P Y by Exercise 2.1. If α � ras P π1pY q and
u � rf s P rX,Y s, then define F : X � I Ñ Y by F px, tq � mpfpxq, aptqq, for
x P X and t P I. Then F px, 0q � fpxq and F px1, tq � aptq, for x P X, x1 P BIn,
and t P I, and so F is an extension of fYa. Therefore f̄apxq � F px, 1q � fpxq,
and so u � α � u. [\
Definition 5.5.7 A space Y is called n-simple if the operation of π1pY q on
the homotopy group πnpY q is trivial, that is, if for every α P π1pY q and
u P πnpY q, we have u � α � u. The space Y is called simple if Y is n-simple
for every n ¥ 1.

Clearly a space is 1-simple if and only if its fundamental group is abelian. In
addition, every 1-connected space is simple and every H-complex is simple.
Hatcher calls simple spaces abelian spaces [39, p. 342].

For a pair of spaces pX,Aq, we consider the operation of π1pAq on πnpX,Aq.
Let α � ras P π1pAq and let w � rhs P πnpX,Aq, where h : pIn, In�1, Jn�1q Ñ
pX,A, t�uq, and let f � h|In�1 : pIn�1, BIn�1q Ñ pA, t�uq. Since In�1�t0uY
BIn�1�I is a retract of In�1�I, the map fYa : In�1�t0u Y BIn�1�I Ñ A
extends to F 2 : In�1 � I Ñ A. Now define F 1 : In � t0u Y BIn � I Ñ X by
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F 1px, tq �
$&%hpxq if x P In and t � 0
F 2px, tq if x P In�1 and t P I
aptq if x P Jn�1 and t P I.

Because In � t0u Y BIn � I is a retract of In � I, we extend F 1 to a
function F : In � I Ñ X and define h̄apxq � F px, 1q, for x P In.
Then h̄a : pIn, In�1, Jn�1q Ñ pX,A, t�uq. We note that h̄a|In�1 � f̄a :
pIn�1, BIn�1q Ñ pA, t�uq, where h|In�1 � f.

In�1

Inh
I

I
F 1

aa
a

Homotopy F : h on bottom face, F 1 on front face,

a on all other side faces

Figure 5.3

Lemma 5.5.8 If h � h1 : pIn, In�1, Jn�1q Ñ pX,A, t�uq and a � a1 :
pI, BIq Ñ pA, t�uq, then h̄a � h̄1a1 : pIn, In�1, Jn�1q Ñ pX,A, t�uq.
Proof. This is Exercise 5.16. [\
Definition 5.5.9 If pX,Aq is a pair of spaces, then there is an operation of
π1pAq on πnpX,Aq which is called the operation of the fundamental group
π1pAq on the relative homotopy group πnpX,Aq. For w � rhs P πnpX,Aq and
α � ras P π1pAq, the operation of α on w is w � α � rh̄as P πnpX,Aq.
Let π be a group that operates (on the right) on groups G and H and let
θ : G Ñ H be a homomorphism. If θpu � αq � θpuq � α, then θ is called a
π-homomorphism. We consider the case π � π1pAq. If pX,Aq is a pair of
spaces, then π1pAq operates on πnpAq and πnpX,Aq. In addition, π1pAq can
be made to operate on πnpXq by setting

v � α � v � i�pαq,

where v P πnpXq, α P π1pAq, and i : A Ñ X is the inclusion map. If we
consider the exact homotopy sequence of the pair pX,Aq,

� � � //πn�1pX,Aq
Bn�1 //πnpAq

i� //πnpXq
j� //πnpX,Aq // � � � ,
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where j : pX, t�uq Ñ pX,Aq is the inclusion map of pairs and Bn�1 is the
connecting homomorphism, then each of the groups that appears in the exact
sequence is operated on by π1pAq.
Proposition 5.5.10 i�, j�, and Bn�1 are π1pAq-homomorphisms.

Proof. From the definition of the operation of π1pAq on πnpXq, it follows that
i� is a π1pAq-homomorphism. To show Bn is a π1pAq-homomorphism, we use
the notation in the definition of the operation of π1pAq on πnpX,Aq. Since
h̄a|In�1 � f̄a, where f � h|In�1, we have Bnpw � αq � pBnwq � α.

Finally we prove that j� is a π1pAq-homomorphism. Let α � ras P π1pAq
and v � rks P πnpXq. Consider jk : pIn, In�1, Jn�1q Ñ pX,A, t�uq and
observe that jk|In�1 � �. Following the definition of the operation of π1pAq
on πnpX,Aq, define the extension F 2 : In�1 � I Ñ A of � Y a : In�1 � t0u Y
BIn�1 � I Ñ A by F 2px, tq � aptq. We then proceed as above, extending
F 2 to F 1 and F 1 to F : In � I Ñ X. It follows that F px, 1q � pjkqapxq and
pjkqa : pIn, In�1, Jn�1q Ñ pX,A, t�uq represents j�pvq�α. On the other hand,
the free homotopy F of k satisfies F pBx, tq � iaptq, for Bx P BIn. Therefore
F px, 1q � k̄iapxq, for x P In, where k̄ia : pIn, BInq Ñ pX, t�uq. Because k̄ia
represents v � α, we have that j� is a π1pAq-homomorphism. [\

5.6 Calculation of Homotopy Groups

In this section we compute some homotopy groups of specific spaces. We
consider a number of different spaces, but in most cases only compute the
first few nontrivial homotopy groups. It is possible to make further computa-
tions with more work, but our purpose here is to illustrate some elementary
methods for determining homotopy groups. Homotopy groups are difficult to
calculate, even for familiar spaces. Part of the difficulty is that the homotopy
groups πipXq of any finite, 1-connected, noncontractible CW complex X are
nontrivial for infinitely many values of i (see the discussion after Proposition
5.6.1).

We begin with spheres.

Spheres

We first consider the 1-sphere S1, that is, the unit circle in R2. We have
seen in Definition 2.4.14 that there is a function deg: π1pS1q Ñ Z which is
an isomorphism by Proposition 2.4.16. Therefore π1pS1q � Z. For πnpS1q,
when n ¡ 1, we consider the exact fiber homotopy sequence of the universal
covering map p : RÑ S1 [61, p. 118],
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� � � //πnpZq //πnpRq
p� //πnpS1q //πn�1pZq // � � � ,

where the fiber Z is a discrete topological space. Then πipZq � 0, for all i ¡ 0,
and πipRq � 0, for all i ¡ 0, since R is contractible. Therefore πnpS1q � 0,
for n ¡ 1.

Next we consider the n-sphere Sn for n ¡ 1. We have seen in Proposition
2.4.18 that πipSnq � 0 for i   n and that πnpSnq � Z. The latter isomorphism
is either given by the degree function deg : πnpSnq Ñ Z or equivalently by
the Hurewicz homomorphism hn : πnpSnq Ñ HnpSnq.

Additional results on the homotopy groups of spheres are obtained by
considering Example 5.4.8 for n � 1 which yields ΩSd � ΩFP1 � ΩS2d�1 �
Sd�1. Here F is the complex numbers, the quaternions, or the octonions,
when d �2, 4, or 8, respectively. We obtain the following proposition.

Proposition 5.6.1 For i ¥ 3 and d � 2, 4, or 8,

πipSdq � πipS2d�1q ` πi�1pSd�1q.

The case d � 2 is particularly interesting. Then πipS2q � πipS3q, for all i ¥ 3.
Thus

π3pS2q � π3pS3q � Z

and a generator of the infinite cyclic group π3pS2q is the homotopy class of the
Hopf map φ : S3 Ñ S2. This surprising and important result, which is due to
Hopf [44], was the first example to illustrate that, unlike homology groups,
the nth homotopy group of an m-dimensional complex could be nonzero for
n ¡ m. Later work showed that the homotopy groups πipSnq n ¡ 1, are
nontrivial for infinitely many values of i. There is the result of McGibbon–
Neisendorfer [68] which states that if X is a 1-connected complex and p is a
prime such that HjpX ;Zpq � 0 for some j, then πipXq contains a subgroup
of order p for infinitely many values i.

We next show that the isomorphism πipS2q � πipS3q, for all i ¥ 3 leads
to an example of two spaces with isomorphic homotopy groups which are not
of the same homotopy type.

Example 5.6.2 Let X � S2 and Y � S3 � KpZ, 2q. Then it is clear that
X and Y have isomorphic homotopy groups. But they do not have the same
homotopy type because they have nonisomorphic homology groups.

For the group π3pS2q, the difference between the degree of the homotopy
group and the dimension of the sphere is one. This raises the question of
what is the pn � 1qst homotopy group of the n-sphere for n ¡ 2. To answer
this we introduce some ideas that bear on this question, but also have wider
application.

Consider the function Σ : rX,Y s Ñ rΣX,ΣY s defined by Σrfs � rΣf s. It
can be shown directly that Σ is a homomorphism if X is a cogroup. However,
we prove this differently. Define e � eY : Y Ñ ΩΣY by epyqptq � xy, ty, for
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y P Y and t P I. Let κ be the adjoint function that assigns to a map g : ΣY Ñ
Z, the map κpgq : Y Ñ ΩZ. By taking Z � ΣY and g � id : ΣY Ñ ΣY, we
see that κpidq � e : Y Ñ ΩΣY.

0

t

1

y Y �

epyqptq

ÐÝ
Ý

Figure 5.4

Lemma 5.6.3 For any spaces X and Y, the following diagram commutes

rX,Y s Σ //

e� ))RRRRRRRRRRRRR rΣX,ΣY s
κ��

��rX,ΩΣY s.

Consequently, if X is a cogroup, then Σ : rX,Y s Ñ rΣX,ΣY s is a homo-
morphism called the suspension homomorphism.

Proof. This follows since κpΣfq � ef and e� is a homomorphism. [\
Next we consider the sequence of groups and homomorphisms

π3pS2q Σ //π4pS3q Σ //π5pS4q Σ // � � � .
We show that the first homomorphism is an epimorphism and the others
are isomorphisms. For this we prove the Freudenthal suspension theorem
which is a consequence of the Blakers–Massey theorem. We begin with the
latter theorem [10] (also called the homotopy excision theorem). Recall that
a map is an n-equivalence if it induces an isomorphism of homotopy groups
in degrees   n and an epimorphism in degree n.

Theorem 5.6.4 Let

A
i //X

q //Q

be a cofiber sequence with A r-connected and Q s-connected, r, s ¥ 1. Let Iq
be the homotopy fiber of q and let β : AÑ Iq be the excision map defined by
βpaq � pipaq, �q, for a P A. Then β is an pr � sq-equivalence.
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This statement is one version of several that have been called the Blakers–
Massey theorem (see [86]). The proof is given in Section 6.4. This theorem
implies the generalized Freudenthal suspension theorem. Before proving this
theorem, we give a simple lemma.

We first recall some notation. Let

X
i // CX

q // ΣX

be the cone cofibration, let Iq be the homotopy fiber of q, let j : ΩΣX Ñ Iq
be the inclusion of the fiber into the total space, let β : X Ñ Iq be the
excision map, and let e : X Ñ ΩΣX be the map defined above.

Lemma 5.6.5 The following triangle is homotopy-commutative

X

ē

��

β

""FFFFFFFFF

ΩΣX
j
// Iq,

where ē � �e : X Ñ ΩΣX.

Proof. For x P X, s, t P I, define et : X Ñ EΣX by

etpxqpsq � xx, tp1� sqy.

Then define F : X � I Ñ Iq by

F px, tq � pxx, ty, etpxqq.

Hence β �F jē. [\
With the notation above we next prove the generalized Freudenthal theorem.

Theorem 5.6.6 Let A be a finite-dimensional CW complex and let X be an
pn � 1q-connected space, n ¥ 2. Then the suspension function Σ : rA,Xs Ñ
rΣA,ΣXs is bijective if dimA ¤ 2n� 2 and surjective if dimA � 2n� 1.

Proof. By the exactness of the homotopy sequence of the fibration

ΩΣX
j // Iq // CX,

it follows that j is a weak equivalence. Since X is pn� 1q-connected, ΣX is
n-connected, and, by the Blakers–Massey theorem applied to

X
i // CX

q // ΣX ,

we see that β : X Ñ Iq is a p2n � 1q-equivalence. By Lemma 5.6.5, ē is
a p2n � 1q-equivalence and thus so is e by Exercise 5.20. Therefore e� is a
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bijection if dimA ¤ 2n� 2 and a surjection if dimA � 2n�1 by Proposition
2.4.6. The theorem now follows by Lemma 5.6.3. [\

One consequence is the classical Freudenthal suspension theorem.

Theorem 5.6.7 If X is an pn � 1q-connected space, n ¥ 2, then the sus-
pension homomorphism Σ : πrpXq Ñ πr�1pΣXq is an isomorphism for
r   2n� 1 and an epimorphism for r � 2n� 1.

The Blakers–Massey theorem 5.6.4 also yields a truncated exact homo-
topy sequence for a cofibration. We call this result the Blakers–Massey exact
sequence of a cofibration.

Corollary 5.6.8 [40] Let

A
i //X

q //Q

be a cofiber sequence with A r-connected and Q s-connected, r, s ¥ 1. Then
there is a homomorphism Bk : πkpQq Ñ πk�1pAq for k � 3, . . . , r � s, called
the connecting homomorphism, such that the following sequence of groups is
exact

πr�spAq
i� //πr�spXq

q� //πr�spQq
Br�s //πr�s�1pAq // � � �

� � � //π2pAq
i� //π2pXq

q� //π2pQq //0.

Proof. The proof consists of taking the exact homotopy sequence of the map
q (Corollary 4.2.17) and then using the Blakers–Massey theorem 5.6.4 to
replace πkpIqq by πkpAq in the appropriate degrees k. The connecting homo-
morphism Bk is the composition

πkpQq dk // πk�1pIqq
β�1
� // πk�1pAq,

where dk is the homomorphism of Corollary 4.2.17. [\
Remark 5.6.9 We observe that there is a Blakers–Massey exact sequence
for homotopy groups with coefficients. If the coefficient group is not free-
abelian, then the truncated exact sequence starts in degree r � s � 1. This
can be proved just like Corollary 5.6.8.

We return to the sequence of groups and homomorphisms

π3pS2q Σ //π4pS3q Σ //π5pS4q Σ // � � � .

By the Freudenthal theorem, the first homomorphism is an epimorphism
and all subsequent ones are isomorphisms. Since π3pS2q � Z, it follows that
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πn�1pSnq is a cyclic group, for all n ¥ 2. In fact, there is the following result
on the pn� 1qst and pn� 2qnd homotopy group of Sn.

Theorem 5.6.10 Let n ¥ 3. Then

1. πn�1pSnq � Z2, with generator rΣn�2φs, where φ : S3 Ñ S2 is the Hopf
map.

2. πn�2pSnq � Z2, with generator rpΣn�2φq pΣn�1φqs.
The proof of (1) is given in Appendix D. For (2), see [45, p. 328] or [39,
pp. 475, 478].

For a CW complex X (not necessarily path-connected), the iterated sus-
pension ΣnX is pn � 1q-connected. Therefore if r is an integer ¥ 0, then
the groups πn�rpΣnXq are all isomorphic by the Freudenthal theorem for n
sufficiently large (n ¡ r � 1). This group is denoted πSr pXq and called the
rth stable homotopy group of X. If X � S0, then πSr pS0q equals πn�rpSnq
for n ¡ r � 1. This group is called the stable r-stem and written πSr . Thus
πS0 � Z and, by Theorem 5.6.10, πS1 � Z2 and πS2 � Z2. The determination
of the stable stems πSr is a difficult problem and some deep results have been
obtained [78].

Moore Spaces

Let m and n be integers ¥ 2. We first consider the Moore space MpZm, nq.
Let m : Sn Ñ Sn be a map of degree m, let X be the mapping cylinder of m,
and let M � Sn Ym en�1 be the mapping cone of m. Then M � MpZm, nq
and we have a cofiber sequence

Sn
m1
//X //M,

where Sn and M are each pn � 1q-connected and m1 is the map into the
mapping cylinder induced by m. We take the Blakers–Massey exact sequence
of this cofibration, replace X by Sn, and m1 by m, and obtain the exact
sequence

πipSnq
m� //πipSnq

j� //πipMq di //πi�1pSnq
m� //πi�1pSnq p�q,

where j : Sn Ñ M is the inclusion, di is the boundary homomorphism and
i ¤ 2n� 2. It follows from the Freudenthal theorem that Σ : πi�1pSn�1q Ñ
πipSnq is an epimorphism. Therefore if α P πipSnq, then α � Σβ, for some
β � rgs P πi�1pSn�1q. Hence m�pαq � rmΣgs � pΣgq�rms. But m � m pidq
and pΣgq� is a homomorphism by Proposition 2.3.4. Therefore

m�pαq � mrΣgs � mα.
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Similarly m�pγq � mγ, for γ P πi�1pSnq. Thus the two homomorphisms m�

in the exact sequence p�q are both multiplication by m, denoted �m.
Now suppose i � n� 1 in p�q, where n ¥ 3. Then, by Theorem 5.6.10, we

have the exact sequence

Z2
�m //Z2

j� //πn�1pMq dn�1 //Z �m //Z .

Therefore if m is even, then πn�1pMq � Z2, and if m is odd, πn�1pMq � 0.
Next suppose i � n � 2 in p�q, where n ¥ 4. Then we have the exact

sequence

Z2
�m //Z2

j� //πn�2pMq dn�2 //Z2
�m //Z2 ,

by Theorem 5.6.10. If m is even we obtain πn�2pMq as an extension of Z2 by
Z2. If m is odd, then πn�2pMq � 0. We summarize these calculations in the
next proposition.

Proposition 5.6.11 Let m ¥ 2 and n ¥ 3. Then

1.

πn�1pMpZm, nqq �
"
Z2 if m is even
0 if m is odd

2. If m is even and n ¥ 4, then there is a short exact sequence

0 //Z2
//πn�2pMpZm, nqq //Z2

//0.

3. If m is odd and n ¥ 4, then πn�2pMpZm, nqq � 0.

We next discuss the relation between the homotopy groups of a Moore
space of type pZm, nq and those of a Moore space of type pG,nq, for a finitely
generated group G.

Let G be a finitely generated abelian group and let P be the set of primes
that divide the order of the torsion subgroup of G. We write G as a direct
sum

G � Z` � � � ` Zlooooomooooon
r summands

`à
pPP

Ap,

where r is the rank of G and Ap is the p-primary component of G, that is,
the direct sum of cyclic groups of order a power of p. Then for n ¥ 2 we form
the wedge

X � Sn _ � � � _ Snlooooooomooooooon
r terms

_
ª
pPP

MpAp, nq,

where MpAp, nq is a wedge of Moore spaces of the form MpZpa , nq. Clearly
X is a Moore space MpG,nq. Furthermore, the spaces Sn and MpAp, nq can
be assumed to be CW complexes whose pn� 1q-skeleton is the basepoint by
Corollary 2.4.10.
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Proposition 5.6.12 If i ¤ 2n� 2 and n ¥ 2, then

πipXq � πipSnq ` � � � ` πipSnqlooooooooooooomooooooooooooon
r summands

`à
pPP

πipMpAp, nqq.

Proof. Let
Y � Sn � � � � � Snlooooooomooooooon

r factors

�
¹
pPP

MpAp, nq

and let j : X Ñ Y be the inclusion. Then Y 2n�1 � X and so j� : πipXq Ñ
πipY q is an isomorphism by Proposition 1.5.24. Since

πipY q � πipSnq ` � � � ` πipSnq `
à
pPP

πipMpAp, nqq,

the proof is complete. [\
Corollary 5.6.13 Let G be a finitely generated abelian group of rank r whose
2-primary component is a direct sum of s cyclic groups of order a power of
2. Then

1. If n ¥ 3, then πn�1pMpG,nqq � Z2 ` � � � ` Z2looooooomooooooon
r�s summands

.

2. If n ¥ 4, then πn�2pMpG,nqq � H ` Z2 ` � � � ` Z2looooooomooooooon
r summands

, and there is a short

exact sequence

0 //Z2 ` � � � ` Z2
//H //Z2 ` � � � ` Z2

//0,

where each of the two direct sums in the preceding exact sequence is a direct
sum of s copies of Z2.

Remark 5.6.14

1. The methods of Proposition 5.6.11 and Corollary 5.6.13 can be used to
obtain additional results on πipMpG,nqq for i ¤ 2n � 2. If we know the
homotopy groups of spheres πipSnq, then we can determine πipMpG,nqq
up to an extension.

2. In [8, p. 269], Baues has shown that πn�2pMpG,nqq is an extension of
G � Z2 by Gb Z2. In addition, there is a great deal of information about
the spaces MpZm, nq in [75].

Topological Groups

We begin with the orthogonal group Opnq of n�n real matrices A such that
AAT � I. Then detA � �1 and the subgroup SOpnq of Opnq consisting
of those matrices of determinant 1 is the special orthogonal group (Exercise
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3.22). The group SOpnq acts on Rn and can be shown to be the group of
all rotations of Rn. It is easily seen (Exercise 3.24) that Opnq is the union
of two path-connected components one of which is SOpnq. The other is also
homeomorphic to SOpnq and is obtained by multiplying SOpnq by a fixed
matrix of Opnq of determinant �1. Thus Opnq � SOpnq � Z2, where Z2

denotes the discrete space with two elements. Therefore π0pOpnqq is the two
element set and π0pSOpnqq � 0. Furthermore,

πipOpnqq � πipSOpnqq,

for i ¥ 1. By Proposition 3.4.12 there are fiber sequences

Opn� 1q jn�1 //Opnq pn //Sn�1

and so it follows from the exact homotopy sequence of a fibration that

jn�1� : πipOpn� 1qq Ñ πipOpnqq is

"
an isomorphism if i   n� 2
an epimorphism if i � n� 2.

Therefore for fixed i, the groups πipOpnqq are all isomorphic if n ¡ i � 1.
We denote this group by πipOq. Now SOp2q acts on S1 by rotation and this
action is transitive, that is, for any two elements of S1, there is a matrix
in SOp2q (a rotation) which carries one to the other. The isotropy group of
this action is trivial, therefore it follows from Exercise 3.21 that SOp2q � S1.
Thus for n ¥ 1,

πnpOp2qq � πnpSOp2qq � πnpS1q �
"
Z if n � 1
0 if n ¡ 1.

Next we sketch a proof that SOp3q is homeomorphic to RP3. We identify
S3 � R4 with the quaternions of unit length and identify R3 with the pure
quaternions, that is, those of the form bi�cj�dk, for b, c, d P R. For every
x P S3, let ρx be conjugation of the pure quaternions by x, that is, ρxpyq �
xyx�1, where y P R3. One then shows the following.

1. ρxpyq is a pure quaternion. Therefore ρx : R3 Ñ R3 is a linear transforma-
tion. With the standard R3 basis, ρx can be regarded as a 3� 3 matrix.

2. ρx P SOp3q and so a continuous function ρ : S3 Ñ SOp3q is defined by
ρpxq � ρx.

3. ρpxq � I ðñ x � �1.
4. ρ induces a continuous injection rρ : S3{�Ñ SOp3q, where x � x1 if and

only if x1 � �x, for x, x1 P S3. Thus rρ : RP3 Ñ SOp3q is a continuous
injection.

5. rρ is a homeomorphism: Since RP3 is compact and SOp3q is Hausdorff, it
suffices to show that rρ is onto: Given A P SOp3q with columns A1, A2, A3

(regarded as pure quaternions), let x1 be a quaternion of unit length defined
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by x1 � x � A1xi �A2xj �A3xk, for an arbitrary quaternion x. Then a
long calculation shows that rρpx1q � A. Alternatively, the following is a
shorter and more sophisticated argument: RP3 and SOp3q are compact,
path-connected three-dimensional topological manifolds. Then RP3 andrρpRP3q are homeomorphic spaces. By the invariance of domain theorem
[61, p. 217, 6.5], rρpRP3q is open in SOp3q. Since rρpRP3q is closed in SOp3q,
we obtain rρpRP3q � SOp3q because SOp3q is connected.

This completes the sketch of the proof.

Hence for n ¥ 1,

πnpOp3qq � πnpSOp3qq � πnpRP3q.

Because S3 is the universal cover of RP3, we have by Theorem 5.6.10,

πnpOp3qq � πnpSOp3qq �
$&%Z2 if n � 1, 4, 5

0 if n � 2
Z if n � 3.

Thus we see that π1pOq � Z2 and, since j2� : π2pOp3qq Ñ π2pOp4qq is
an epimorphism, π2pOq � 0. An interesting discussion of the fundamental
group of SOp3q appears in [14, pp. 164–167] including an illustration with
photographs of the fact that a loop in SOp3q added to itself is homotopic to
the identity.

For n ¥ 1, the unitary group Upnq consists of n � n complex matrices
A such that ĀAT � I, where Ā is the matrix of complex conjugates of the
entries of A. Then there are the fiber sequences

Upn� 1q kn�1 //Upnq pn //S2n�1,

and so it follows from the exact homotopy sequence of a fibration that

kn�1� : πipUpn� 1qq Ñ πipUpnqq is

"
an isomorphism if i   2n� 2
an epimorphism if i � 2n� 2.

Therefore for fixed i, the groups πipUpnqq are all isomorphic if 2n ¡ i. We
denote this group by πipUq.

Now Up1q � S1 and so π1pUp1qq � Z and πipUp1qq � 0 for i ¥ 2. Thus

π1pUq � π1pUpnqq � Z for n ¥ 1.

For Up2q we have the fibration S1 Ñ Up2q Ñ S3. From its exact homotopy
sequence we see that πipUp2qq � πipS3q for i ¥ 2. Therefore

π2pUq � π2pUpnqq � 0 for n ¥ 2.

Consider the fibration Up2q Ñ Up3q Ñ S5. We obtain π3pUp3qq � Z and so
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π3pUq � π3pUpnqq � Z for n ¥ 3.

Part of the exact homotopy sequence of this fibration is

π4pUp2qq //π4pUp3qq //0.

Thus if n ¥ 3,
π4pUq � π4pUpnqq � 0 or Z2,

because π4pUp2qq � Z2. It can be shown that the group is 0.
The symplectic group Sppnq of n � n quaternion matrices A such that

ĀAT � I can be treated in complete analogy to the orthogonal group and
the unitary group. We can determine the homotopy groups of Spp1q and
Spp2q and calculate πipSpq for i � 1, 2, 3, 4. We omit details.

Going back to the groups πipUq, we see that πipUq � πi�2pUq for i � 1, 2.
This is a small part of a more general, well-known, and deep result due to
Bott [11]. We state this theorem which is called the Bott periodicity theorem.

Theorem 5.6.15 For all i ¥ 0,

• πipOq � πi�8pOq.
• πipUq � πi�2pUq.
• πipSpq � πi�8pSpq.
Thus πipOq and πipSpq are each periodic in i with period 8 and πipUq is
periodic with period 2. All of the groups above have been calculated.

Stiefel Manifolds

We consider the real Stiefel manifolds VkpRnq which we write as Vk,n. For
0 ¤ k ¤ l, we have by Proposition 3.4.12 the general Stiefel fibration

Vl�k,n�k
j //Vl�1,n�1

q //Vk�1,n�1 .

We consider special cases. For k � 0, we obtain

Vl,n
j //Vl�1,n�1

q //V1,n�1 � Sn .

From the exact homotopy sequence of a fibration we have

j� : πipVl,nq Ñ πipVl�1,n�1q is

"
an isomorphism if i   n� 1
an epimorphism if i � n� 1.

Corollary 5.6.16 For k   n, Vk,n is pn� k � 1q-connected.

Proof. Suppose i   n�k. Then we have the following string of isomorphisms
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πipVk,nq � πipVk�1,n�1q � � � � � πipV1,n�k�1q � πipSn�kq.

But the latter group is 0 because i   n� k. [\

A special case of the fibration Vl,n
j //Vl�1,n�1

q //Sn occurs when l � 1
and we obtain

Sn�1
j //V2,n�1

q //Sn .

As we noted in Remark 3.4.17 it is a classical result in algebraic topology
that this bundle has a section if and only if n is odd. Therefore for odd n,
there is a section and so

πipV2,n�1q � πipSnq ` πipSn�1q.

It can be shown [41, p. 88] that for odd n ¥ 5,

πn�2pV2,nq � πn�1pV2,nq � Z2.

Another special case of the general Stiefel fibration occurs when l � k � 1:

Sn�l � V1,n�l�1
j //Vl�1,n�1

q //Vl,n�1 .

Then

q� : πipVl�1,n�1q Ñ πipVl,n�1q is

"
an isomorphism if i   n� l
an epimorphism if i � n� l.

By taking l � n� 1 in the previous fibration, we obtain the fibration

S1
j //Vn,n�1

q //Vn�1,n�1 .

But Vn,n�1 � SOpn� 1q (Exercise 3.23), and so for i ¥ 3,

πipVn�1,n�1q � πipSOpn� 1qq � πipOpn� 1qq.

We omit a discussion of the complex and quaternionic Stiefel manifold. For
more information about the Stiefel manifolds and their homotopy groups, see
[53, 91].

Grassmann Manifolds

Since projective spaces are special Grassmann manifolds, we discuss these
first. From the splitting of the homotopy groups of ΩFPn in Example 5.4.8,
we have for all i ¥ 1,
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πipFPnq � πipSdpn�1q�1q ` πi�1pSd�1q,

where d � 1, 2 or 4 according as F � R,C, or H. More explicitly,

πipRPnq � πipSnq for i ¥ 2

πipCPnq �
"
Z if i � 2
πipS2n�1q if i ¡ 2

πipHPnq � πipS4n�3q ` πi�1pS3q for i ¥ 1.

The first of these isomorphisms also follows from the fact that Sn is the
universal cover of RPn, n ¥ 2.

We next briefly consider general Grassmann manifolds, but only in the
real case. By Proposition 3.4.16 there is a fiber sequence

Opkq � Vk,k // Vk,n // Gk,n.

From Corollary 5.6.16 and the exact homotopy sequence of a fibration, we
conclude that

πipGk,nq � πi�1pOpkqq if i   n� k.

In addition, it follows easily that if 0   k   n,

π1pGk,nq �
"
Z if n � 2
Z2 if n ¡ 2.

Additional results on the homotopy groups of Grassmannians can be found
in [91, pp. 202-209].

As we have seen, it is difficult to calculate homotopy groups. We have used
elementary methods to determine the first few nontrivial homotopy groups
of certain spaces. But even with more advanced methods, which can be used
to obtain many more homotopy groups, a great deal is unknown. To end this
section on a positive note, we mention a few known, general results.

In [82], Serre defined a class C of abelian groups by certain properties.
Rather than give the definition, let us just say that the following collections
of abelian groups are classes: the collection consisting only of the zero group,
all finitely generated groups, all finite groups, and all finite groups of order not
divisible by a given prime p. A homomorphism f : GÑ H of groups is called
a C-isomorphism if Ker f and Coker f � G{Im f are in C. A consequence of
the work of Serre is the following theorem which is a C-theory analogue of
the Hurewicz theorem 6.4.8 (for details, see [83, pp. 504-512]).

Theorem 5.6.17 Let C be a class of abelian groups, let X be a 1-connected
space, and let n ¥ 2 be an integer. If HmpXq P C for 1   m   n, then
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πmpXq P C for 1   m   n. Furthermore, the Hurewicz homomorphism hn :
πnpXq Ñ HnpXq is a C-isomorphism.

Thus if X is a 1-connected finite CW complex, then πmpXq is finitely gener-
ated for all m. Moreover, if HmpXq is finite or is finite with no p-torsion for
all m   n, then the same holds for πmpXq.

By using this and other work of Serre [81], the following results on the
homotopy groups of spheres have been obtained.

• The homotopy groups πmpSnq are all finite except in the following cases:
(a) πnpSnq � Z, for all n; and (b) π2n�1pSnq is a group of rank 1, for all
even n.

• If n ¥ 3 is odd and p is a prime, then πmpSnqppq, the p-primary component
of πmpSnq, is zero if m   n� 2p� 3 and is Zp if m � n� 2p� 3.

• If n ¥ 4 is even and p is an odd prime, then

πmpSnqppq � πmpS2n�1qppq ` πm�1pSn�1qppq.

We refer the reader to [19, 78, 88] for more on the homotopy groups of spheres.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

5.1. p:q In Definition 5.2.2 a homomorphism α : HnpXq b G Ñ HnpX ;Gq
was defined. Show that α is well-defined by showing that φγpf�f 1q � φγpfq�
φγpf 1q and φγ�γ1pfq � φγpfq�φγ1pfq, for f, f 1 : X Ñ KpZ, nq and γ, γ1 P G.
5.2. Let 0 // G1

// G2
// G3

// 0 be a short exact sequence of
abelian groups and let X be a space. Show that there is a homomorphism δn :
HnpX;G3q Ñ Hn�1pX;G1q such that the following sequence of cohomology
groups is exact

H0pX;G1q //H0pX ;G2q //H0pX;G3q δ0 //H1pX;G1q // � � �

� � � //HnpX ;G1q //HnpX;G2q //HnpX;G3q δn //Hn�1pX;G1q // .

5.3. p:q Prove that the function η : πnpX ;Gq Ñ HompG, πnpXqq given in
Definition 5.2.6 is a homomorphism.

5.4. Let G be a finitely generated abelian group of rank r whose 2-primary
component is a direct sum of s cyclic groups of order a power of 2. Prove

πnpSn;Gq � Z` � � � ` Zlooooomooooon
r summands

`Z2 ` � � � ` Z2looooooomooooooon
s summands

,



Exercises 191

where n ¥ 3. You may assume that πn�1pSnq � Z2 (Theorem 5.6.10).

5.5. p:q Under the hypotheses of Proposition 5.4.6, prove that

pu� vqα�β � uα � vβ

by showing that the following diagram is commutative

Q
∆ //

ψ

��

Q�Q
ψ�ψ // pQ_ΣAq � pQ_ΣAq

pf_aq�pg_bq

��
Q_ΣA

∆_∆

��

pZ _ Zq � pZ _ Zq
∇�∇
��

pQ�Qq _ pΣA�ΣAq
pf�gq_pa�bq

��

Z � Z

m

��
pZ � Zq _ pZ � Zq m_m // Z _ Z

∇ // Z,

where α � ras , β � rbs P rΣA,Zs and u � rf s, v � rgs P rQ,Zs. As a
consequence prove Proposition 5.4.6.

5.6. p�q Let A // X // Q be a cofiber sequence and let r : X Ñ A

be a homotopy retraction. It is well known that HjpXq � HjpAq ` HjpQq,
for all j ¥ 0.

1. Give an example for which X does not have the homotopy type of A_Q.
2. What additional hypothesis would ensure that X � A_Q?
3. Prove that ΣX � ΣA_ΣQ.

5.7. p:q Prove the following for the smash product of CW complexes.

1. X ^ Y � Y ^X.
2. pX _ Y q ^ Z � pX ^ Zq _ pY ^ Zq.
3. pΣXq ^ Y � ΣpX ^ Y q � X ^ pΣY q.
4. If 1 P I is the basepoint, then CX � X ^ I.
5. S1 ^X � ΣX.
6. Sm ^ Sn � Sm�n.

5.8. Let X be a co-H-space.

1. If Y is any space, prove that X ^ Y is a co-H-space.
2. If X is a cogroup, prove that X ^ Y is also a cogroup.
3. If Y is a co-H-space, prove that X ^ Y is a commutative co-H-space.

5.9. In this problem we deal only with unbased spaces, functions, and homo-
topies. We also assume for convenience that all spaces under consideration are
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locally compact (but see Appendix A). Let i : AÑ X be a cofiber map and
let W be any space. Define i# : MpX,W q Ñ MpA,W q by i#pfq � fi,
for f P MpX,W q. Prove that i# is a fiber map. You may assume that
MpX � Y, Zq �MpY,MpX,Zqq (Proposition A.9).

5.10. Let f : X Ñ Y be a map of path-connected CW complexes and let
� : X Ñ Y be the constant map. Prove: f � � ðñ f �free �. Does this
contradict the fact that the comb space C is not contractible to �1 (see
Example 1.4.5)?

5.11. p�q If X is a free space and x P X is any point, then let πnpX,xq
denote the nth homotopy group of the based space pX,xq. Let a be a path
in X with initial point x0 � ap0q and terminal point x1 � ap1q. We define a
function a# : πnpX,x0q Ñ πnpX,x1q as follows. Let f : pIn, BInq Ñ pX,x0q
and consider f Y a : In � t0u Y BIn � I Ñ X (see Section 5.5). Since
In�t0u Y BIn�I is a retract of In�I, there is an extension G : In�I Ñ X
of f Y a. If gpxq � Gpx, 1q, for x P In, then g : pIn, BInq Ñ pX,x1q and we
define a#rfs � rgs.
1. Show that a# : πnpX,x0q Ñ πnpX,x1q is a well-defined function.
2. Prove that if a and b are paths in X from x0 to x1 and a � b : I Ñ X rel BI,

then a# � b# : πnpX,x0q Ñ πnpX,x1q. Thus if α � ras is the homotopy
class rel BI of a path a from x0 to x1, define α# � a# : πnpX,x0q Ñ
πnpX,x1q.

3. Show that α# is a homomorphism.
4. Consider α � ras and β � rbs, homotopy classes rel BI, where a is a path

from x0 to x1 and b is a path from x1 to x2. Let α � β � ra � bs. Prove
pα� βq# � β#α#.

5. Prove that α# is an isomorphism.

5.12. p�q Let X and Y be free spaces and let f : X Ñ Y be a free map which
is a free homotopy equivalence. For any point x0 P X and any n ¥ 1, prove
that f� : πnpX,x0q Ñ πnpY, fpx0qq is an isomorphism.

5.13. Show that the comb space C with basepoint �1 of Example 1.4.5 is
simply connected and that there are two (based) maps C Ñ C which are
freely homotopic but not (based) homotopic. Why does this not contradict
the result in Section 5.5 which asserts that θ is a bijection?

5.14. p�q Find spaces X and Y (not both CW complexes) and weak equiva-
lences X Ñ Y and Y Ñ X such that X �� Y.

5.15. p:q Let α P π1pY q and u P πnpY q. Represent u by a map f : Sn Ñ Y
and represent u � α by a map g : Sn Ñ Y. Prove f �free g.

5.16. p:q Prove Lemma 5.5.8.
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5.17. If F // E
p // B is a fiber sequence and Mp is the mapping cylin-

der of p, then show that F � EpMp;E, t�uq. Use the action of the fundamen-
tal group on relative homotopy to define an action of π1pEq on πnpF q.
5.18. p�q Prove that a space Y is dominated by a loop space (Definition 1.4.1)
ðñ the map e : Y Ñ ΩΣY has a left homotopy inverse.

5.19. p:q Show that RP8 is the Eilenberg–Mac Lane space KpZ2, 1q and
CP8 is KpZ, 2q.
5.20. p:q Let f : X Ñ ΩY be any map and let j : ΩY Ñ ΩY be the
inverse map. Show that the composition j2 � id : ΩY Ñ ΩY. Now define
�f � jf : X Ñ ΩY and consider the functions f� : rA,Xs Ñ rA,ΩY s
and p�fq� : rA,Xs Ñ rA,ΩY s, for any space A. Prove that f� is injective
ðñ p�fq� is injective and that f� is surjective ðñ p�fq� is surjective.

5.21. Show that

πkpRPn,RPn�1q �
"

0 k   n
Z` Z k � n,

where n ¥ 2 and k ¥ 1.





Chapter 6

Homotopy Pushouts and Pullbacks

6.1 Introduction

We begin the chapter by discussing homotopy pushouts and homotopy pull-
backs in the first two sections. These are analogues in the homotopy category
of pushouts and pullbacks. They have many applications in homotopy theory
and are necessary for the proofs in Section 6.4. That section contains the
statement and proof of many of the major theorems of classical homotopy
theory.

Sections 6.2 and 6.3 establish several basic properties of homotopy pushouts
and pullbacks and state two more advanced properties whose proofs appear
in Appendix E. In Section 6.3 we prove that a certain homotopy-commutative
square associated to a sequence

X
f // Y

g // Z,

such that gf � �, is a homotopy pushout square (Proposition 6.3.5). This
proposition applied when the sequence above is a fiber sequence is an essential
ingredient in the proof of Serre’s theorem. This theorem asserts that there
is an N -equivalence between the mapping cone of f and the base Z, where
N depends on the connectivities of X and Z. This gives a truncated, long
exact sequence whose terms are the cohomology groups of the spaces of the
fiber sequence. The homotopy pushout proposition applied when the sequence
above is a cofiber sequence is essential for the proof of the Blakers–Massey
theorem. This result, which is dual to the Serre theorem, asserts that there is
an M -equivalence between the homotopy fiber of g and X, where M depends
on the connectivities of X and Z. This leads to a truncated, long exact
sequence for the homotopy groups of a cofiber sequence.

From these theorems we derive the Hurewicz theorem and Whitehead’s
second theorem. The former states that the degree of the first nontrivial ho-
motopy group of a space is the same as the degree of the first nontrivial
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homology group of the space, and that these groups are isomorphic via the
Hurewicz homomorphism. The latter asserts that a map between simply con-
nected spaces induces a homology isomorphism in dimensions   n and an
epimorphism in dimension n if and only if the same is true for the induced
homotopy homomorphism. In addition, we prove a relative Hurewicz theo-
rem and show that the homotopy type of a Moore space depends only on the
group and the degree. We conclude the chapter with a section that continues
our discussion of Eckmann–Hilton duality which was begun in Section 2.5.

6.2 Homotopy Pushouts and Pullbacks I

We begin with homotopy pushouts. For motivation we recall the defining
property of pushouts (Definition 3.2.8). Let

Y A
goo f //X

be spaces and maps, let a : X Ñ Z and b : Y Ñ Z be maps such that af � bg
and let P together with maps r : X Ñ P and s : Y Ñ P, be the pushout of
f and g. Then there is a unique map c : P Ñ Z such that cr � a and cs � b,

A
f //

g

��

X

r

��
a

��=================

Y
s //

b
++VVVVVVVVVVVVVVVVVVVVVVVVVV P

c

''NNNNNNN

Z.

We seek a replacement P 1, r1, s1 for P, r, s such that if af � bg, then there is
a map c1 : P 1 Ñ Z with c1r1 � a and c1s1 � b. The homotopy pushout does
this.

For any spaces X, Y, and Z, we regard X _ Y _ Z as the subset of X �
Y � Z consisting of all triples px, y, zq such that at least two coordinates
are the basepoint. Recall that the reduced cylinder X 
 I of X is the space
X � I{tp�, tq | t P Iu.
Definition 6.2.1 Given spaces and maps

Y A
goo f //X p�q

the standard homotopy pushout or double mapping cylinder of p�q consists
of a space O and maps u : X Ñ O and v : Y Ñ O defined as follows: (1)
O � pX_pA
Iq_Y q{�, where p�, xa, 0y, �q � pfpaq, �, �q and p�, xa, 1y, �q �
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p�, �, gpaqq, for a P A and (2) upxq � xx, �, �y, for x P X and vpyq � x�, �, yy,
for y P Y. The square

A
f //

g

��

X

u

��
Y

v // O

is then called the standard homotopy pushout square. Clearly uf �F vg,
where F : A� I Ñ O is defined by F pa, tq � x�, xa, ty, �y, for a P A and t P I.
Remark 6.2.2 The standard homotopy pushout can be realized as a pushout
in the following way. Recall that any map h : W Ñ Z can be factored as

W
h1 //Mh

h2 //Z,

where Mh is the mapping cylinder of h, the map h1 is a cofibration, and
the map h2 is a homotopy equivalence with homotopy inverse kh. Given the
diagram p�q above, we consider

Mg A
g1oo f 1 //Mf

and take its pushout

A
f 1 //

g1

��

Mf

r

��
Mg

s // P.

Then P together with the maps rkf : X Ñ P and skg : Y Ñ P is the
standard homotopy pushout of p�q. See Figure 6.1.

A

fpAq X

gpAq Y

Figure 6.1
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Remark 6.2.3 The standard homotopy pushout of the following diagram is
the mapping cone Cf .

t�u Aoo f // X

Definition 6.2.4 Let A
f //

g

��

X

r

��
Y

s // P
be a homotopy-commutative square. Suppose that there is a homotopy equiv-
alence θ : O Ñ P defined on the standard homotopy pushout O of f and g
such that θ u � r and θ v � s:

Y
v //

s
&&LLLLLLLLLLLL O

θ

��

X
uoo

r
xxrrrrrrrrrrrr

P.

Then we call P together with r and s a homotopy pushout and the given
square a homotopy pushout square.

Proposition 6.2.5 Let the square in the following diagram

A
f //

g

��

X

r

��
a

��=================

Y
s //

b
++VVVVVVVVVVVVVVVVVVVVVVVVVV P

c

&&NNNNNNN

Z

be a homotopy pushout square and let Z be any space. If a : X Ñ Z and
b : Y Ñ Z are maps such that af � bg, then there is a map c : P Ñ Z such
that cr � a and cs � b.

Proof. The proposition is easily proved for the standard homotopy pushout
square. It then follows for any homotopy pushout square. [\
The homotopy class of the map c is not necessarily unique.

We next consider some general properties of homotopy pushouts.

Proposition 6.2.6 Consider the following pushout square

A
f //

g

��

X

r

��
Y

s // P.
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If f or g is a cofiber map, then this square is a homotopy pushout square.

Proof. We assume that f is a cofiber map and consider the standard homo-
topy pushout O of f and g and the diagram

A
f //

g

��

X

u

��
r

��=================

Y
v //

s

++VVVVVVVVVVVVVVVVVVVVVVVVVV O

λ

&&NNNNNNN

P,

where λ is the map induced by r and s. It suffices to show that λ is a homotopy
equivalence. Note that O � Mf _ Y {�, where Mf is the mapping cylinder
of f and pxa, 1y, �q � p�, gpaqq for a P A. Let us use x , y for equivalence
classes in P and Mf and r , s for equivalence classes in O. Then λrxs � xxy,
λrys � xyy and λra, ts � rfpaq � sgpaq, for x P X y P Y, a P A, and t P I. We
have the diagram

A
ξt

''NNNNNNNNNNNNN

f

��
X

η // Mf ,

where ηpxq � xxy and ξtpaq � xa, ty. Since f is a cofiber map and ηf � ξ0,
there exists a homotopy σ : X � I Ñ Mf such that σpx, 0q � xxy and
σpfpaq, tq � xa, ty. Now define µ : P Ñ O by

µxxy � rσpx, 1qs and µxyy � rys.

We show µ is a homotopy inverse to λ. Define a homotopy A : P � I Ñ P by

Apxxy, tq � λrσpx, tqs and Apxyy, tq � xyy.

Then id �A λµ. Next define B : O � I Ñ O by

Bprxs, tq � rσpx, tqs, Bprys, tq � rys, and Bpra, ss, tq � ra, p1� sqt� ss,

for a P A, x P X and s, t P I. Then id �B µλ. This completes the proof. [\
Definition 6.2.7 Let

A
f //

g

��

X

r

��

and A1
f 1 //

g1

��

X 1

r1

��
Y

s // P Y 1 s1 // P 1
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be two homotopy pushout squares and let α : A Ñ A1, β : X Ñ X 1 and γ :
Y Ñ Y 1 be maps such that the following diagram is homotopy-commutative

Y

γ

��

A
f //goo

α

��

X

β

��
Y 1 A1

f 1 //g1oo X 1.

Let F : A� I Ñ X 1 and G : A� I Ñ Y 1 be homotopies such that f 1α �F βf
and g1α �G γg. We define a map Ψ : P Ñ P 1 such that Ψr � r1β and
Ψs � s1γ,

Y

γ

��

s // P

Ψ

��

X
roo

β

��
Y 1 s1 // P X 1.

r1oo

First note that by Definition 6.2.4, there are homotopy equivalences θ : O Ñ
P and θ1 : O1 Ñ P 1, where O is the standard homotopy pushout of f and
g and O1 is the standard homotopy pushout of f 1 and g1. We first define
Λ � ΛF,G : O Ñ O1 such that Λu � u1β and Λv � v1γ, where

A
f //

g

��

X

u

��

and A1
f 1 //

g1

��

X 1

u1

��
Y

v // O Y 1 v1 // O1

are standard homotopy pushout squares. Then Λ : O Ñ O1 is given by

Λxx, �, �y � xβpxq, �, �y
Λx�, �, yy � x�, �, γpyqy

and

Λx�, pa, tq, �y �
$&%
xF pa, 1� 3tq, �, �y if 0 ¤ t ¤ 1

3x�, pαpaq, 3t� 1q, �y if 1
3 ¤ t ¤ 2

3x�, �, Gpa, 3t� 2qy if 2
3 ¤ t ¤ 1,

for x P X, y P Y, a P A, and t P I. See Figure 6.2. The map Ψ : P Ñ P 1 is
then defined by

Ψ � θ1Λθ�1.

Clearly Λ and Ψ depends on the choice of homotopies F and G.

Theorem 6.2.8 Assume the notation of Definition 6.2.7. If α, β and γ are
homotopy equivalences, then Ψ is a homotopy equivalence.

The proof is be given in Appendix E.
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Y

X
fpAq

γ
gpAq

β

ΛF,G

Y 1

γgA

X1

βfA

�F

O1

G

g1αAÝÝÝÝÑ Ðg1A1

f1αAÝÝÝÝÑ Ðf1A1

t�1

t� 2
3

t� 1
3

t�0

O

Figure 6.2

Corollary 6.2.9 If

A
f //

α

��

X

β

��
A1

f 1 // X 1

is a homotopy-commutative square with homotopy F : A� I Ñ X 1 such that
f 1α �F βf, then there is a map Λ : Cf Ñ Cf 1 such that the following diagram
commutes

X
l //

β

��

Cf

Λ

��
X 1 l1 // Cf 1 ,

where l and l1 are inclusions. If α and β are homotopy equivalences, then Λ
is a homotopy equivalence.

Proof. Represent Cf and Cf 1 as standard homotopy pushouts (Remark 6.2.3)
and let S : A� I Ñ t�u be the constant homotopy. Then Λ � ΛF,S . The last
assertion of the corollary follows from Theorem 6.2.8. [\
By Exercise 6.1, Λ is homotopic to the map ΦF̄ defined in Proposition 3.2.13
where F̄ pa, tq � F pa, 1� tq. There is a particular homotopy pushout that has
interesting properties and which we consider in subsequent sections.

Definition 6.2.10 The standard homotopy pushout of the two projections
p1 : X � Y Ñ X and p2 : X � Y Ñ Y is denoted by X � Y,
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X � Y
p1 //

p2

��

X

u

��
Y

v // X � Y,

and is called the join of X and Y. Clearly X �Y � pX �Y � Iq{�, where for
all x, x1 P X, y, y1 P Y, and t, t1 P I, we have px, y, 0q � px, y1, 0q, px, y, 1q �
px1, y, 1q, and p�, �, tq � p�, �, t1q, with the latter representing the basepoint.
Then upxq � xx, �, 0y and vpyq � x�, y, 1y. We usually regard the join as this
identification space.

X

I
p�,�q

Y

I

Y

px,y,tq

X

�

x

�

y

Lines on top and bottom

identified to a point

X � Y

X � Y

Figure 6.3

The following proposition gives some properties of the join.

Proposition 6.2.11 Let X and Y be CW complexes. Then

1. The maps u : X Ñ X � Y and v : Y Ñ X � Y are nullhomotopic.

2. X � Y � ΣpX ^ Y q, where X ^ Y � X � Y {X _ Y.

3. If X is pp� 1q-connected and Y is pq� 1q-connected, p, q ¥ 1, then X � Y
is pp� qq-connected.

4. The projection p2 : X � Y Ñ Y induces rp2 : X � Y {X � t�u Ñ Y andpp2 : Cj1 Ñ Y, where j1 : X Ñ X�Y is the inclusion. Then X �Y � C�p2 �
Cxp2 .

Proof. (1) If we define F : X� I Ñ X �Y by F px, tq � xx, �, ty, then u �F �.
In a similar way, v � �.

(2) The spaces X � Y and ΣpX ^ Y q are both identification spaces of
X � Y � I and there is a map q : X � Y Ñ ΣpX ^ Y q given by qxx, y, ty �
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xxx, yy, ty. If C1 � txx, �, ty | x P X, t P Iu � X � Y and C0 � tx�, y, ty | y P
Y, t P Iu � X � Y, then C1 and C0 are cones on X and Y, respectively, that
is, C1 � C1X and C0 � C0Y. Furthermore, X �Y {C1_C0 � ΣpX ^Y q, and
the result follows from Corollary 1.5.19 since C1 _ C0 is contractible.

(3) By Corollary 2.4.10, we may assume that X and Y are CW complexes
with Xp�1 � t�u and Y q�1 � t�u. Therefore any cell of X � Y of dimension
  p� q is in X _ Y. Hence X ^ Y is pp� q� 1q-connected and so ΣpX ^ Y q
is pp� qq-connected.

(4) In forming mapping cones, we consider cones C0A � A� I{A� t0u Y
t�u� I, for any space A. We first show that X �Y � C�p2 . We can regard C�p2
as the quotient space X � Y � I{�, where

px, y, 0q � �, px, y, 1q � px1, y, 1q, and px, �, tq � �,

for x, x1 P X, y P Y, and t P I. Thus X �Y and C�p2 are each a quotient space
of X � Y � I. Then C�p2 is obtained from X � Y by identifying txx, �, ty |x P
X, t P Iu � X � Y to the basepoint. Since this subspace is homeomorphic to
the cone C1X, it is contractible, and so it follows from Corollary 1.5.19 that
C�p2 � X � Y. To show C�p2 � Cxp2 , consider the cofibration X Ñ X � Y Ñ
X � Y {X � t�u. Then the excision map α : Cj1 Ñ X � Y {X � t�u is a
homotopy equivalence by Proposition 3.5.4. Then the following diagram is
commutative

Cj1
α //

xp2
��

X � Y {X � t�u
�p2
��

Y
id // Y.

By Corollary 6.2.9, C�p2 � Cxp2 . [\
We conclude the discussion of elementary properties of homotopy pushouts

by showing that that mapping cones of the vertical (or horizontal) maps in
a homotopy pushout square have the same homotopy type.

Proposition 6.2.12 If

A
f //

g

��

X

r

��
Y

s // P

is a homotopy pushout square, then the mapping cone Cg has the same ho-
motopy type as the mapping cone Cr.

Proof. We first establish the proposition when the given square is the follow-
ing standard homotopy pushout square
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A
f //

g

��

X

u

��
Y

v // O.

Using mapping cylinders, we replace X and Y by Mf and Mg, respectively,
and consider the pushout square

A
f 1 //

g1

��

Mf

ru
��

Mg
rv // O1.

Since g1 is a cofiber map, this is a homotopy pushout square (Proposition
6.2.6). Furthermore, ru is a cofiber map and

Cg �Mg{g1pAq � O1{rupMf q � Cru,

by Propositions 3.2.10 and 3.5.4. But the commutative diagram

Mg

g2

��

A

id

��

f 1 //g1oo Mf

f2

��
Y A

f //goo X

induces a homotopy equivalence Ψ : O1 Ñ O such that Ψru � uf2 by Theorem
6.2.8. Then Cru � Cu by Corollary 6.2.9. This proves the result for the stan-
dard homotopy pushout square. For an arbitrary homotopy pushout of f and
g, as in the statement of Proposition 6.2.12, there is a homotopy equivalence
θ : O Ñ P such that θu � r. By Corollary 6.2.9, Cu � Cr. This completes
the proof. [\

It is possible to state and prove results for homotopy pullbacks that are
dual to those above given for homotopy pushouts. In particular, there are
duals of Remarks 6.2.2 and 6.2.3, Propositions 6.2.5 and 6.2.6, Theorem 6.2.8,
Corollary 6.2.9, and Proposition 6.2.12, and the proofs are dual. However, we
just state the definitions and the major results.

Definition 6.2.13 Given spaces and maps

X
f //A Y

goo p�q

the standard homotopy pullback of p�q consists of a space Q and maps u :
Q Ñ X and v : Q Ñ Y defined as follows. (1) Q � X � AI � Y consists
of all triples px, ω, yq with x P X, y P Y, and ω P AI such that ωp0q � fpxq
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and ωp1q � gpyq; (2) upx, ω, yq � x and vpx, ω, yq � y. The homotopy-
commutative square

Q
v //

u

��

Y

g

��
X

f // A

is called the standard homotopy pullback square. Next let

R
s //

r

��

Y

g

��
X

f // A

be a homotopy-commutative square. If there is a map λ : R Ñ Q that is a
homotopy equivalence such that uλ � r and v λ � s, then the given square
is called a homotopy pullback square and R together with r and s is called a
homotopy pullback.

Clearly the homotopy fiber If of a map f : X Ñ A can be represented
as a standard homotopy pullback. Also, it is clear that if the square in the
following diagram

W
b

++WWWWWWWWWWWWWWWWWWWWWWWWWW

a

��=================
c

''NNNNNNN

R
s //

r

��

Y

g

��
X

f // A,

is a homotopy pullback square and a : W Ñ X and b : W Ñ Y are maps
such that fa � gb, then there is a map c : W Ñ R such that rc � a and
sc � b.

We next state the dual of Proposition 6.2.6.

Proposition 6.2.14 If

P
r //

s

��

X

f

��
Y

g // A

is a pullback square and if the map f or the map g is a fiber map, then this
square is a homotopy pullback square.
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We next indicate how to induce a natural map of homotopy pullbacks.
Clearly it suffices to do this for standard homotopy pullbacks.

Definition 6.2.15 Given two standard homotopy pullback squares

Q
v //

u

��

Y

g

��

and Q1 v1 //

u1

��

Y 1

g1

��
X

f // A X 1
f 1 // A1

and maps α : A Ñ A1, β : X Ñ X 1, and γ : Y Ñ Y 1 such that the following
diagram is homotopy-commutative

X

β

��

f // A

α

��

Y

γ

��

goo

X 1
f 1 // A1 Y 1.

g1oo

Let F : X � I Ñ A1 and G : Y � I Ñ A1 be homotopies such that αf �F f 1β
and αg �G g1γ. We define a map Λ � ΛF,G : Q Ñ Q1 such that u1Λ � βu
and v1Λ � γv, If px, ω, yq P Q, first define λx,ypωq P A1I by

λx,ypωqptq �
$&%
F px, 1� 3tq if 0 ¤ t ¤ 1

3
αωp3t� 1q if 1

3
¤ t ¤ 2

3
Gpy, 3t� 2q if 2

3
¤ t ¤ 1,

for t P I. Then Λ � ΛF,G : QÑ Q1 is defined by

Λpx, ω, yq � pβpxq, λx,ypωq, γpyqq.

Theorem 6.2.16 Assume the notation of Definition 6.2.15. If α, β, and γ
are homotopy equivalences, then Λ is a homotopy equivalence.

See Appendix E. We conclude the section by stating the following dual of
Proposition 6.2.12.

Proposition 6.2.17 If the square

Q
v //

u

��

Y

g

��
X

f // A

is a homotopy pullback square, then it follows that the homotopy fibers Iu and
Ig have the same homotopy type.
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6.3 Homotopy Pushouts and Pullbacks II

In this section we present further results on homotopy pushouts and homo-
topy pullbacks. Many of these results are due to Mather [63]. We begin by
defining equivalence of homotopy-commutative squares.

Definition 6.3.1 Let

Z //

��

Y

��

and Z 1 //

��

Y 1

��
X // A X 1 // A1

be two homotopy-commutative squares. If there exist homotopy equivalences
α : A Ñ A1, β : X Ñ X 1, γ : Y Ñ Y 1, and δ : Z Ñ Z 1 such that each of the
square faces of the following diagram

Z //

}}||||||||

��

Y

��

~~||||||||

X //

��

A

��

Z 1 //

~~||||||||
Y 1

~~}}}}}}}}

X 1 // A1

is homotopy-commutative, where the vertical arrows are β, δ, α, and γ, then
we say that the two given squares are equivalent. This is clearly an equivalence
relation.

Proposition 6.3.2 If a homotopy-commutative square is equivalent to a ho-
motopy pullback square, then it is a homotopy pullback square. If a homotopy-
commutative square is equivalent to a homotopy pushout square, then it is a
homotopy pushout square.

Proof. We only prove the first assertion. A homotopy pullback square is
equivalent to a standard homotopy pullback square, therefore we assume
that the given homotopy-commutative square

R
s //

r

��

Y

��
X // A

is equivalent to a standard homotopy pullback square
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Q1 //

��

Y 1

��
X 1 // A1.

Thus there are homotopy equivalences α : AÑ A1, β : X Ñ X 1, γ : Y Ñ Y 1,
and δ : R Ñ Q1 that yield a cube diagram with each of the square faces
homotopy-commutative. Now form the standard homotopy pullback

Q
v //

u

��

Y

��
X // A

of X // A Yoo . By Theorem 6.2.16, there is a homotopy equivalence

Λ : QÑ Q1. If λ � Λ�1δ : RÑ Q, then the diagram

X R

λ

��

roo s //Y

Q

u

eeLLLLLLLLLLLL
v

99rrrrrrrrrrrr

is homotopy-commutative. It follows from Definition 6.2.13 that the given
square is a homotopy pullback square. [\

We next state the prism theorem. In this result we sometimes refer to a
homotopy-commutative rectangle by its labeled vertices.

Theorem 6.3.3 [63, pp. 231–234] Given a homotopy-commutative diagram

A

��

// B

��

// C

��
D // E // F.

Then

1. If the right square is a homotopy pullback square, then the left square
is a homotopy pullback square if and only if the rectangle A-C-F-D is a
homotopy pullback square.

2. If the left square is a homotopy pushout square, then the right square is a
homotopy pushout square if and only if the rectangle A-C-F-D is a homo-
topy pushout square.

This theorem is proved in Appendix E. It is called the prism theorem
because the diagram in the statement of the theorem can be written as
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B

��

&&NNNNNNNNNNNNN

A

88ppppppppppppp

��

// C

��

E

&&NNNNNNNNNNNNN

D //

88ppppppppppppp
F.

We next turn to several more specialized results on homotopy pushouts
and pullbacks. We first introduce some necessary notation.

Let

X
f //Y

g //Z

be a sequence of spaces such that gf � �. We set Q � Cf , the mapping cone
of f, and recall that the excision map α : QÑ Z is defined by α|Y � g and
α|CX � � (Section 4.5). We let H � Iα be the homotopy fiber of α and let
P � Ig be the homotopy fiber of g. The excision map β : X Ñ P is defined by
βpxq � pfpxq, �q, for x P X (Section 4.5), and we set K � Cβ , the mapping
cone of β. We have the following diagram with commutative triangles

Ig � P

ν

��

// Cβ � K

X
f //

β
55lllllllllllllll

Y
g //

χ

��

Z

Iα � H // Cf � Q,

α

55lllllllllllllll

where ν is the projection and χ is the inclusion.
We next indicate our approach to the Blakers–Massey theorem in Section

6.4. If the three term sequence above is a cofiber sequence withX r-connected,
and Z s-connected, then we must show that the excision map β : X Ñ P is
pr � sq-connected for the Blakers-Massey theorem. Let Cj1 be the mapping
cone of the injection j1 : X Ñ X � ΩZ. We prove that there is a homotopy
pushout diagram

Cj1 //

��

K

��
ΩZ // H,

where the map Cj1 Ñ ΩZ is pp2, the map induced by the projection p2 :
X � ΩZ Ñ ΩZ. We sketch the proof of how the Blakers–Massey theorem
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follows from this; details are given in the next section. We have seen that
α is a homotopy equivalence and thus πipHq � 0, for all i. Therefore H
is contractible, and so the mapping cone of K Ñ H is ΣK. Because the
two vertical maps have mapping cones of the same homotopy type and the
mapping cone of Cj1 Ñ ΩZ has the homotopy type of the join X � ΩZ by
Proposition 6.2.11, we conclude that ΣK � X �ΩZ. But X�ΩZ is pr�s�1q-
connected by Proposition 6.2.11. From this it follows that HipKq � 0, for all
i ¤ r� s and hence β� : HipXq Ñ HipP q is an isomorphism for i   r� s and
an epimorphism for i � r � s. This implies that β is an pr � sq-equivalence.

The Serre theorem (6.4.2) is similar to the Blakers–Massey theorem. It
asserts that if the three term sequence of spaces above is a fiber sequence
with X r-connected and Z s-connected, then the excision map α : QÑ Z is
an pr�s�2q-equivalence. It is somewhat surprising that the same homotopy
pushout square that was used for the Blakers–Massey theorem can be used
to prove the Serre theorem. We sketch the proof. We have that β : X Ñ P
is a homotopy equivalence and so HipKq � 0 for all i. Consequently K is
contractible and, from the homotopy pushout square, H � X �ΩZ. Therefore
H is pr � s� 1q-connected, and thus α is an pr � s� 2q-equivalence.

We now return to the general case of a sequence of spaces

X
f //Y

g //Z

with gf � �. Our goal is to prove Proposition 6.3.5 which asserts the existence
of the homotopy pushout previously mentioned. We define τ : X � ΩZ Ñ
P � Ig by

τpx, ωq � pfpxq, ωq,
for x P X and ω P ΩZ, and we define σ : P Ñ H by

σpy, ωq � pχpyq, ωq,

for y P Y and ω P EZ.
The following lemma is the main step in proving Proposition 6.3.5.

Lemma 6.3.4 The square

X �ΩZ
τ //

p2

��

P

σ

��
ΩZ

i // H,

is a homotopy pushout square, where i is inclusion.

Proof. The given square is homotopy-commutative by a homotopy F : X �
ΩZ � I Ñ H defined by

F px, ω, tq � pxx, ty, ωq,
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for x P X, ω P ΩZ, t P I, and xx, ty P Cf � Q. Let O be the standard
homotopy pushout of

ΩZ X �ΩZ
τ //p2oo P.

Then i, σ and F determine a map θF : O Ñ H defined by

θF xp, �, �y � σppq
θF x�, ppx, ωq, tq, �y � F px, ω, tq

θF x�, �, ωy � ipωq,

for all p P P, x P X, ω P ΩZ, and t P I. Then θF v � i and θF u � σ,

X �ΩZ
τ //

p2

��

P

u

��
σ

��=================

ΩZ
v //

i

++WWWWWWWWWWWWWWWWWWWWWWWWWWWW O

θF
NNN

''NNN

H.

We prove the lemma by showing that θF is a homeomorphism. We regard O
as the quotient space of P \pX�ΩZ� Iq with equivalence relation given by
(1) px, ω, 1q � px1, ω, 1q, for x, x1 P X; (2) p�, �, tq � p�, �q, where p�, �q P P ;
and (3) px, ω, 0q � τpx, ωq � pfpxq, ωq. On the other hand, H can be regarded
as a quotient space of pX � I �ΩZq \ P with equivalence relation given by
(1) px, 1, ωq � px1, 1, ωq; (2) p�, t, �q � p�, �q; and (3) px, 0, ωq � pfpxq, ωq.
Then the function θ : P \ pX �ΩZ � Iq Ñ pX � I �ΩZq \ P which is the
identity on P and carries px, ω, tq P X �ΩZ � I to px, t, ωq P X � I �ΩZ is
a homeomorphism that induces the homeomorphism θF : O Ñ H. [\

There is another proof of Lemma 6.3.4 that we discuss in Appendix E.
The proof depends on the cube theorem which is stated in Section 6.5. The
proof of this theorem is long and difficult, and we do not give it. However, in
Appendix E we use the cube theorem to derive Lemma 6.3.4.

We introduce some additional notation for the next result. The mapping
cone of the injection j1 : X Ñ X � ΩZ is Cj1 and p2 : X � ΩZ Ñ ΩZ
induces pp2 : Cj1 Ñ ΩZ. Let w : X � ΩZ Ñ Cj1 and λ : P � Ig Ñ K � Cβ
be inclusions. We denote the equivalence classes in Cj1 , K, and Q � Cf by
x�y, x�y1, and x�y2, respectively. Since the diagram

X
id //

j1

��

X

β

��
X �ΩZ

τ // P
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is commutative, there is a map rτ : Cj1 Ñ K such that

rτxx, ωy � xfpxq, ωy1rτxx, ty � xx, ty1,

for x P X, ω P ΩZ, and t P I.
Also σ : P Ñ H � Iα induces rσ : K Ñ H such that

rσxpy1 � σppqrσxx, ty1 � pxx, ty2, �q,

for p P P, x P X, and t P I. Then we have the commutative diagram

X �ΩZ
p2

vvmmmmmmmmmmmmmm
τ //

w

��

P

σ

&&MMMMMMMMMMMMM

λ

��
ΩZ Cj1

pp2oo rτ // K
rσ // H,

by the definitions of pp2, rτ , and rσ.
Proposition 6.3.5 The following diagram is a homotopy pushout square

Cj1
rτ //

pp2
��

K

rσ
��

ΩZ
i // H.

Proof. We first prove that the square is homotopy-commutative. Define G :
Cj1 � I Ñ H by

Gpxx, ωy, tq � pxx, ty2, ωq
Gpxx, sy, tq � pxx, p1� tqs� ty2, �q,

for x P X, ω P ΩZ, and s, t P I. Then rσrτ �G ipp2. Next consider the diagram

X
j1 //

��

X �ΩZ

w

��

τ // P

λ

��
t�u // Cj1

rτ //

xp2
��

K

rσ
��

ΩZ
i // H.

The top square on the left is a homotopy pushout square and, since τj1 � β,
it follows that X � P � K � t�u is a homotopy pushout square. Therefore
by the prism theorem, the top square on the right is a homotopy pushout
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square. But by Proposition 6.3.4, X � ΩZ � P � H � ΩZ is a homotopy
pushout square. Therefore by the prism theorem, the bottom square on the
right is a homotopy pushout square. [\
The following corollary of Proposition 6.3.5, which appears in [62], is used in
the next section.

Corollary 6.3.6 The mapping cone of rσ : K Ñ H has the same homotopy
type as the join X �ΩZ.
Proof. By the previous proposition and Proposition 6.2.12, the mapping cone
of rσ has the same homotopy type as the mapping cone of pp2. But by Propo-
sition 6.2.11, the latter space has the homotopy type of X �ΩZ. [\

To illustrate one of the applications of Corollary 6.3.6, we show how to
obtain a result of James [50]. The cofiber sequence

X
i // CX

q // ΣX

yields the homotopy-commutative diagram

X

ē

��

β

''OOOOOOOOOOOOOO

ΩΣX
j // Iq

by Lemma 5.6.5, where ē � �e, β is an excision map, and j is inclusion. Since

ΩΣX
j // Iq // CX

is a fibration with contractible base, j is a homotopy equivalence (Exercise
4.5). Therefore Cβ � Cē � Ce. Since i : X Ñ CX is a cofiber map, the
excision map α : Ci Ñ ΣX is a homotopy equivalence, and so H � Iα is
contractible. It now follows from Corollary 6.3.6, that ΣK � X�ΩΣX, where
K � Cβ . Therefore ΣCe � X �ΩΣX � ΣpX ^ΩΣXq � X ^ pΣΩΣXq by
Proposition 6.2.11 and Exercise 5.7. Next we consider the cofiber sequence

ΩΣX // Ce
r // ΣX ,

where r is the projection onto the cofiber. Let πA : ΣΩAÑ A be defined by
πAxω, ty � ωptq, for anyA, where ω P ΩA and t P I. Then it easily follows that
πΣX Σe � id : ΣX Ñ ΣX. Thus Σe has a left homotopy inverse, and so it is
a consequence of the exact sequence of Corollary 4.2.8 that r � � : Ce Ñ ΣX.
We now apply Corollary 5.4.7 to conclude that ΣΩΣX � ΣX _ΣCe. Thus
we have proved the following.

Proposition 6.3.7 For any space X, ΣΩΣX � ΣX _ pX ^ΣΩΣXq.
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Remark 6.3.8 The previous proposition provides a recursive expression for
ΣΩΣX. By applying this formula inductively, it is possible to show that

ΣΩΣX �
8ª
i�1

ΣpXpiqq,

where Xpiq is the smash product X^X^� � �^X of i copies of X. This result
is only part of the work of James in this area. In particular, James constructs
a space, called the reduced product space, which is a homotopy type model
for the space ΩΣX.

6.4 Theorems of Serre, Hurewicz, and Blakers–Massey

We emphasize that in this section all spaces have the homotopy type of path-
connected CW complexes. We give the details of the proofs of the Serre and
Blakers–Massey theorems which were sketched in the last section and draw
some consequences from them. Our first results deal with fibrations and the
Serre theorem.

We begin by proving a lemma that is needed for the proof of Serre’s theo-
rem 6.4.2. This lemma follows immediately from the Hurewicz theorem. But
the proof that we will give is independent of it.

Lemma 6.4.1 If K is a simply connected CW complex such that HipKq � 0
for all i ¥ 0, then πipKq � 0 for i ¥ 0.

Proof. Suppose πipKq � 0 for i   n and πnpKq � 0 for some n ¥ 2. There-
fore there exists an abelian group G such that HompπnpKq, Gq � 0. Further-
more, there is a homomorphism ηπ : HnpK;Gq Ñ HompπnpKq, Gq defined
by ηπrfs � f� : πnpKq Ñ πnpKpG,nqq and, by Exercise 2.35, a homomor-
phism ηH : HnpK;Gq Ñ HompHnpKq, Gq defined by ηH rfs � f� : HnpKq Ñ
HnpKpG,nqq. If h : πnpKq Ñ HnpKq is the Hurewicz homomorphism, then
there is the following diagram

HnpK;Gq ηπ

�
//

ηH **UUUUUUUUUUUUUUUU HompπnpKq, Gq

HompHnpKq, Gq,
h�

OO

where h� is induced by h. Since G � πnpKpG,nqq � HnpKpG,nqq (Exercise
2.34), the diagram is commutative. By Lemma 2.5.13, ηπ is an isomorphism.
But this contradicts the assumption that HnpKq � 0. [\

Using the notation of the latter part of Section 6.3, we next prove the
theorem of Serre.
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Theorem 6.4.2 Let

X
f //Y

g //Z

be a fiber sequence and let Cf � Y Yf CX be the mapping cone of f. Let
α : Cf Ñ Z be the excision map defined by α|CX � � and α|Y � g. If X is
r-connected and Z is s-connected, r ¥ 0 and s ¥ 1, then α is an pr� s� 2q-
equivalence.

Proof. Since g is a fiber map with fiber X, the excision map β : X Ñ Ig � P
defined by βpxq � pfpxq, �q, for x P X, is a homotopy equivalence (Proposition
3.5.10). Therefore from the exact homology sequence of

X
β //P //Cβ � K,

we conclude that HipKq � 0 for all i ¥ 0. Now β� : π1pXq Ñ π1pP q is
an isomorphism, and so it follows from Proposition B.4 that π1pKq � 0.
By Lemma 6.4.1, πipKq � 0 for all i ¥ 0 and thus by Exercise 2.23, K is
contractible. Hence the mapping cone of rσ : K Ñ H � Iα has the homotopy
type of H (Proposition 1.5.18). By Corollary 6.3.6, H � X � ΩZ, and so H
is pr � s � 1q-connected by Proposition 6.2.11. The proposition now follows
from the exact homotopy sequence of

Iα � H //Cf
α //Z. [\

Remark 6.4.3 In the proof of Serre’s theorem 6.4.2 it was shown that if

X
f //Y

g //Z

is a fiber sequence, then the map α : Cf Ñ Z which is an extension of
g has homotopy fiber of the homotopy type of X � ΩZ. This basic result
is important in the study of Lusternik–Schnirelmann category by means of
Ganea fibrations (see Section 8.3 and [21].)

We now prove a theorem of Serre which gives an exact cohomology se-
quence for a fibration.

Theorem 6.4.4 Let

F
i //E

p //B

be a fiber sequence with F r-connected and B s-connected, r ¥ 0 and
s ¥ 1, and let G be an abelian group. Then there is a homomorphism
∆n : HnpF ;Gq Ñ Hn�1pB;Gq for 0 ¤ n ¤ r � s, called the connecting
homomorphism such that the following sequence is exact
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H0pB;Gq p� //H0pE;Gq i� //H0pF ;Gq ∆0
//H1pB;Gq // � � �

� � � ∆N�1
//HN pB;Gq p� //HN pE;Gq i� //HN pF ;Gq,

where N � r � s� 1.

Proof. By Corollary 4.2.10, the sequence F
i //E

χ //Ci yields an exact
cohomology sequence with coefficients in G. Since α : Ci Ñ B is an pr �
s � 2q-equivalence by Serre’s theorem, it follows from Lemma 2.5.12 that
α� : HjpB;Gq Ñ HjpCi;Gq is an isomorphism for all j ¤ r � s � 1. We
then replace HjpCi;Gq by HjpB;Gq in the exact cohomology sequence for
all j ¤ r � s� 1. The connecting homomorphism is the composition

HnpF ;Gq δn // Hn�1pCi;Gq α��1
// Hn�1pB;Gq,

where δn is the connecting homomorphism of Corollary 4.2.10. [\
Remark 6.4.5 By using homology instead of cohomology in the proof of
the previous theorem, we easily see that, under the hypothesis of Theorem
6.4.4, there is a homomorphism ∆j : HjpB;Gq Ñ Hj�1pF ;Gq such that the
following sequence is exact

HN pF ;Gq i� //HN pE;Gq p� //HN pB;Gq ∆N //HN�1pF ;Gq // � � �

� � � ∆1 //H0pF ;Gq i� //H0pE;Gq p� //H0pB;Gq,
where N � r � s� 1.

Theorem 6.4.4 and Remark 6.4.5 are also consequences of deeper and more
general results on the cohomology and homology of fiber spaces which are
due to Leray and Serre. These results are obtained by associating a spectral
sequence to a fibration that relates the cohomology of the base, fiber, and
total space. For details, see [67].

We next prepare to prove the Hurewicz theorem as a consequence of Serre’s
theorem. Suppose

F
i //E

p //B

is a fiber sequence. We have seen in Proposition 4.5.18, that the map p1 :
pE,F q Ñ pB, t�uq of pairs obtained from p induces an isomorphism p1� :
πjpE,F q Ñ πjpBq for all j ¥ 1. We also have the excision map α : Ci �
E Yi CF Ñ B defined by α|E � p and α|CF � � that induces a map of
pairs α1 : pCi, CF q Ñ pB, �q. If k : pE,F q Ñ pCi, CF q is the inclusion map
of pairs, then we have the commutative diagram
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pE,F q
k

��

p1

((RRRRRRRRRRRRR

pCi, CF q α1 // pB, t�uq

.

This gives the following commutative diagram of groups

HjpCiq l //

α� ))RRRRRRRRRRRRRR HjpCi, CF q
α1�
��

HjpE,F qk�oo

p1�uukkkkkkkkkkkkkk

HjpBq,

where l is induced by the inclusion of pairs pCi, t�uq Ñ pCi, CF q.
Lemma 6.4.6 If

F
i //E

p //B

is a fiber sequence with F r-connected and B s-connected, r ¥ 0, and s ¥ 1,
then

p1� : HjpE,F q Ñ HjpBq
is an isomorphism for all j ¤ r�s�1 and an epimorphism for j � r�s�2.

Proof. In the preceding commutative diagram l is an isomorphism because
CF is contractible and k� is an isomorphism by a standard homology excision
argument. Also by Theorems 6.4.2 and 2.4.19, α� is an isomorphism for
j ¤ r� s� 1 and an epimorphism for j � r� s� 2. The lemma then follows
by the commutativity of the diagram. [\
We now specialize to the path-space fibration of X :

ΩX
i //EX

p //X .

We then have the diagram

πjpXq
hj

��

πjpEX,ΩXq
Bj //

h2j
��

p1�oo πj�1pΩXq
h1j�1

��
HjpXq HjpEX,ΩXq

∆j //
p1�oo Hj�1pΩXq,

where hj , h
1
j�1, and h2j are Hurewicz homomorphisms and Bj and ∆j are

boundary homomorphisms. These boundary homorphisms are isomorphisms
because EX is contractible. We define τj�1 � p1�B�1

j : πj�1pΩXq Ñ πjpXq
and the homology suspension σj�1 � p1�∆

�1
j : Hj�1pΩXq Ñ HjpXq. We have

considered τj�1 and σj�1 in Section 4.5 where it was shown that τj�1 equals
the adjoint isomorphism κ̄� (Lemma 4.5.11) and that hjτj�1 � σj�1h

1
j�1,
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πjpXq
hj

��

πj�1pΩXq
τj�1oo

h1j�1

��
HjpXq Hj�1pΩXq,

σj�1oo

by Lemma 4.5.13.

Lemma 6.4.7 For any n-connected space X, n ¥ 1, σj�1 is an isomorphism
if j ¤ 2n and an epimorphism if j � 2n� 1.

Proof. Because X is n-connected, ΩX is pn� 1q-connected. Thus by Lemma
6.4.6,

p1� : HjpEX,ΩXq Ñ HjpXq
is an isomorphism for all j ¤ 2n and an epimorphism for j � 2n�1. Therefore
σj�1 is an isomorphism for all j ¤ 2n and an epimorphism for j � 2n�1. [\

As a consequence we obtain the Hurewicz theorem.

Theorem 6.4.8 If X is a 1-connected space and HqpXq � 0 for all q   n,
where n ¥ 2, then πqpXq � 0 for all q   n and hn : πnpXq Ñ HnpXq is an
isomorphism.

Proof. We proceed by induction on n. If n � 2, we consider

π2pXq
h2

��

π1pΩXqτ1oo

h11
��

H2pXq H1pΩXq.σ1oo

By Lemma 6.4.7, σ1 is an isomorphism. By Proposition B.5, h11 is an isomor-
phism since π1pΩXq is abelian. Thus h2 is an isomorphism.

For the inductive step, assume that the theorem holds for n ¥ 2 and let X
be a 1-connected space with HqpXq � 0 for all q   n � 1. Then HqpXq � 0
for all q   n, and so πqpXq � 0 for all q   n and πnpXq � HnpXq � 0 by
induction. Therefore πqpXq � 0 for all q   n� 1. Next consider the diagram

πn�1pXq
hn�1

��

πnpΩXqτnoo

h1n
��

Hn�1pXq HnpΩXq.σnoo

By Lemma 6.4.7, σn is an isomorphism. Now ΩX is 1-connected and
HqpΩXq � 0 for q   n. We then apply the inductive assumption to ΩX
and conclude that h1n is an isomorphism. Hence hn�1 is an isomorphism.
This completes the induction and the proof. [\
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Remark 6.4.9 There are several different proofs of the Hurewicz theorem.
The one given here was based on the homology of a space and its loop space.
Similar proofs have been given by Serre [82] and McCleary [67, p. 157]. Some
of the other approaches to the Hurewicz theorem have been based on the
Blakers–Massey theorem [66, p. 116], the homotopy addition theorem [14,
p. 475-479], [83, p. 393-397], [91, p,1̇78-180] and stable homotopy groups [8,
p. 442], [87, p. 185].

Next we extend the notion of n-equivalence. It was defined in terms of
homotopy groups and we now transfer it to homology groups.

Definition 6.4.10 A map f : X Ñ Y is called a homological n-equivalence,
n ¥ 1, if f� : HipXq Ñ HipY q is an isomorphism for i   n and an epimor-
phism for i � n. For a space X, we define the connectivity of X, denoted
connpXq, to be the largest nonnegative integer n (or 8) such that πipXq � 0
for i ¤ n. Similarly we define the H-connectivity of X, denoted H��connpXq,
to be the largest nonnegative integer n (or 8) such that HipXq � 0 for i ¤ n.

The following lemma is an immediate consequence of the definition and
the exact homotopy and homology sequence of a map (Corollary 4.2.17 and
Remark 4.2.14).

Lemma 6.4.11 Let f : X Ñ Y be a map and let If and Cf be the homotopy
fiber and mapping cone of f, respectively.

1. f is an n-equivalence ðñ connpIf q ¥ n� 1
2. f is a homological n-equivalence ðñ H�� connpCf q ¥ n.

Lemma 6.4.12 If X is a space such that π1pXq is abelian, then connpXq �
H�� connpXq.
Proof. If X is 1-connected, the result follows from the Hurewicz theorem. If
X is not 1-connected, then h1 : π1pXq Ñ H1pXq is an isomorphism by the
Hurewicz theorem (Appendix B). Thus connpXq � 0 � H�� connpXq. [\

Before relating the connectivity of a homotopy fiber to the connectivity of
the mapping cone, we relate cohomological n-equivalences and homological
n-equivalences. Recall that a map f : X Ñ Y is called a cohomological n-
equivalence if for every abelian group G, the induced homomorphism f� :
HipY ;Gq Ñ HipX;Gq is an isomorphism for i   n and a monomorphism for
i � n (Definition 4.5.22).

Lemma 6.4.13 Let Y be a 1-connected space and let f : X Ñ Y be a map.
Then f is a homological n-equivalence if and only if f is a cohomological
n-equivalence.

Proof. Let Cf be the mapping cone of f. Then f is a homological n-
equivalence if and only if HipCf q � 0 for i ¤ n, and f is a cohomological
n-equivalence if and only if HipCf ;Gq � 0 for i ¤ n and all groups G. Since
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Cf is 1-connected by Proposition B.4, HipCf q � 0 for i ¤ n if and only if
πipCf q � 0 for i ¤ n, by the Hurewicz theorem 6.4.8. But the latter is equiv-
alent to HipCf ;Gq � 0 for i ¤ n and all groups G by Lemma 2.5.13. [\

Now we compare the connectivity of a homotopy fiber with that of a
mapping cone.

Proposition 6.4.14 Let f : X Ñ Y be a map of simply connected spaces,
let If be the homotopy fiber of f , and let Cf be the mapping cone of f. Then
connpIf q � 1 � connpCf q.

Proof. Without loss of generality we assume that If
j //X

f //Y is a fiber
sequence (Remark 3.5.9). From the exact homotopy sequence of a fibration
we have that π2pY q Ñ π1pIf q is onto, and so π1pIf q is abelian. By Lemma
6.4.12, H�� connpIf q � connpIf q. Also Cf is simply connected, and so H��
connpCf q � connpCf q. Thus it suffices to show that

H�� connpIf q � 1 � H�� connpCf q.

Let r � H�� connpIf q and consider the excision map α : Cj Ñ Y. By Serre’s
theorem 6.4.2, α is an pr � 3q-equivalence. Therefore α is a cohomological
pr � 3q-equivalence by Lemma 2.5.12. By Corollary 4.5.23, the excision map
δ : ΣIf Ñ Cf is a cohomological pr�3q-equivalence. Since Cf is 1-connected,
δ is a homological pr � 3q-equivalence by Proposition 6.4.13. Thus

H�� connpIf q � 1 � r � 1 � H�� connpΣIf q � H�� connpCf q. [\

As a consequence we obtain Whitehead’s second theorem which was al-
luded to in Section 2.4.

Theorem 6.4.15 [92] Let X and Y be path-connected CW complexes, let
f : X Ñ Y be a map and let n be an integer with n ¥ 1 or let n � 8.
1. If f is an n-equivalence, then f is a homological n-equivalence.
2. Let X and Y be simply connected. If f is a homological n-equivalence, then

f is an n-equivalence.

Proof. We have already proved Part (1) as Proposition 2.4.19. We now prove
(2) and give another proof of (1), both under the assumption that X and Y
are simply connected. We must show that f is an n-equivalence if and only if
f is a homological n-equivalence. By Lemma 6.4.11, it suffices to show that
connpIf q ¥ n� 1 if and only if H�� connpCf q ¥ n. But this follows at once
from Proposition 6.4.14 because H�� connpCf q � connpCf q. [\

We have seen in Whitehead’s first theorem (2.4.7) that a map of CW com-
plexes which induces an isomorphism of all homotopy groups is a homotopy
equivalence. Now we see from the two Whitehead theorems (2.4.7 and 6.4.15)
that a map of simply connected CW complexes which induces an isomorphism
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of all homology groups is a homotopy equivalence. This result is often easier
to apply than the former one since all the homology groups of many spaces
are known, but all the homotopy groups are very rarely known.

We next discuss some of the limitations to extending the two Whitehead
theorems. If X and Y are two CW complexes such that πnpXq � πnpY q for
all n, it does not follow that X and Y have the same homotopy type. For
example, S2 and S3 �KpZ, 2q have isomorphic homotopy groups but differ-
ent homotopy types. For an example with finite-dimensional CW complexes,
consider RPm� Sn and Sm�RPn (Exercise 6.17). A similar situation holds
for homology groups. If X � S2_S4 and Y � CP2, then HnpXq � HnpY q for
all n, but X does not have the homotopy type of Y (Exercise 6.17). In these
examples the homotopy groups or homology groups of the two spaces are
isomorphic, but there is no map between them that induces the isomorphism
as is required by Whitehead’s theorems.

An immediate application of Whitehead’s theorems is to Moore spaces.

Proposition 6.4.16 If X and Y are Moore spaces of type pG,nq, then X �
Y.

Proof. Let MpG,nq be the Moore space constructed in Section 2.5 and let X
be any Moore space of type pG,nq. By the Hurewicz theorem, πnpXq � G. It
follows from the universal coefficient theorem for homotopy (5.2.9) that there
is a map f : MpG,nq Ñ X such that f� : πnpMpG,nqq Ñ πnpXq is an isomor-
phism. By the Hurewicz theorem, f induces a homology isomorphism in all
dimensions. By Whitehead’s second theorem 6.4.15, f is a weak equivalence
since MpG,nq and X are simply connected. Then f is a homotopy equiva-
lence according to Whitehead’s first theorem 2.4.7. Thus X �MpG,nq, and
so X � Y if X and Y are any Moore spaces of type pG,nq. [\

We next restate and prove the Blakers–Massey theorem (5.6.4).

Theorem Let

X
f //Y

g //Z

be a cofiber sequence with X r-connected and Z s-connected, r, s ¥ 1, let Ig
be the homotopy fiber of g, and let β : X Ñ Ig be the excision map defined
by βpxq � pfpxq, �q, for x P X. Then β is an pr � sq-equivalence.

Proof. Because f is a cofiber map with cofiber Z, the excision map α : Cf Ñ
Z is a homotopy equivalence (Proposition 3.5.4). Therefore it follows from
the exact homotopy sequence of

Iα //Cf
α //Z

that πnpIαq � 0, for all n ¥ 1, where Iα is the homotopy fiber of α. By
Exercise 2.23, Iα is contractible. Thus if rσ : K � Cβ Ñ H � Iα is the
map defined after the proof of Lemma 6.3.4, then the mapping cone of rσ
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is ΣCβ . By Corollary 6.3.6, ΣCβ � X � ΩZ. But X is r-connected and
ΩZ is ps � 1q-connected. Therefore Proposition 6.2.11 implies that ΣCβ is
pr� s� 1q-connected. By Corollary 2.4.10, HipΣCβq � 0 for all i ¤ r� s� 1,
and so H�� connpCβq ¥ r � s. Thus β is a homological pr � sq-equivalence
by Lemma 6.4.11. To apply Whitehead’s second theorem to β : X Ñ Ig and
complete the proof, we must show that X and Ig are simply connected. This
is so for X by hypothesis. For Ig, we first note that 0 � π1pZq � π1pCf q since
Z � Cf . But the latter group is isomorphic to π1pY q (Proposition B.4). Thus
Y is simply connected. To show Ig is simply connected, consider the exact
homotopy sequence of the fibration

ΩZ
l // Ig // Y.

Since π1pY q � 0, it follows that l� : π1pΩZq Ñ π1pIgq is onto. How-
ever, π1pΩZq is abelian implies that π1pIgq is abelian. Furthermore, by the
Hurewicz theorem B.5 and the fact that β is a homological pr�sq-equivalence,

π1pIgq � H1pIgq � H1pXq � 0.

Hence X and Ig are simply connected, and we conclude that β is an pr� sq-
equivalence. [\
Corollary 6.4.17 Let pX,Aq be a relative CW complex, let i : A Ñ X be
the inclusion and let q : X Ñ X{A be the projection. If A is r-connected and
πjpX,Aq � 0 for j ¤ s, where r, s ¥ 1, then q1� : πjpX,Aq Ñ πjpX{Aq is an
isomorphism for j ¤ r � s and an epimorphism for j � r � s� 1.

Proof. The sequence A
i //X

q //X{A is a cofiber sequence. Because
πjpX,Aq � 0 for j ¤ s, the map i : A Ñ X is an s-equivalence. Hence i is
a homological s-equivalence (6.4.15), and so HjpX{Aq � 0 for j ¤ s, by the
exact homology sequence of a cofibration. But π1pAq Ñ π1pXq Ñ π1pX,Aq
is exact and π1pAq � 0 � π1pX,Aq, and thus π1pXq � 0. By Proposition B.4,
π1pX Yi CAq � 0. Then X{A is simply connected since X Yi CA � X{A.
Therefore X{A is s-connected by Lemma 6.4.12. From the Blakers–Massey
theorem applied to A Ñ X Ñ X{A we conclude that β : A Ñ Iq is an
pr � sq-equivalence. Therefore q1� : πjpX,Aq Ñ πjpX{Aq is an isomorphism
for j ¤ r � s and an epimorphism for j � r � s � 1 by Corollary 4.5.16 and
Lemma 4.5.17. [\
Remark 6.4.18

1. As noted in Remark 5.6.9, the Blakers–Massey theorem yields a truncated
exact sequence for homotopy groups with coefficients.

2. The original proof of the Blakers–Massey theorem 5.6.4 was based on triad
homotopy groups and the exact sequence of a triad (Exercise 4.22). It was
proved in [10] that if pX ;A,Bq is a triad such that (1) X � A Y B and
C � A X B and (2) πipA,Cq � 0 for i ¤ m and πipB,Cq � 0 for i ¤ n,
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then πipX;A,Bq � 0 for i ¤ m � n. The latter equality is equivalent to
the assertion that the inclusion pA,Cq Ñ pX,Bq induces isomorphisms
of relative homotopy groups in dimensions   m � n and an epimorphism
in dimension m � n. Some restrictions on the triad are needed such as,
for example, that X is a CW complex with subcomplexes A and B. More
general versions of the Blakers–Massey theorem deal with the following
situation [17]. Let

A
f //

g

��

X

u

��
Y

v // P

be a homotopy pushout square such that f is an m-equivalence and g an n-
equivalence. Let Q be the homotopy pullback of u and v and let θ : AÑ Q
be a map determined by f and g. Then θ is an pm� nq-equivalence.

We next state and prove the relative Hurewicz theorem.

Theorem 6.4.19 Let X be a space and A a 1-connected subspace such that
πjpX,Aq � 0 for j   n, n ¥ 2. Then HjpX,Aq � 0 for j   n and hn :
πnpX,Aq Ñ HnpX,Aq is an isomorphism.

Proof. We consider the commutative diagram

πjpX,Aq
hj

��

q1� // πjpX{Aq
h1j
��

HjpX,Aq
q1� // HjpX{Aq,

where hj and h1j are Hurewicz homomorphisms and q : X Ñ X{A is the
projection. We first assume that pX,Aq is a relative CW complex. By Corol-
lary 6.4.17, q1� : πjpX,Aq Ñ πjpX{Aq is an isomorphism for j ¤ n, and
so πjpX{Aq � 0 for j   n and q1� : πnpX,Aq Ñ πnpX{Aq is an isomor-
phism. By the Hurewicz theorem for X{A, we have that HjpX{Aq � 0
for j   n and h1n is an isomorphism (see Exercise 6.26). Furthermore,
q1� : HjpX,Aq Ñ HjpX{Aq is an isomorphism for all j. Therefore from the
commutative square above with j � n, we see that hn is an isomorphism.

If pX,Aq is now a pair of spaces (not necessarily a relative CW complex),
then by Corollary 2.4.10(1), there exists a space K such that pK,Aq is a
relative CW complex and a weak equivalence l : K Ñ X which is an extension
of the inclusion AÑ X. We apply the first part of the proof to pK,Aq. This
gives the theorem for pK,Aq. But l determines a map of pairs l1 : pK,Aq Ñ
pX,Aq that induces isomorphisms of all relative homotopy and homology
groups. This completes the proof. [\
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The absolute and relative Hurewicz theorems assert that the nth Hurewicz
homomorphism hn is an isomorphism under certain hypotheses. We now show
that under these hypotheses, hn�1 is an epimorphism.

Corollary 6.4.20

1. If X is a 1-connected space and HqpXq � 0 for all q   n, where n ¥ 2,
then hn�1 : πn�1pXq Ñ Hn�1pXq is an epimorphism.

2. If X is a space and A is a 1-connected subspace such that πjpX,Aq � 0 for
j   n, n ¥ 2, then hn�1 : πn�1pX,Aq Ñ Hn�1pX,Aq is an epimorphism.

Proof. (1) Without loss of generality assume that X is a CW complex with
Xn�1 � t�u. As in Lemma 2.5.8, we attach pn�2q-cells to X to form a space
Y �Wn�2 such that the inclusion induces isomorphisms πipXq � πipY q, for
i ¤ n, and πn�1pY q � 0. Now we construct K � KpπnpXq, nq by attaching
cells of dimension ¥ n� 3 to Y. Thus X � Y � K. We consider part of the
homology exact sequence of the pair pK,Y q

Hn�1pKq //Hn�1pY q //Hn�1pK,Y q.

Then Hn�1pK,Y q � 0 because every pn�1q-cell of K is in Y and Hn�1pKq �
0 by Exercise 2.32. Therefore Hn�1pY q � 0. Now consider the commutative
diagram

πn�2pY,Xq
hn�2

��

Bn�2 // πn�1pXq
hn�1

��
Hn�2pY,Xq

∆n�2 // Hn�1pXq // Hn�1pY q,

where the bottom line is part of the homology exact sequence of the pair
pY,Xq. Since Hn�1pY q � 0, we have that ∆n�2 is onto. But HipY,Xq � 0 for
i ¤ n� 1, and so hn�2 is an isomorphism by the relative Hurewicz theorem
6.4.19. Hence hn�1 is an epimorphism.

(2) The proof is a consequence of Part (1) by the argument used in the
proof of the relative Hurewicz theorem. [\
The absolute Hurewicz theorem (6.4.8) for X was proved under the hypoth-
esis that X is simply connected. In the relative Hurewicz theorem (6.4.19)
for pX,Aq it was assumed that A is simply connected. We now discuss how
to weaken these hypotheses. In the absolute case there is an operation of
π1pXq on πnpXq (Definition 5.5.3). Let H be the normal subgroup of πnpXq
generated by all elements of the form u � α � u, for all α P π1pXq and
u P πnpXq. (Of course, if n ¡ 1, the word “normal” can be deleted.) We
define π1npXq to be πnpXq{H. Let α � ras P π1pXq, let u � rf s P πnpXq
and let u � α � rf̄as P πnpXq as in Section 5.5. Then f, f̄a : Sn Ñ X and
f �free f̄a : Sn Ñ X (Exercise 5.15). Therefore f� � f̄a� : HnpSnq Ñ HnpXq.
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From this it follows that hnpuq � hnpu�αq, where hn : πnpXq Ñ HnpXq is the
Hurewicz homomorphism. Hence hn induces a homomorphism h1n : π1npXq Ñ
HnpXq. In a similar manner, if pX,Aq is a pair of spaces, then the opera-
tion of π1pAq on πnpX,Aq determines a quotient group π1npX,Aq. The relative
Hurewicz homomorphism hn : πnpX,Aq Ñ HnpX,Aq yields a homomorphism
h1n : π1npX,Aq Ñ HnpX,Aq. We now state without proof the generalization
of the two Hurewicz theorems.

Theorem 6.4.21

1. If X is a space and πqpXq � 0 for all q   n, where n ¥ 1, then HqpXq � 0
for all q   n and h1n : π1npXq Ñ HnpXq is an isomorphism.

2. Let pX,Aq be a pair of spaces such that πjpX,Aq � 0 for j   n, where
n ¥ 2. Then HjpX,Aq � 0 for j   n and h1n : π1npX,Aq Ñ HnpX,Aq is
an isomorphism.

Proofs can be found in [14, p. 478], [39, p. 371], and [83, p. 394].

We end the section by remarking on the relations between the results of
this section.

Remark 6.4.22 The theorems of this section are closely interconnected and
one can derive them in several different ways. We have begun with Corollary
6.3.6 and from that have obtained the Serre theorem and the Blakers–Massey
theorem. The Serre theorem then gave the Hurewicz theorem and these two
then yielded Whitehead’s second theorem. Finally, the Hurewicz theorem and
the Blakers–Massey theorem were used in the proof of the relative Hurewicz
theorem. There are many other possibilities, some obvious (such as deriving
Whitehead’s second theorem from the relative Hurewicz theorem) and others
not (such as deriving the Hurewicz theorem from the Blakers–Massey theorem
[66, p. 116]). An interesting discussion of this appears in [80, pp. 67–68].

6.5 Eckmann–Hilton Duality II

In this section we present some special features of the duality, many of which
have been discussed by Roitberg in [79].

(1) Most of the spaces that we study are CW complexes, often finite CW
complexes. These spaces are defined by a process of successively attaching
cells. More specifically, the n-skeleton of a CW complex is the mapping cone of
a map from a wedge of pn�1q-spheres to the pn�1q-skeleton. Thus a finite CW
complex is obtained by a finite number of these mapping cone constructions.
The dual of this is a space obtained by a finite number of homotopy fibers
of maps into a product of Eilenberg–Mac Lane spaces. We show in Chapter
7 that these spaces do appear (in the homotopy decomposition of a space),
but they often play a secondary role. The point here is that a concept and
its dual may not be of equal interest.
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(2) Some definitions that we have considered are given in a form that are
either not susceptible to dualization or whose dualization is obscure. One
such notion is that of a fiber bundle. Since it is defined in terms of an open
cover of a space, it is not clear how to dualize it. Another example is that
of the Lusternik–Schnirelmann category of a space X. This was originally
defined in terms of an open cover of a space and, as such, is not obviously
dualizable. However, it has been possible to reformulate the definition in such
a way that it can be dualized. See Section 8.3 for details.

(3) There are several pairs of results that are clearly dual to each other, but
for which no dual proofs exist. For example, it can be shown that X is an
H-space if and only if the canonical map e : X Ñ ΩΣX (the adjoint of idΣX)
admits a left homotopy inverse. Dually, Y is a co-H-space if and only if the
canonical map π : ΣΩY Ñ Y (the adjoint of idΩY ) admits a right homotopy
inverse ([35]). The H-space result is proved either by using James’s reduced
product construction [50] or else by using quasi-fibrations [84, 85], neither of
which have been dualized. Moreover, the co-H-space proof does not appear
to be dualizable.

(4) The dual of a proven result is sometimes false. We give four examples of
this. First, by Remark 6.3.8, the suspension of the loop space of a sphere is
an infinite wedge of spheres. But the loop space of the suspension of an
Eilenberg–Mac Lane space is not of the homotopy type of a product of
Eilenberg–Mac Lane spaces. This is most easily seen by showing that the
homology groups of the two spaces are different. However, as noted in Sec-
tion 2.6, the duality between Moore spaces and Eilenberg–Mac Lane spaces
is tenuous. Secondly, it can be shown that the set of homotopy classes of
comultiplications on a space X is in one–one correspondence with the set of
homotopy classes of homotopy sections of π : ΣΩX Ñ X. But the set of
multiplications on a space Y is not in one–one correspondence with the set
of homotopy classes of homotopy retractions of e : Y Ñ ΩΣY [35]. Thirdly,
there is the Ganea conjecture that a co-H-space Y with all homology groups
finitely generated has the homotopy type of a wedge X _ S, where X is a
1-connected co-H-space and S is a wedge of circles [36]. The dual result for
H-spaces is true. However, Iwase [48] has shown that the Ganea conjecture
is false. Lastly, there is the cube theorem. We give a formal statement of it
for later use.

Theorem 6.5.1 Consider the cube diagram in which all faces are homotopy-
commutative squares,
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D //

}}||||||||

��

C

��

}}{{{{{{{{

A //

��

B

��

D1 //

~~}}}}}}}}
C 1

~~||||||||

A1 // B1,

the four vertical faces are homotopy pullback squares and the bottom square
is a homotopy pushout square. Then the top square is a homotopy pushout
square.

This theorem has been proved in [63, Thm. 25]. It is shown in [24, p. 22] that
the dual of this result is false.

(5) The dualization of a known result sometimes leads to a new proof of a
well known theorem. An illustration of this is the dualization of the HELP
lemma (4.5.7) given by May [66]. This coHELP lemma has led to a new
proof of Whitehead’s second theorem 6.4.15 which is dual to the proof of
Whitehead’s first theorem 2.4.7.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

6.1. p:q Given the homotopy-commutative square

A
α //

f

��

A1

f 1

��
Y

β // Y 1

with homotopy F such that βf �F f 1α. By Proposition 3.2.13, there is an
induced map ΦF : Cf Ñ Cf 1 . Now consider the diagram

t�u

��

Aoo

α

��

f // Y

β

��
t�u A1oo f 1 // Y 1.
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Let S : A�I Ñ t�u be the constant homotopy and let F̄ defined by F̄ pa, tq �
F pa, 1 � tq be the homotopy between f 1α and βf. By Corollary 6.2.9, there
is an induced map ΛF̄ ,S : Cf Ñ Cf 1 of standard homotopy pushouts. Prove
that ΦF � ΛF̄ ,S .

6.2. Let

A
i // X

q // Q

be a cofiber sequence. We factor i through the mapping path

A
i1 // E

i2 // X

and consider the mapping cone Ci2 . Show that there is a homotopy equiva-
lence QÑ Ci2 . State and prove the dual result.

6.3. Let

R
s //

r

��

Y

g

��
X

f // A

be a homotopy pullback square. Prove that g is a homotopy equivalence if
and only if r is a homotopy equivalence. State and prove an analogous result
for homotopy pushout squares.

6.4. p�q Prove that

t�u //

��

Y

j2

��
X

j1 // X � Y

is a homotopy pullback square.

6.5. Show that the homotopy pullback of

X
f // A Y

goo

is homeomorphic to the pullback of

X � Y
f�g // A� A AI ,

πoo

where πplq � plp0q, lp1qq, for l P AI . State and prove the dual result.

6.6. Give an example of a homotopy-commutative square with not all spaces
trivial which is both a homotopy pushout and a homotopy pullback square.

6.7. Give an example of maps Y A //oo X such that the pushout
and homotopy pushout have different homotopy types.
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6.8. The product of two homotopy pullback squares is a homotopy pullback
square. Give a precise formulation of this statement and prove it.

6.9. (Cf. Exercise 3.8) Let q1 : X _ Y Ñ X and q2 : X _ Y Ñ Y be the
projections. Show that the standard homotopy pushout of

Y X _ Y
q1 //q2oo X

is contractible. Prove that Cq1 � ΣY.

6.10. Let

A
f //

g

��

X

��
Y // P

be a homotopy pushout square. If f or g is a cofiber map, then prove that
this square is equivalent to a pushout square.

6.11. Let W be a locally compact space. Prove that if

A //

��

X

��
Y // P

is a pushout square, then

A^W //

��

X ^W

��
Y ^W // P ^W

is a pushout square. Prove this result for homotopy pushouts. What are the
duals of these results?

6.12. Define π : ΣΩX Ñ X by πxω, ty � ωptq, for ω P ΩX and t P I. Prove
that the following diagram commutes

rX,Y s π� //

Ω ((RRRRRRRRRRRRRR rΣΩX,Y s
κ�

��
rΩX,ΩY s,

where Ωrφs � rΩφs and κ� is the adjoint isomorphism.

6.13. p�q p:q Consider the path-space fibration of X
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ΩX
j //EX

p //X.

Let Cj be the mapping cone of j with projection q : Cj Ñ ΣΩX. Let π :
ΣΩX Ñ X be defined by πxω, ty � ωptq and let π̄ � �π.
1. Prove that the following diagram is homotopy-commutative

Cj
α //

q
''OOOOOOOOOOOOO X

ΣΩX,

π̄

OO

where α is the excision map.

2. Prove that the homotopy fiber of π : ΣΩX Ñ X has the homotopy type
of ΩX �ΩX.

3. Let X be n-connected and let G be an abelian group. Then show that
Ω : HipX;Gq Ñ Hi�1pΩX;Gq is an isomorphism for i ¤ 2n and a
monomorphism for i � 2n� 1.

6.14. Prove lemma E.6.

6.15. The homotopy class of the excision map α : Cf Ñ Z is dual to the
homotopy class of the excision map β : X Ñ Ig. The homotopy class of
the map rσ : Cβ Ñ Iα (Proposition 6.3.5) is self-dual. Interpret these two
statements and verify them.

6.16. Give an example of a space X such that connpXq � H�� connpXq.
6.17. p�q p:q 1. Let X � RPm�Sn and Y � Sm�RPn. Prove that there are
values of m and n such that πipXq � πipY q for all i, but HipXq and HipY q
are not isomorphic for some i.

2. Let X � S2_S4 and Y � CP2. Prove that HnpXq � HnpY q for all n and
that πnpXq and πnpY q are not isomorphic for some n.

6.18. Let f : K Ñ L be a map of simply connected, finite-dimensional CW
complexes and let N � maxpdimK,dimLq. If f� : πipXq Ñ πipY q is an
isomorphism for all i ¤ N � 1, then prove that f is a homotopy equivalence.

6.19. Let f : X Ñ Y be a map of simply connected CW complexes. If
f� : HnpY q Ñ HnpXq is an isomorphism for all n ¥ 0, then prove that f is
a homotopy equivalence.

6.20. Let f : X Ñ Y be a map of CW complexes and let rf : rX Ñ rY be the
induced map of universal covering spaces. Prove that if f� : π1pXq Ñ π1pY q
is an isomorphism and rf� : Hrp rXq Ñ HrprY q is an isomorphism for all r ¥ 2,
then f is a homotopy equivalence.
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6.21. Let A
i // X

q // Q be a cofiber sequence with A m-connected
and Q n-connected, m,n ¥ 1. If W is a CW complex with dimW ¤ m� n,
then prove that the following sequence is exact

rW,As i� // rW,Xs q� // rW,Qs.

6.22. 1. Let X and Y be 1-connected spaces and let f : X Ñ Y be an n-
equivalence. Use the Blakers–Massey theorem to prove that πipCf q � 0
for i ¤ n and πn�1pCf q � πnpIf q.

2. Let pK,Lq be a relative CW complex with K and L 1-connected and
πipK,Lq � 0 for i ¤ n. Prove that πipK{Lq � 0 for i ¤ n and q� :
πn�1pK,Lq Ñ πn�1pK{Lq is an isomorphism, where q : K Ñ K{L is the
projection.

6.23. p�q Prove that the general triad version of the Blakers–Massey theorem
in Remark 6.4.18 implies the Blakers–Massey exact sequence.

6.24. Let K be a 1-connected CW complex and α P πnpKq, n ¥ 2, such that
hpαq � 0, where h : πnpKq Ñ HnpKq is the Hurewicz homomorphism. Prove
that α can be represented by

Sn
g // Kn�1 i // K ,

for some map g, where i is the inclusion.

6.25. Let i : AÑ X be the inclusion of a subcomplex A into a CW complex
X. If X is n-dimensional and A � Sn, n ¥ 1, prove that i� : πnpAq Ñ πnpXq
is a monomorphism.

6.26. p:q Prove the following variations of the Hurewicz theorems.

1. If X is a 1-connected space and πqpXq � 0 for all q   n, where n ¥ 2, then
HqpXq � 0 for all q   n and hn : πnpXq Ñ HnpXq is an isomorphism.

2. If X is a 1-connected space and A is a 1-connected subspace such that
HjpX,Aq � 0 for j   n, n ¥ 2, then πjpX,Aq � 0 for j   n and
hn : πnpX,Aq Ñ HnpX,Aq is an isomorphism.





Chapter 7

Homotopy and Homology
Decompositions

7.1 Introduction

In this chapter we discuss methods of approximating a space by simpler
spaces. We assign to a space X a sequence of spaces whose nth term is called
the nth section of X. As n gets larger, the nth section of X becomes a better
approximation to X. There are two basic techniques for this, one in terms
of the homotopy groups of X, called the homotopy decomposition, and the
other in terms of the homology groups of X, called the homology decom-
position. These are described in Sections 7.2 and 7.3, respectively. In the
homotopy decomposition of X, the nth homotopy section Xpnq has homo-
topy groups πipXpnqq � πipXq for i ¤ n and πipXpnqq � 0 for i ¡ n. Thus
Xpnq carries the homotopy groups of X in dimensions ¤ n and has trivial
homotopy groups in dimensions ¡ n. Furthermore, with some assumptions
on X, the passage from the nth section to the pn � 1qst section is carried
out by a principal fibration Kpπn�1pXq, n� 1q Ñ Xpn�1q Ñ Xpnq. Therefore
there is a map kn�1 : Xpnq Ñ Kpπn�1pXq, n � 2q whose homotopy fiber is
Xpn�1q. The nth homotopy sections and the homotopy classes of the kn�1

are the essential data of the decomposition. After proving some properties of
this decomposition, we apply it to obtain some results about H-spaces and
H-maps. The homology decomposition is dual to the homotopy decomposi-
tion. The nth homology section Xn has trivial homology in dimensions ¡ n
and has homology isomorphic to that of X in dimensions ¤ n. A princi-
pal cofibration Xn Ñ Xn�1 Ñ MpHn�1pXq, n � 1q relates the nth and the
pn�1qst homology sections. The principal cofibration is determined by a map
k1n�1 : MpHn�1pXq, nq Ñ Xn�1. The homotopy class of these maps together
with the homology sections are the key ingredients of the decomposition.
Both of these decompositions are important techniques in homotopy theory
and are often used in inductive arguments. In the last section of this chapter
we generalize these decompositions from spaces to maps and obtain decom-

DOI 10.1007/978-1-4419-7329-0_7, © Springer Science+Business Media, LLC 2011
, Universitext,M. Arkowitz, Introduction to Homotopy Theory 233
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positions of maps in terms of relative homotopy groups or relative homology
groups.

7.2 Homotopy Decompositions of Spaces

We begin by considering the following question. If F
i // E

p // B is a
fiber sequence, when is there a space K such that the fibration is equivalent
to the principal fibration induced by some map k : B Ñ K? Of course it is
necessary that F � ΩK. To be precise about the equivalence, we introduce
the next definition.

Definition 7.2.1 A fibration ΩK
i // E

p // B is equivalent to a prin-
cipal fibration if there are maps k : B Ñ K and λ : E Ñ Ik such that the
diagram

E
λ //

p
��???????? Ik

p1��~~~~~~~

B

commutes and λ is a homotopy equivalence, where p1 : Ik Ñ B is the principal
fiber map induced by k.

As an application of Serre’s theorem 6.4.2, we prove a result that answers
the question in a special case. This is used in Proposition 7.2.5.

Let G be an abelian group and let Kn be the Eilenberg–Mac Lane
space KpG,nq. We define the nth basic class or nth fundamental class
bn P HnpKn;Gq � rKn,Kns by bn � ridKns (Compare with Definition 5.3.1.)

Proposition 7.2.2 Let F
i // E

p // B be a fiber sequence with F �
Km�1 � KpG,m � 1q, let B be a 1-connected space, and let m ¥ 2. Then
there is a map k : B Ñ Km�2 such that the given fiber sequence is equivalent
to the principal fiber sequence

F
j // Ik

q // B.

Proof. We apply Serre’s theorem to the fibration Km�1
i // E

p // B
and conclude that the excision map α : Ci Ñ B is an pm�3q-equivalence. By
Corollary 4.5.23, the excision map δ : ΣKm�1 Ñ Cp induces an isomorphism

δ� : Hm�2pCp;Gq Ñ Hm�2pΣKm�1;Gq,

where Cp is the mapping cone of p
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E
p //

��

B

l

��
CE

r // Cp.

The adjoint isomorphism Hm�2pΣKm�1;Gq κ� // Hm�1pKm�1;Gq is

Hm�2pΣKm�1;Gq � rΣKm�1,Km�2s
� rKm�1, ΩKm�2s
� Hm�1pKm�1;Gq.

Let bm�1 P Hm�1pKm�1;Gq be the basic class and let β P Hm�2pΣKm�1;Gq
be such that κ�pβq � bm�1. We define rθs P Hm�2pCp;Gq by δ�rθs � β and
let k be the composition

B
l // Cp

θ // Km�2.

We then compose the inclusion map r : CE Ñ Cp � BYp CE with θ : Cp Ñ
Km�2 to obtain a map v � θr : CE Ñ Km�2. The adjoint of v is a maprv : E Ñ EKm�2. It follows that rv and p determine a map λ from E into the
pullback Ik,

E
rv

++WWWWWWWWWWWWWWWWWWWWWWWWWW

p

��<<<<<<<<<<<<<<<<<<

λ
M

MM

&&MMM

Ik
u //

q

��

EKm�2

��
B

k // Km�2,

such that uλ � rv and qλ � p. If u1, λ1, rv1 : Km�1 Ñ Km�1 are the maps
of fibers induced by u, λ, and rv, respectively, then u1λ1 � rv1. But u1 is a
homotopy equivalence by Proposition 3.3.12. Thus, to show λ1 is a homotopy
equivalence, it suffices to show that rv1 is a homotopy equivalence. But rv1 �
κpθδq since δxx, ty � xipxq, ty for x P Km�1 and t P I. Furthermore, κpθδq �
idKm�1

. Thus rv1 : Km�1 Ñ Km�1 is a homotopy equivalence, and hence so
is λ1 : Km�1 Ñ Km�1. It now follows from the exact homotopy sequence
of a fibration and the five lemma that λ is a homotopy equivalence. This
completes the proof. [\
A generalization of Proposition 7.2.2 in which the 1-connectedness condition
is weakened is given in Section 7.4. Another generalization in which B has
greater connectivity and F has nontrivial homotopy groups in a range of
dimensions appears in Exercise 7.1.



236 7 Homotopy and Homology Decompositions

Next we characterize the cohomology class rks in Proposition 7.2.2. For
the fibration

F � KpG,m� 1q i // E
p // B

that appears in Proposition 7.2.2, we have a truncated exact cohomology
sequence with coefficients in G by Theorem 6.4.4. In particular, let

∆ : Hm�1pF ;Gq Ñ Hm�2pB;Gq

be the connecting homomorphism in this sequence.

Corollary 7.2.3 Under the hypothesis of Proposition 7.2.2, ∆pbm�1q �
�rks.
Proof. By Serre’s theorem 6.4.4, ∆ is the composition

Hm�1pF ;Gq
κ�1
� // Hm�2pΣF ;Gq s� // Hm�2pCi;Gq

pα�q�1

// Hm�2pB;Gq,

where s : Ci Ñ ΣF is the projection of the mapping cone and α : Ci Ñ B is
the excision map. Since the following diagram is anticommutative

Hm�1pF ;Gq ∆ // Hm�2pB;Gq

Hm�2pΣF ;Gq

κ��

OO

Hm�2pCp;Gq,δ�

�
oo

l�

OO

by Proposition 4.5.21, we have

∆pbm�1q � �l�δ��1pβq � �l�rθs � �rks. [\

Definition 7.2.4 Let X be a space and n ¥ 1 an integer and consider the
following conditions.

1. There exist spaces Xpnq and maps gn : X Ñ Xpnq such that gn� : πipXq Ñ
πipXpnqq is an isomorphism for i ¤ n and πipXpnqq � 0 for i ¡ n.

2. There exist maps pn�1 : Xpn�1q Ñ Xpnq such that

Kpπn�1pXq, n� 1q // Xpn�1q
pn�1 // Xpnq

is a fiber sequence.

3. The following diagram is commutative

Xpn�1q

pn�1

��
X

gn�1

77ooooooooooooo gn // Xpnq.
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4. The fibration in (2) is equivalent to the principal fibration

Kpπn�1pXq, n� 1q // Ikn�1 // Xpnq

determined by a map kn�1, where rkn�1s P Hn�2pXpnq;πn�1pXqq.
A weak homotopy decomposition of X consists of the spaces and maps satis-
fying (1), (2), and (3). In addition, if (4) is satisfied, it is called a Postnikov
decomposition or homotopy decomposition of X. The spaces Xpnq are called
homotopy sections or Postnikov sections. The elements rkn�1s or maps kn�1

are called Postnikov invariants or k-invariants.
The data that determine a weak homotopy decomposition of X are the

homotopy sections Xpnq, the mappings gn : X Ñ Xpnq, and the fibrations pn :
Xpnq Ñ Xpn�1q. We write this as tXpnq, gn, pn u and call it a weak homotopy
system. The data that determines a homotopy or Postnikov decomposition of
X are, in addition to the above, the Postnikov invariants kn. We write this
as tXpnq, gn, pn, k

n u and call it a Postnikov system. Finally, the sequence of
fibrations

Xp1q Xp2q
p2oo Xp3q

p3oo � � �p4oo

is called a Postnikov tower.

Theorem 7.2.5 If X is a space, then X has a weak homotopy decomposition.
If X is a 1-connected space, then X has a Postnikov decomposition.

Proof. By Lemma 2.5.8, there exist spaces W pnq containing X such that the
inclusion map jn : X Ñ W pnq induces isomorphisms of homotopy groups in
dimensions ¤ n, the homotopy groups of W pnq are trivial in dimensions ¡ n,
and W pnq is obtained from X by attaching cells of dimensions ¥ n� 2. The
spaces W pnq have property (1), and we are going to successively replace the
W pnq by spaces Xpnq of the same homotopy type that satisfy (2) and (3). By
Proposition 2.4.13, jn extends to a map an�1 : W pn�1q Ñ W pnq such that
an�1jn�1 � jn. We set Xp1q � W p1q, define Xp2q to be the mapping path
Ea2 , and factor a2 as

W p2q
a12 // Xp2q

p2 // Xp1q �W p1q,

where a12 is a homotopy equivalence and p2 is a fiber map. We obtain the
homotopy-commutative diagram

X
g1 //

g2

��

Xp1q

Xp2q,

p2

77ooooooooooooo
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where g1 � j1 and g2 � a12j2. Because p2 is a fiber map, we may assume that
this diagram is commutative. We define ā3 as the composition

W p3q
a3 // W p2q

a12 // Xp2q,

define Xp3q to be the mapping path Eā3 , and factor ā3 as

W p3q
ā13 // Xp3q

p3 // Xp2q,

where ā13 is a homotopy equivalence and p3 is a fiber map. This gives the
commutative diagram

X
g2 //

g3

��

Xp2q

Xp3q,

p3

77ooooooooooooo

where g3 � ā13j3. We continue in this way. This establishes (1) and (3). The
homotopy-commutative diagram of (3) and the exact homotopy sequence of
a fibration imply that the fiber of pn�1 is a Kpπn�1pXq, n� 1q. This proves
(2). Finally, (4) is an immediate consequence of Proposition 7.2.2. [\
Remark 7.2.6 Let πi denote πipXq.
1. By Corollary 2.4.10, Xpnq has the homotopy type of a space obtained

from X by attaching cells of dimension ¥ n� 2 because gn is an pn� 1q-
equivalence.

2. We show in Remark 7.4.5 that the existence of a Postnikov decomposi-
tion holds under weaker conditions than 1-connectedness. In fact, it is not
difficult to show the existence of a Postnikov decomposition under the as-
sumption that π1pXq is abelian (Exercise 7.3). We also discuss in Section
7.4 the existence of a homotopy decomposition of a mapping of one space
into another.

3. The Postnikov invariant rkn�1s P Hn�2pXpnq;πn�1q is sometimes denoted
by rkn�2s. However, the index n � 1 seems more natural because rkn�1s
determines the n� 1 section.

4. Let tXpnq, gn, pn, k
n u be a Postnikov decomposition of X. If we denote

by ∆ : Hn�1pKpπn�1, n � 1q; πn�1q Ñ Hn�2pXpnq; πn�1q the connecting
homomorphism in the exact cohomology sequence of the fibration

Kpπn�1, n� 1q in�1 // Xpn�1q
pn�1 // Xpnq,

then ∆pbn�1q � �rkn�1s by Corollary 7.2.3, where bn�1 is the basic class.
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5. The homotopy sections begin with Xp1q and, if X is 1-connected, Xp1q �
t�u. Also if πn�1 � 0, then Xpn�1q � Xpnq. Thus if X is k-connected, then
Xpiq � t�u for i ¤ k and Xpk�1q � Kpπk�1, k � 1q. If rkn�1s � 0, then
Xpn�1q has the homotopy type of Xpnq �Kpπn�1, n� 1q.

Before considering properties of homotopy decompositions, we give an inter-
esting consequence of Proposition 7.2.5.

Let tXpnq, gn, pn u be a weak homotopy decomposition of X and let X rns

be the homotopy fiber of gn. Then there is a fiber sequence

ΩXpnq // Xrns
vn // X.

It follows from the exact homotopy sequence of this fibration that πipX rnsq �
0 for i ¤ n and vn� : πipXrnsq Ñ πipXq an isomorphism for i ¡ n.

Definition 7.2.7 We call the fibrations above n-connected fibrations or n-
connective fibrations of X. We say that X rns is obtained by killing the first
n homotopy groups of X.

Note that the fiber map v1 : X r1s Ñ X is the homotopy analogue of the
universal covering space map (see Exercise 7.5).

We next consider to what extent a weak homotopy decomposition of X
determines the space X. We first digress to discuss the inverse limit construc-
tion. Given the following sequence (finite or infinite) of spaces and maps

Xl Xl�1
fl�1oo Xl�2

fl�2oo � � � .oo

We form the inverse limit limÐÝk¥lXk which is the subspace of the product±
k¥lXk of spaces consisting of all sequences x � pxl, xl�1, xl�2, . . .q such

that xi � fi�1pxi�1q for i � l, l � 1, l � 2, . . . . There are projection maps
qn : limÐÝk¥lXk Ñ Xn defined by qnpxq � xn. An analogous definition can be

given if the Xk are groups and the fk are homomorphisms. Then limÐÝk¥lXk
is the subgroup of the product

±
k¥lXk of groups defined as above.

Now we return to a weak homotopy decomposition of a space X. There is
a Postnikov tower

Xp1q Xp2q
p2oo Xp3q

p3oo � � �oo

and we form the inverse limit limÐÝk¥1
Xpkq. The maps gn : X Ñ Xpnq deter-

mine a map g : X Ñ limÐÝk¥1
Xpkq defined by gpxq � pg1pxq, g2pxq, g3pxq, . . .q

for x P X. Our goal is to show that g is a weak homotopy equivalence. We
begin with a lemma.

Lemma 7.2.8 The projection maps qn : limÐÝk¥1
Xpkq Ñ Xpnq induce homo-

morphisms qn� : πN plimÐÝk¥1
Xpkqq Ñ πN pXpnqq and so there is a homomor-
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phism φ : πN plimÐÝk¥1
Xpkqq Ñ limÐÝk¥1

πN pXpkqq, for any N. Then φ is an

isomorphism.

Proof. We first show that φ is onto. Let β � prf1s, rf2s, rf3s, . . .q be an el-
ement of limÐÝk¥1

πN pXpkqq, where fi : SN Ñ Xpiq and pifi � fi�1. We

show inductively that if i ¥ 2, there exists f 1i : SN Ñ Xpiq with f 1i � fi
and pif

1
i � f 1i�1. Set f 11 � f1 and assume that f 1i as above exists. Then

pi�1fi�1 � fi � f 1i . By the covering homotopy property for the fiber
map pi�1, there exists f 1i�1 � fi�1 with pi�1f

1
i�1 � f 1i . Then the f 1i de-

termine a map f 1 : SN Ñ limÐÝk¥1
Xpkq such that qif

1 � f 1i . Therefore

φrf 1s � prf 11s, rf 12s, rf 13s, . . .q � β, and so φ is onto.
Now we show that φ is one–one. The inverse limit of spaces or groups is un-

affected by deleting a finite number of terms at the (left) end of the sequence,
thus it suffices to show that the homomorphism φ1 : πN plimÐÝk¥NX

pkqq Ñ
limÐÝk¥NπN pX

pkqq obtained from φ is one–one. Let rfs P πN plimÐÝk¥NX
pkqq be

such that φ1rf s � 0. We show inductively that for every n ¥ N, there exists
a homotopy Fn : SN � I Ñ Xpnq such that qnf �Fn � and pnFn � Fn�1. Be-
cause φ1rfs � 0, there exists FN : SN�I Ñ XpNq such that qNf �FN �. Now
assume that Fn exists with the above properties. Let i : SN�BI Ñ SN�I be
the inclusion map and define a : SN � BI Ñ Xpn�1q by a|SN � t0u � qn�1f
and a|SN �t1u � �. We then consider the diagram with commutative square

SN � BI a //

i

��

Xpn�1q

pn�1

��
SN � I

Fn //

Fn�1lll

66lll

Xpnq.

Because πN pKpG,n�1qq � 0, it follows from Corollary 4.5.9 that there exists
Fn�1 : SN � I Ñ Xpn�1q such that pn�1Fn�1 � Fn and qn�1f �Fn�1

�. This
completes the induction. Finally, the homotopies Fn determine a homotopy
F : SN � I Ñ limÐÝk¥NX

pkq such that f �F �, and so φ1 is one–one. [\
This lemma is the main step in the following proposition.

Proposition 7.2.9 If tXpnq, gn, pnu is a weak homotopy decomposition of
X, then the map g : X Ñ limÐÝn¥1

Xpnq determined by the maps gn : X Ñ Xpnq

is a weak homotopy equivalence.

Proof. We must show that g� : πN pXq Ñ πN plimÐÝn¥1
Xpnqq is an isomorphism

for all N. Choose k ¡ N and consider the diagram

πN pXq
g� //

gk�
))SSSSSSSSSSSSSSS πN plimÐÝn¥1

Xpnqq φ //

qk�

��

limÐÝn¥1
πN pXpnqq

rk
ttiiiiiiiiiiiiiiii

πN pXpkqq,
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where rk is the projection. Clearly the diagram is commutative. Now φ is an
isomorphism by Lemma 7.2.8. Thus, since pl�1� : πN pXpl�1qq Ñ πN pXplqq is
an isomorphism for all l ¥ k, it follows that rk is an isomorphism by Exercise
7.6. Therefore qk� is an isomorphism. But gk� is an isomorphism since k ¡ N.
Thus g� is an isomorphism. [\
Remark 7.2.10 From the previous proposition we see that a weak homo-
topy decomposition of a space X determines the weak homotopy type of X.
If X is a CW complex and P is a CW approximation to limÐÝk¥2

Xpkq, then

by Remark 2.4.12, X � P. Thus a weak homotopy decomposition of a CW
complex X determines the homotopy type of X. In the case that X is a
1-connected CW complex, the homotopy groups πnpXq and the Postnikov
invariants kn determine the homotopy type of X, and these are said to be a
complete set of invariants of homotopy type.

Next we want to show that a map of spaces induces a map of homotopy
sections. Let tXpnq, gn, pn u be a weak homotopy decomposition of X and let
tY pnq, hn, qn u be a weak homotopy decomposition of Y. The following result
and Proposition 7.2.13 were obtained by Kahn [54].

Proposition 7.2.11 Let f : X Ñ Y be a map. Then there exist maps f pnq :
Xpnq Ñ Y pnq such that the following diagrams are homotopy-commutative

X
f //

gn

��

Y

hn

��

and Xpn�1q
f pn�1q

//

pn�1

��

Y pn�1q

qn�1

��
Xpnq

fpnq // Y pnq Xpnq
f pnq // Y pnq.

Furthermore,

1. f � f 1 ùñ f pnq � f 1pnq, for all n.

2. If l : Y Ñ Z, then plfqpnq � lpnqf pnq.

3. pidXqpnq � idXpnq , where the same weak homotopy decomposition is taken
for the domain X and the codomain X of idX .

4. If f is a homotopy equivalence, then f pnq is a homotopy equivalence.

Proof. Xpnq has the homotopy type of a space obtained by attaching cells
of dimensions ¥ n � 2 to X, therefore there is a unique homotopy class
rf pnqs P rXpnq, Y pnqs such that g�nrf pnqs � rhnfs by Proposition 2.4.13. This
establishes the homotopy-commutativity of the first diagram and also implies
(1), (2), and (3). To prove (4), assume that f is a homotopy equivalence with
homotopy inverse l. Then

f pnqlpnq � pflqpnq � pidqpnq � id.

A similar argument shows that lpnqf pnq � id.
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Now we show that the second diagram in the statement of the proposition
is homotopy-commutative. We have

qn�1f
pn�1qgn�1 � qn�1hn�1f � hnf � f pnqgn � f pnqpn�1gn�1,

and so g�n�1rqn�1f
pn�1qs � g�n�1rf pnqpn�1s. Since g�n�1 : rXpn�1q, Y pnqs Ñ

rX,Y pnqs is a bijection, it follows that qn�1f
pn�1q � f pnqpn�1. [\

We note that the second diagram in Proposition 7.2.11 can be assumed to be
commutative because qn�1 is a fiber map.

Corollary 7.2.12 If Apnq and Bpnq are two homotopy n-sections of X (rel-
ative to two weak homotopy decompositions of X), then Apnq � Bpnq.

Proof. The identity map idX induces a homotopy equivalence Apnq � Bpnq

by Proposition 7.2.11. [\
We next show how the Postnikov invariants behave with respect to homo-

morphisms induced by a map of spaces. We first introduce some notation.
Let X and X be 1-connected spaces, let πi denote πipXq, and let πi de-
note πipXq. Let Ki denote Kpπi, iq and Kn�1,n�2 denote Kpπn�1, n � 2q,
and similarly define Ki and Kn�1,n�2. Let f : X Ñ X be a map and let

tXpnq, gn, pn, k
n u and tXpnq

, gn, pn, k
n u be Postnikov decompositions of X

and X, respectively. Because pn�1 is a fiber map, we may assume that the

induced map f pn�1q : Xpn�1q Ñ X
pn�1q

satisfies pn�1f
pn�1q � f pnqpn�1.

Therefore f pn�1q induces a map rf pn�1q : Kn�1 Ñ Kn�1 of fibers. The ho-
momorphism Ω : rKn�1,n�2, Kn�1,n�2s Ñ rKn�1,Kn�1s is an isomorphism

(Exercise 6.13), thus there is a unique element r pfs P rKn�1,n�2,Kn�1,n�2s
such that Ω pf � rf pn�1q.

Proposition 7.2.13 With the above notation and assumptions,

pf�rkn�1s � f pnq�rkn�1s,

where pf� : Hn�2pXpnq;πn�1q Ñ Hn�2pXpnq;πn�1q is the coefficent homo-

morphism induced by pf and f pnq� : Hn�2pXpnq
; πn�1q Ñ Hn�2pXpnq;πn�1q

is the cohomology homomorphism induced by f pnq : Xpnq Ñ X
pnq
.

Proof. Clearly f pnq and f pn�1q induce a map τ : Cpn�1 Ñ Cpn�1
such that

the diagram

ΣKn�1

Σ rf pn�1q

��

δ // Cpn�1

τ

��
ΣKn�1

δ // Cpn�1
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is commutative, where δ and δ are excision maps for the fibrations Kn�1 Ñ
Xpn�1q Ñ Xpnq and Kn�1 Ñ X

pn�1q Ñ X
pnq
, respectively. With the nota-

tion of Proposition 7.2.2 we have the diagram

Xpnq
l //

f pnq

��

Cpn�1

τ

��

θ // Kn�1,n�2

pf
��

X
pnq l // Cpn�1

θ // Kn�1,n�2.

The left square is commutative and we will show that the right square is
homotopy-commutative. We first compose pf θ and θτ with δ : ΣKn�1 Ñ
Cpn�1

. For u : ΣKn�1 Ñ Kn�1,n�2, a representative of the adjoint of the
basic class bn�1 P Hn�1pKn�1;Gq, and u similarly defined,

pf θ δ � pfu and θτδ � θ δpΣ rf pn�1qq � upΣ rf pn�1qq.

But
κp pf uq � rf pn�1q idKn�1

� idKn�1

rf pn�1q � κpupΣ rf pn�1qqq.
Therefore

δ�r pf θs � r pf us � rupΣ rf pn�1qqs � δ�rθτ s.
Because δ� : Hn�2pCpn�1

;πn�1q Ñ Hn�2pΣKn�1;πn�1q is an isomorphism,

r pf θs � rθτ s, and so the right square is homotopy-commutative. Consequently,

pf kn�1 � pfθl � θ lf pnq � k
n�1

f pnq. [\

Corollary 7.2.14 If tXpnq, gn, pn, k
n u and tXpnq

, gn, pn, k
n u are two Post-

nikov decompositions of X, then there are homotopy equivalences h : Xpnq Ñ
X
pnq

and w : Kpπn�1pXq, n�2q Ñ Kpπn�1pXq, n�2q such that the following
diagram homotopy-commutes

Xpnq
h //

kn�1

��

X
pnq

k
n�1

��
Kpπn�1pXq, n� 2q w // Kpπn�1pXq, n� 2q.

Proof. Let id : X Ñ X be the identity map, let h � idpnq : Xpnq Ñ X
pnq
, and

let w � pid : Kpπn�1pXq, n� 2q Ñ Kpπn�1pXq, n� 2q (using the notation of
Proposition 7.2.13). Then by Proposition 7.2.13,

k
n�1

h � wkn�1. [\
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Remark 7.2.15 It follows from Corollary 7.2.14 that if kn�1 is an pn� 1qst
Postnikov invariant of X, then any other pn� 1qst Postnikov invariant of X
has the form wkn�1l, where w : Kpπn�1pXq, n � 2q Ñ Kpπn�1pXq, n � 2q
and l : Xpnq Ñ Xpnq are homotopy equivalences.

Homotopy decompositions are an extremely useful tool in homotopy the-
ory and have great theoretical value. Our main application is in Chapter 9
where we develop obstruction theory based on homotopy decompositions. In
addition, the homotopy groups of some spaces have been computed using ho-
motopy decompositions (or n-connected fibrations). The papers of Serre ([81],
[82]) give results on the homotopy groups of spheres using n-connected fibra-
tions and McCleary [67] has described how to calculate π4pS2q using Post-
nikov systems. But for these computations it is necessary to know something
about the spectral sequence of a fibration and the cohomology of Eilenberg–
Mac Lane spaces. However, we next calculate the first Postnikov invariant of
the 2-sphere without using these results.

Example 7.2.16 If X � S2, then π2pXq � Z and π3pXq � Z. Thus a
Postnikov decomposition of X starts with the fibration

KpZ, 3q // Xp3q
p3 // Xp2q � KpZ, 2q

and k-invariant k3 : KpZ, 2q Ñ KpZ, 4q. Now KpZ, 2q � CP8, and so rk3s P
H4pCP8q. If b P H2pCP8q is the basic class, then it is known [39, Thm. 3.12]
that the cup product b2 P H4pCP8q � Z is a generator of Z. Therefore
rk3s � mb2 for some integer m. We will show that m � �1. The Serre exact
cohomology sequence of the above fibration yields the exact sequence

H3pKpZ, 3qq ∆ // H4pCP8q // H4pXp3qq // H4pKpZ, 3qq.

By Exercise 7.11, H4pKpZ, 3qq � 0. Also, the basic class β P H3pKpZ, 3qq �
Z is a generator of Z. Furthermore, ∆pβq � �rk3s � �mb2 by Remark
7.2.6. Therefore H4pXp3qq � Zm. On the other hand, g3 : X Ñ Xp3q is
a 4-equivalence, and so g3 is a cohomological 4-equivalence by Whitehead’s
second theorem 6.4.15 and Lemma 6.4.13. Therefore g�3 : H4pXp3qq Ñ H4pXq
is a monomorphism. Since H4pXq � 0, it follows that H4pXp3qq � 0, and we
have Zm � 0. Thus m � �1, and so k3 � �b2.

We next record a useful result about weak homotopy decompositions.

Proposition 7.2.17 Let X be a space with weak homotopy decomposition
tXpnq, gn, pn u, let A be a CW complex, and let gn� : rA,Xs Ñ rA,Xpnqs. If
dimA ¤ n, then gn� is a bijection. If dimA � n�1, then gn� is a surjection.

Proof. This follows at once from Proposition 2.4.6. [\
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If X is an H-complex and tXpnq, gn, pn u is a weak homotopy decompo-
sition of X, then by Exercise 7.8, Xpnq is an H-space and gn : X Ñ Xpnq

and pn�1 : Xpn�1q Ñ Xpnq are H-maps. We next consider additional results
that relate homotopy decompositions and H-spaces. We first discuss some
generalities regarding H-maps.

Let pX,mq be an H-complex, let pY, nq be a grouplike space, and let f :
X Ñ Y be a map. Consider the diagram

X �X
f�f //

m

��

Y � Y

n

��
X

f // Y

which is not necessarily homotopy-commutative. Clearly

npf � fq|X _X � fm|X _X : X _X Ñ Y.

Using the grouplike structure of Y, we form the difference

df � npf � fq � fm : X �X Ñ Y

and have that df |X _X � �. Now consider the cofiber sequence

X _X
j // X �X

q // X ^X

and the resulting exact sequence of groups

rΣpX _Xq, Y s B� // rX ^X,Y s q� // rX �X,Y s j� // rX _X,Y s.

Since Σj : ΣpX _ Xq Ñ ΣpX � Xq has a homotopy retraction by Lemma
5.4.11, pΣjq� : rΣpX�Xq, Y s Ñ rΣpXvXq, Y s is onto, and so q� is one–one.
But j�rdf s � 0, and so there is a unique homotopy class

rDf s P rX ^X,Y s

such that q�rDf s � rdf s.
Definition 7.2.18 The homotopy class rDf s P rX ^X,Y s is called the H-
map deviation of f.

Remark 7.2.19 For the definition of the H-map deviation it is not necessary
that Y be a grouplike space. In fact, it was only the multiplication and the
inverse that were used in the definition. We show in Chapter 8 that an H-
complex always admits inverses.

The proof of the following result is straightforward, and hence omitted.
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Proposition 7.2.20 Let pX,mq be an H-complex, let pY, nq be a grouplike
space, and let f : X Ñ Y be a map.
1. f : pX,mq Ñ pY, nq is an H-map if and only if rDf s � 0.

2. If pX 1,m1q is an H-complex and g : pX 1,m1q Ñ pX,mq is an H-map, then

rDfgs � pg ^ gq�rDf s,

where g^g : X 1^X 1 Ñ X^X is the map induced by g�g : X 1�X 1 Ñ X�X.
As a consequence we obtain the following proposition.

Proposition 7.2.21 If X is an H-complex and tXpnq, gn, pn, k
nu is a Post-

nikov decomposition of X, then Xpnq is an H-space and gn : X Ñ Xpnq,
pn�1 : Xpn�1q Ñ Xpnq, and kn�1 : Xn Ñ Kpπn�1pXq, n� 2q are all H-maps.

Proof. By our earlier remarks, it is only necessary to show that kn�1 is an
H-map. We assume without loss of generality that the 0-skeleton of X is
t�u. Let k � kn�1, let p � pn�1, and let G � πn�1pXq. We show that the
homotopy deviation rDks � 0. Since kp � �,

pp^ pq�rDks � rDkps � 0

by Proposition 7.2.20. Therefore it suffices to show that pp^pq� : Hn�2pXpnq^
Xpnq;Gq Ñ Hn�2pXpn�1q ^ Xpn�1q;Gq is a monomorphism. To do this we
apply Corollary 2.4.10 to the pn � 1q-equivalence p : Xpn�1q Ñ Xpnq and
so regard Xpnq as obtained from Xpn�1q by attaching positive-dimensional
cells of dimension ¥ n� 2 to Xpn�1q. Thus, as a CW complex, Xpnq ^Xpnq

is Xpn�1q ^ Xpn�1q with positive-dimensional cells of dimension ¥ n � 3
attached. Hence the cofiber of Xpn�1q^Xpn�1q Ñ Xpnq^Xpnq has positive-
dimensional cells in dimensions ¥ n�3. Consequently, pp^pq� : Hn�2pXpnq^
Xpnq;Gq Ñ Hn�2pXpn�1q ^Xpn�1q;Gq is a monomorphism. [\
It is also possible to show that H-structures on the homotopy sections of X
induce an H-structure on X.

Proposition 7.2.22 Let tXpnq, gn, pn u be a weak homotopy decomposition
of an n-dimensional CW complex X. If Xp2n�1q is an H-space, then X is an
H-space and g2n�1 : X Ñ Xp2n�1q is an H-map.

Proof. Let g � g2n�1 : X Ñ Xp2n�1q and let m1 be the multiplication on
Xp2n�1q. The map g is a 2n-equivalence and dim pX � Xq � 2n. Therefore
by Proposition 2.4.6, g� : rX � X,Xs Ñ rX � X,Xp2n�1qs is a surjection.
Hence there exists an rms P rX �X,Xs such that g�rms � rm1pg � gqs. We
show that m is a multiplication. Let j1 : X Ñ X � X and j11 : Xp2n�1q Ñ
Xp2n�1q �Xp2n�1q be inclusions into the first factor. Then

gmj1 � m1pg � gqj1 � m1j11g � g.
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Thus g�rmj1s � g�ridX s, where g� : rX,Xs Ñ rX,Xp2n�1qs. Because g� is a
bijection by Proposition 2.4.6, mj1 � idX . Similarly mj2 � idX . Therefore
m is a multiplication. [\

See [55] for this proposition in the case when X is not finite-dimensional.

7.3 Homology Decompositions of Spaces

In this section we discuss the approximation of a space X by means of ho-
mology sections Xn. The step from Xn to Xn�1 is carried out by attaching
a cone on a Moore space MpHn�1pXq, nq to Xn. This construction is simi-
lar to the construction of the pn � 1qst skeleton from the nth skeleton in a
CW complex, although here we adjoin the cone on a Moore space instead of
pn� 1q-cells. The homology decomposition has some, but not all, of the ana-
logues of the properties of homotopy decompositions. We give an example to
show that the homotopy type of the nth homology section is not determined
by the homotopy type of X .

Definition 7.3.1 Let X be a 1-connected CW complex and write Hr �
HrpXq. Suppose there exists a sequence of 1-connected CW complexes
X2, X3, . . . and maps jn : Xn Ñ X and in : Xn Ñ Xn�1 that satisfy the
following conditions.

1. jn� : HrpXnq Ñ HrpXq is an isomorphism for r ¤ n and HrpXnq � 0 for
r ¡ n.

2. Xn
in // Xn�1

// MpHn�1, n� 1q is a principal cofibration induced

by a map k1n�1 : MpHn�1, nq Ñ Xn.

3. The following diagram commutes

Xn
jn //

in

��

X

Xn�1.

jn�1

77ooooooooooooo

Then the collection tXn, jn, in, k1nu is called a homology decomposition of X.
The spaces Xn are called nth homology sections of X and the maps k1n�1 :
MpHn�1, nq Ñ Xn or homotopy classes rk1n�1s P πnpXn;Hn�1q are called
(n+1)st k1-invariants.

Theorem 7.3.2 If X is a 1-connected CW complex, then X has a homology
decomposition.

Proof. There are some difficulties in dualizing the proof of Theorem 7.2.5,
and we give a proof based on pairs of spaces (but see Exercise 7.3). We show
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the existence of Xn, jn, in, and k1n by induction on n. When n � 2 we need
only construct X2 and j2. We write Mr for MpHr, rq, set X2 � M2, and
consider the epimorphism

rM2, Xs � π2pX;H2q η // HompH2, π2pXqq

of the universal coefficient theorem for homotopy 5.2.9. We choose j2 :
X2 Ñ X such that ηrj2s � h�1 : H2 Ñ π2pXq, the inverse of the
Hurewicz homomorphism. Since j2� : π2pX2q Ñ π2pXq is an isomorphism,
j2� : H2pX2q Ñ H2pXq is an isomorphism. Now assume the result for n. We
factor jn : Xn Ñ X as

Xn
j1n // X 1

j2n // X,

where X 1 is the mapping cylinder of jn, j
1
n is an inclusion, and j2n is a homo-

topy equivalence. For the pair pX 1, Xnq, we have

HrpX 1, Xnq �
"

0 if r ¤ n
Hr if r ¥ n� 1,

and so πn�1pX 1, Xnq � Hn�1 by the relative Hurewicz theorem. We consider
the relative homotopy group with coefficients πn�1pX 1, Xn;Hn�1q, which is
the set of homotopy classes of maps of pairs pCM,M q Ñ pX 1, Xnq, where
M � MpHn�1, nq (see the discussion after Definition 4.5.3). There is an
epimorphism

η : πn�1pX 1, Xn;Hn�1q Ñ HompHn�1, πn�1pX 1, Xnqq � HompHn�1, Hn�1q,

by the universal coefficient theorem for homotopy, and hence there is a
map of pairs u : pCM,Mq Ñ pX 1, Xnq such that u� : Hn�1pCM,Mq Ñ
Hn�1pX 1, Xnq is an isomorphism. Let k1 � u|M : M Ñ Xn, let Xn�1 � Ck1 ,
and let in : Xn Ñ Xn�1 be the inclusion. Then in the diagram

M
k1 //

i

��

Xn

in

�� j1n

��???????????????????

CM
s //

u

++WWWWWWWWWWWWWWWWWWWWWWWWWWWWW Xn�1

λ

''OOOOOOO

X 1,

the square is a pushout square and ui � j1nk
1. Therefore there exists λ :

Xn�1 Ñ X 1 such that λin � j1n and λs � u. Without loss of generality we
assume that λ is an inclusion map. We denote λ� : HrpXn�1q Ñ HrpX 1q
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by λ�r and show that HrpXn�1q � 0 for r ¡ n � 1 and that λ�r is an
isomorphism for r ¤ n� 1. Because HrpXn�1, Xnq � HrpMn�1q, we have

HrpXn�1, Xnq �
"

0 if r � n� 1
Hn�1 if r � n� 1.

By considering the exact homology sequence of the triple pX 1, Xn�1, Xnq (Ap-
pendix C) and the results stated above for HrpX 1, Xnq and HrpXn�1, Xnq,
we obtain

HrpX 1, Xn�1q �
"

0 if r ¤ n� 1
Hr if r ¥ n� 2.

It now follows from the exact homology sequence of the pair pX 1, Xn�1q that
HrpXn�1q � 0 for r ¡ n � 1 and λ�r is an isomorphism for r ¤ n � 1. To
complete the induction we set k1n�1 � k1 and compose λ : Xn�1 Ñ X 1 with
the homotopy equivalence j2n : X 1 Ñ X to obtain jn�1 : Xn�1 Ñ X with the
desired properties. [\

We next make a few elementary observations on homology decompositions.

Remark 7.3.3 We use the notation Hi � HipXq and Mi �MpHi, iq.
1. If X is a space with no torsion in its homology, then all the Moore spaces

that appear in a homology decomposition of X are wedges of spheres, that
is, MpHn�1, nq � Sn _ � � � _ Sn, where the number of spheres equals the
rank of Hn�1. In this case, Xn is the n-skeleton of a CW decomposition
of X, and the homology decomposition and the CW decomposition of X
are the same.

2. The homology decomposition could start with X1 � t�u instead of with
X2. Furthermore, if Hn�1 � 0, then Xn � Xn�1. Thus if Hi � 0 for i   N,
then Xi � t�u for i   N and XN �MN . In addition, if some rk1n�1s � 0,
then Xn�1 � Xn _Mn�1.

3. The k1-invariant is trivial on homology groups, that is, the homomorphism
k1n�1� � 0 : HnpMpHn�1, nqq Ñ HnpXnq, for all n. This follows from the
exact homology sequence of

MpHn�1, nq
k1n�1 // Xn

in // Xn�1

since in� : HnpXnq Ñ HnpXn�1q is an isomorphism. Let HN be the first
nonzero homology group of X, so XN �MN . If rk1N�1s P πN pMN ;HN�1q
is the first k1-invariant, then k1N�1� � 0 : πN pMpHN�1, Nqq � HN�1 Ñ
πN pMN q. Thus if η : πN pMN ;HN�1q Ñ HompHN�1, πN pMN qq is the
homomorphism in the universal coefficient theorem for homotopy, then
rk1N�1s P Ker η � ExtpHN�1, πN�1pMN qq.
The analogues of some of the properties of homotopy decompositions do

not hold for homology decompositions. We next illustrate this with examples.
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Example 7.3.4

1. We give a simple example to show that induced maps of homology sections
do not necessarily exist. Let Mn �MpZ2, nq and consider the space X �
Mn_Sn�1. The nth homology section of X is Mn and the cofiber map of
the homology decomposition is the inclusion

Xn �Mn
i1 // Mn _ Sn�1 � X � Xn�1.

Since rMn, S
n�1s � πnpSn�1;Z2q � ExtpZ2,Zq � Z2, by the universal

coefficient theorem for homotopy, we can choose a map q : Mn Ñ Sn�1

such that q � �. (In Exercise 7.14, q is given explicitly.) Define f : X Ñ X
by f � ti2q, �u : Mn_Sn�1 ÑMn_Sn�1, where i2 : Sn�1 ÑMn_Sn�1

is the inclusion. With the above homology decomposition for X, suppose
there exists an induced map fn : Mn Ñ Mn. Thus i1fn � fi1 : Mn Ñ
Mn _ Sn�1. Then if q2 : Mn _ Sn�1 Ñ Sn�1 is the projection,

q � q2i2q � q2fi1 � q2i1fn � �.

This contradicts q � �.
In [4] conditions are given for induced maps to exist.

2. Here we show, following [15], that two homology n-sections of the same
space do not necessarily have the same homotopy type. Let rhs P πnpSmq
be an element that is a generator of Zp � πnpSmq, where p is an odd prime
and n ¡ m � 1, such that the suspension homomorphism Σ : πnpSmq Ñ
πn�1pSm�1q is an isomorphism. For example, let m be odd, set n � m �
2p � 3 (see the end of Section 5.6) and assume that 2p � 2   m so that
Σ is an isomorphism by the Freudenthal theorem 5.6.7. We write Mr �
MpZp, rq. Then, because prhs � 0, h extends to a map h1 : Mn Ñ Sm.
Thus there is a commutative diagram

Sn

j

��

h

''OOOOOOOOOOOOO

Mn
h1 // Sm,

where j is the inclusion. Let q : Mn�1 ÑMn�1{Sn�1 � Sn be the collaps-
ing map and define

An � Sm _ΣMn�1, A1
n � Sm Yhq CMn�1,

and
X � pSm Yh1 CMnq _ΣMn�1.

Then the nontrivial homology groups of X are Z in degree m and Zp in
degrees n and n � 1. The nontrivial homology groups of An and A1n are
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Z in degree m and Zp in degree n. If jn : An Ñ X is the inclusion, then
jn� : HipAnq Ñ HipXq is an isomorphism for i ¤ n. Therefore An is a
homology n-section of X. Now define j1n : A1n Ñ X by j1nxxy � pxxy, �q, for
x P Sm and

j1nxy, ty �
" pxjqpyq, 2ty, �q if 0 ¤ t ¤ 1

2
p�, xy, 2t� 1yq if 1

2 ¤ t ¤ 1,

for xy, ty P CMn�1. We show that j1n induces a homology isomorphism in
degree n. Let

p : An Ñ ΣMn�1, p1 : A1n Ñ ΣMn�1, and p̄ : X Ñ ΣMn�1

be the projections obtained by respectively shrinking Sm, Sm, and SmYh1
CMn to a point. Then, because p̄j1n � p� � idqp1 : A1n Ñ ΣMn�1, the
following diagram is commutative

HnpA1nq
p1�
��

j1n� // HnpXq
p̄�

��
HnpΣMn�1q id // HnpΣMn�1q.

p1� and p̄� are isomorphisms, therefore j1n� is an isomorphism. Hence A1n
is a homology n-section of X.
We now show that An and A1n do not have the same homotopy type.
Suppose that there is a homotopy equivalence f : An Ñ A1n. By the
cellular approximation theorem, f is homotopic to a cellular map g and
g induces g1 : Sm Ñ Sm which is clearly a homotopy equivalence. Thus
g and g1 induce a homotopy equivalence rg : ΣMn�1 Ñ ΣMn�1. There is
then a diagram

An
g //

p

��

A1n

p1

��
ΣMn�1

rg //

�

��

ΣMn�1

Σphqq

��
ΣSm

Σg1 // ΣSm

with top square commutative and bottom square homotopy-commutative,
where the vertical maps are the continuation of the coexact sequences

Mn�1
� // Sm // An and Mn�1

hq // Sm // A1n.

We have that Σphqq rg � �, and so pΣhq q1 � �, where q1 � Σq : Mn Ñ
Sn�1 is the projection. Finally, we consider the coexact sequence of the
defining cofibration for Mn,
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Sn
a // Sn

j // Mn
q1 // Sn�1 a // Sn�1,

where a is a map of degree p. There is then the exact sequence

πn�1pSm�1q a� // πn�1pSm�1q q1� // rMn, S
m�1s,

where a� is multiplication by p. Since q1�rΣhs � 0, we have that rΣhs �
pα, for some α P πn�1pSm�1q, contradicting the choice of rhs as a generator
of Zp.

We next present a result that relates the k1-invariant of a homology de-
composition of a space with the Hurewicz homomorphism of the space.

Proposition 7.3.5 Let tXn, jn, in, k1nu be a homology decomposition of X.
Then k1n�1� � 0 : πnpMpHn�1pXq, nqq Ñ πnpXnq if and only if the Hurewicz
homomorphism hn�1 : πn�1pXq Ñ Hn�1pXq is an epimorphism.

Proof. For notational convenience we write Hi � HipXq, Mi � MpHi, iq,
M �MpHn�1, nq, and k1 � k1n�1. We consider

M
k1 // Xn

in // Xn�1

which can be regarded as a cofiber sequence. Since M is pn � 1q-connected
and Xn�1 is 1-connected, we obtain an exact sequence

πnpMq k1� // πnpXnq
in� // πnpXn�1q,

by the Blakers–Massey exact homotopy sequence. Therefore k1� � 0 :
πnpMq Ñ πnpXnq ðñ in� : πnpXnq Ñ πnpXn�1q is a monomorphism.
Consider the cofiber sequence

Xn
in // Xn�1

q // Mn�1

and let q�� : Hn�1pXn�1q Ñ Hn�1pMn�1q and in�� : HnpXnq Ñ HnpXn�1q
be the induced homology homomorphisms. Then there is a commutative di-
agram

πn�1pXn�1q
q� //

h1n�1

��

πn�1pMn�1q //

h2n�1

��

πnpXnq
in� //

h3n
��

πnpXn�1q

0 // Hn�1pXn�1q
q�� // Hn�1pMn�1q // HnpXnq

in�� // HnpXn�1q,

where the top line is the Blakers–Massey exact homotopy sequence, the bot-
tom line is the exact homology sequence of a cofibration and h1n�1, h

2
n�1 and



7.3 Homology Decompositions of Spaces 253

h3n are Hurewicz homomorphisms. Since in�� is an isomorphism, q�� is an
isomorphism. But h2n�1 is an isomorphism, and so

h1n�1 is onto ðñ q� is an onto ðñ in� is one� one ðñ k1� � 0.

Therefore it suffices to show that h1n�1 is onto ðñ hn�1 : πn�1pXq Ñ
Hn�1pXq is onto. But there is the commutative diagram

πn�1pXn�1q
jn�1� //

h1n�1

��

πn�1pXq
hn�1

��
Hn�1pXn�1q

jn�1�� // Hn�1pXq,

with jn�1�� an isomorphism. Since jn�1 is an pn � 1q-equivalence, jn�1� is
an epimorphism, and the proposition is proved. [\
We conclude this section with a simple calculation of a homology decom-
position. Let m be an odd integer ¥ 3 and let Mi be the Moore space
MpZm, iq. We form the smash product X � Mr ^ Ms. It then easily fol-
lows from the Künneth theorem [83, p. 235] that HipXq � Zm for i � r � s
and r�s�1 and HipXq � 0 for other values of i. Thus there is one k1-invariant
rk1s P πr�spMr�s;Zmq for X.

Lemma 7.3.6 The k1-invariant rk1s of X � Mr ^ Ms is zero and hence
X �Mr�s _Mr�s�1.

Proof. By Remark 7.3.3, rk1s P ExtpZm, πr�s�1pMr�sqq. By Proposition
5.6.11, πr�s�1pMr�sqq � 0, and so rk1s � 0. [\
As a consequence of this lemma a binary operation on homotopy groups
with coefficients in Zm can be defined, for m an odd positive integer ¥ 3.
We sketch this construction. Let pY,m, iq be a grouplike space and define
a commutator map c : Y � Y Ñ Y by cpx, yq � px � yq � pp�xq � p�yqq,
where mpx, yq � x� y and ipxq � �x, for x, y P Y (see Exercise 2.3). Then
c|Y _Y � � and so c induces a map rc : Y ^Y Ñ Y. If α � rfs P πrpY ;Zmq and
β � rgs P πspY ;Zmq, then define xα, βy P πr�s�1pY ;Zmq to be the homotopy
class of the composition

Mr�s�1
i2 // Mr�s _Mr�s�1 � Mr ^Ms

f^g // Y ^ Y
rc // Y.

The element xα, βy P πr�s�1pY ;Zmq is called the Samelson product of α
and β. The existence of a nontrivial Samelson product implies that the H-
space Y is not homotopy-commutative (for if it were, we would have c � �
and hence rc � �). For an arbitrary space X, we can form a product of
α P πppX;Zmq with β P πqpX;Zmq by taking Samelson products of the
adjoints. More precisely, if κ� : πipX;Zmq Ñ πi�1pΩX;Zmq is the adjoint
isomorphism, then define



254 7 Homotopy and Homology Decompositions

rα, βs � κ�1
� xκ�pαq, κ�pβqy P πp�qpX ;Zmq,

for p, q ¥ 3. These products and others like them have been studied in [38],
[40], and [75].

7.4 Homotopy and Homology Decompositions of Maps

We begin this section with a lemma that gives a condition for a fibration
to be principal. This leads to Proposition 7.4.2 which is a generalization of
Proposition 7.2.2. Proposition 7.4.2 is then applied to obtain k-invariants for
the weak homotopy decomposition of a map. Then we discuss the homology
decomposition of a map. The homotopy and homology decomposition of a
map have appeared in [30].

Lemma 7.4.1 [39, Lemma 4.70] Let pX,Aq be a CW pair such that the
homotopy fiber of the inclusion map u : A Ñ X is a KpG,nq, n ¥ 1,
and the action of π1pAq on πn�1pX,Aq is trivial. Then there is a map
k : X Ñ KpG,n� 1q with the following property. If

Ik
j // Ek

p // KpG,n� 1q

is the mapping path fibration of k, there exist weak homotopy equivalences
µ : X Ñ Ek and θ : AÑ Ik such that the following diagram commutes

A
u //

θ

��

X

µ

��
Ik

j // Ek.

Proof. If Iu is the homotopy fiber of u, then

πrpX,Aq � πr�1pIuq �
"
G if r � n� 1
0 if r � n� 1.

The operation of π1pAq on πn�1pX,Aq is trivial, thus the Hurewicz homo-
morphism hn�1 : πn�1pX,Aq Ñ Hn�1pX,Aq is an isomorphism (Theorem
6.4.21). Therefore

HrpX{Aq � HrpX,Aq �
"
G if r � n� 1
0 if r   n� 1.

Moreover, the homomorphism ηπ : Hn�1pX{A;Gq Ñ Hompπn�1pX{Aq, Gq �
HompG,Gq which assigns to a homotopy class its induced homotopy ho-
momorphism is an isomorphism by Lemma 2.5.13. Thus there is a map
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k̄ : X{A Ñ KpG,n � 1q such that k̄� : πn�1pX{Aq Ñ πn�1pKpG,n � 1qq
is an isomorphism. Now let k : X Ñ KpG,n� 1q be the composition

X
q // X{A k̄ // KpG,n� 1q,

where q is the projection. We then have the commutative diagram

A
u //

θ

���
�
� X

q //

µ

��

k

((QQQQQQQQQQQQQQQ X{A
k̄

��
Ik

j // Ek
p // KpG,n� 1q,

where k is factored as pµ for p a fiber map and µ a homotopy equivalence.
Therefore there is a map θ � µ|A : A Ñ Ik which makes the left square
commute. We show that the map of pairs µ1 : pX,Aq Ñ pEk, Ikq determined
by µ induces isomorphisms of homotopy groups. Consider the commutative
diagram

pX,Aq q1 //

µ1

��

pX{A, t�uq
k̄

��
pEk, Ikq p1 // pKpG,n� 1q, t�uq,

where q1 and p1 are maps of pairs obtained from q and p. We show that the
maps q1, k̄, and p1 all induce isomorphisms of homotopy groups in dimension
n � 1. Now p1� : πipEk, Ikq Ñ πipKpG,n � 1qq is an isomorphism for all
i by Proposition 4.5.18 and k̄� : πn�1pX{Aq Ñ πn�1pKpG,n � 1q is an
isomorphism by the choice of k̄. Since the inclusion u : A Ñ X is an n-
equivalence, n ¥ 1, it follows that Cu � X{A is 1-connected, and so X{A is
n-connected by the Hurewicz theorem. Hence by the commutativity of the
diagram

πn�1pX,Aq
q1� //

hn�1�

��

πn�1pX{Aq
h1n�1�

��
Hn�1pX,Aq

q1�

�
// Hn�1pX{Aq,

q1� : πn�1pX,Aq Ñ πn�1pX{Aq is an isomorphism. Thus µ1� : πn�1pX,Aq Ñ
πn�1pEk, Ikq is an isomorphism. Because πipX,Aq � 0 � πipEk, Ikq, for all
i � n� 1, we have that µ1� : πipX,Aq Ñ πipEk, Ikq is an isomorphism for all
i. It is now follows from the exact homotopy sequence of the pairs pX,Aq and
pEk, Ikq that θ : AÑ Ik is a weak homotopy equivalence. This completes the
proof. [\
For a map p : E Ñ B, the statement that π1pEq operates on πrpB,Eq means
that π1pEq operates on πrpMp, Eq, where Mp is the mapping cylinder of p.



256 7 Homotopy and Homology Decompositions

Proposition 7.4.2 Let F
i // E

p // B be a fibration with F � KpG,nq
and let π1pEq operate trivially on πn�1pB,Eq. Then there exists a map
l : B Ñ KpG,n�1q such that the given fibration is equivalent to the principal
fibration

F // Il
v // B

induced by l.

Proof. We replace p : E Ñ B by the inclusion u : A Ñ X of the mapping
cylinder, that is, A � E and X � Mp. By Lemma 7.4.1 applied to the pair
pX,Aq, there is a map k : X Ñ KpG,n� 1q and the square in Lemma 7.4.1
is commutative. Furthermore, there are homotopy-commutative squares

E
p // B

��

and Ik
j // Ek

��
A

u // X Ik
v // X.

Each of these three squares induces a map of homotopy fibers by Proposition
3.3.15 and so we have the homotopy-commutative diagram

F � KpG,nq //

��

E
p // B

��
Iu

��

// A
u //

θ

��

X

µ

��
Ij //

��

Ik
j // Ek

��
Iv � KpG,nq // Ik

v // X,

where j is the inclusion and v is the fiber map. All of the vertical maps in
the second and third columns are weak homotopy equivalences and thus so
are all of the maps in the first column. Therefore we obtain a homotopy-
commutative diagram

KpG,nq //

α

��

E
p //

λ

��

B

γ

��
KpG,nq // Ik

v // X,

where α, λ, and γ are weak homotopy equivalences. Then, with l � kγ : B Ñ
KpG,n� 1q, it follows from Exercises 3.15 and 7.16 that the fibrations
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F
i // E

p// B and F // Il // B

are equivalent. [\
Next we consider the homotopy decomposition of a map.

Definition 7.4.3 Let f : X Ñ Y be a map. Then a weak homotopy decom-
position of f consists of spaces Zpnq for every n ¥ 1 and maps an : X Ñ Zpnq

and bn : Zpnq Ñ Y such that

1. bnan � f.

2. an is an n-equivalence.

3. bn� : πipZpnqq Ñ πipY q is an isomorphism for i ¡ n and a monomorphism
for i � n.

4. There are maps pn�1 : Zpn�1q Ñ Zpnq such that pn�1an�1 � an and
bnpn�1 � bn�1

Zpn�1q

pn�1

��

bn�1

''OOOOOOOOOOOOO

X

an�1

77ooooooooooooo
an

// Zpnq bn

// Y

5. The homotopy fiber of pn�1 : Zpn�1q Ñ Zpnq is KpπnpIf q, nq, where If is
the homotopy fiber of f.

If, in addition, pn�1 is a principal fibration induced by a map kn�1 : Zpnq Ñ
KpπnpIf q, n� 1q, then we have a homotopy decomposition of f or a Moore–
Postnikov decomposition of f . The weak homotopy decomposition of f is
denoted tZpnq, an, bn, pn u and the homotopy decomposition of f is denoted
tZpnq, an, bn, pn kn u. The spaces Zpnq are called the Postnikov sections of
the map f or the homotopy sections of the map f . The maps kn or homotopy
classes rkns are called the Postnikov invariants of the map f or k-invariants
of the map f .

Intuitively, the spaces Zpnq are like X in lower dimensions and like Y in higher
dimensions. As n increases, the spaces Zpnq “are more like” X and “less like”
Y. We see next that weak homotopy decompositions of maps always exist.

Theorem 7.4.4 For any map f : X Ñ Y, a weak homotopy decomposition
exists. If π1pXq operates trivially on πnpY,Xq, for all n, then f has a Moore–
Postnikov decomposition.

Proof. [39, p. 414] By Theorem 2.4.9, for every n ¥ 1, there exists a space
Z 1pnq obtained from X by attaching cells of dimension ¥ n � 1 and maps
a1n : X Ñ Z 1pnq and b1n : Z 1pnq Ñ Y such that a1n is the inclusion map,
b1na

1
n � f and b1n� : πipZ 1pnqq Ñ πipY q is an isomorphism for i ¡ n and a
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monomorphism for i � n. For each n ¥ 1, there is a mapping path factoriza-
tion of b1n (Definition 3.5.7)

Z 1pnq
w //

Z
pnq bn // Y,

where w is a homotopy equivalence and bn is a fiber map. We consider the
n-equivalence an � wa1n and the commutative diagram

X
an //

an�1

��

Z
pnq

bn

��
Z
pn�1q

bn�1 // Y.

By Corollary 4.5.9, there exists a map qn�1 : Z
pn�1q Ñ Z

pnq
such that

qn�1an�1 � an and bnqn�1 � bn�1. Therefore we have the homotopy-
commutative diagram

Z
pn�1q

qn�1

��

bn�1

''NNNNNNNNNNNNN

X

an�1

77ppppppppppppp
an

//
Z
pnq

bn

// Y

which we will replace with a similar one that is strictly commutative. For this
we inductively replace each qn�1 by a fiber map pn�1 as follows. For n � 1,

set Zp1q � Z
p1q

and factor q2 : Z
p2q Ñ Z

p1q � Zp1q through the mapping path
as

Z
p2q v2 // Zp2q

p2 // Zp1q,

where v2 is a homotopy equivalence and p2 is a fiber map. Next assume that
such a factorization holds for n,

Z
pnq vn // Zpnq

pn // Zpn�1q

and consider

Z
pn�1q

qn�1 //
Z
pnq vn // Zpnq

which is factored as

Z
pn�1q

vn�1 // Zpn�1q
pn�1 // Zpnq,

where vn�1 is a homotopy equivalence and pn�1 is a fiber map. This completes

the induction. Now define an � vnan and pbn � bnrvn, for all n ¥ 2, where rvn
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is the homotopy inverse of vn. We have the diagram

Zpn�1q

pn�1

��

pbn�1

''OOOOOOOOOOOOO

X

an�1

77ooooooooooooo
an

// Zpnq, pbn
// Y

with pn�1an�1 � an and pbnpn�1 � pbn�1. Using the CHP, we successively
replace each an, n ¥ 2, by a homotopic map (also called an) such that the

left triangles are commutative. We then successively replace each pbn�1 by
bn�1 � bnpn�1. Then the right triangles commute. It follows that (2), (3), and
(4) of Definition 7.4.3 hold. Furthermore, (1) holds because bnan � b1a1 �
b1a1 � f. Therefore to show that we have a weak homotopy decomposition of
f, it only remains to show that the homotopy fiber of pn�1 is KpπnpIf q, nq.
We consider the diagram

X
an //

an�1

��

Zpnq

bn

��
Zpn�1q

bn�1 //

pn�1

66nnnnnnnnnnnnn
Y,

and replace maps by inclusions via mapping cylinders so as to be able to take
relative groups. Specifically, we replace an�1 with an inclusion X � Z 1pn�1q,
where Z 1pn�1q � Zpn�1q and πipZ 1pn�1q, Xq � 0 for i ¤ n � 1. Next replace
the map Z 1pn�1q � Zpn�1q Ñ Zpnq with an inclusion Z 1pn�1q � Z 1pnq, where
Zpnq � Z 1pnq. Finally replace Z 1pnq � Zpnq Ñ Y with an inclusion Z 1pnq � Y 1,
where Y � Y 1 and πipY 1, Z 1pnqq � 0 for i ¥ n�1. Then we drop the primes for
notational convenience and so assume that X � Zpn�1q � Zpnq � Y and that
the relative homotopy groups have the properties above (without the primes).
By definition, πrpIpn�1

q � πr�1pZpnq, Zpn�1qq and πrpIf q � πr�1pY,Xq, for
all r (Definition 4.5.3). Therefore it suffices to show that

πrpZpnq, Zpn�1qq �
"

0 if r � n� 1
πn�1pY,Xq if r � n� 1.

We next consider the homotopy exact sequence of the triple Zpn�1q � Zpnq �
Y (Exercise 4.22)

πi�1pY,Zpnqq // πipZpnq, Zpn�1qq // πipY,Zpn�1qq // πipY,Zpnqq.

If i ¥ n� 1, then the first and fourth groups are zero, and so

πipZpnq, Zpn�1qq � πipY,Zpn�1qq.
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Therefore πipZpnq, Zpn�1qq � 0 for i ¡ n � 1 and πn�1pZpnq, Zpn�1qq �
πn�1pY, Zpn�1qq. Similarly, from the homotopy exact sequence of the triple
X � Zpn�1q � Zpnq we conclude that πipZpnq, Zpn�1qq � 0 for i ¤ n. Thus it
suffices to prove that πn�1pY,Zpn�1qq� πn�1pY,Xq. For this we consider the
commutative diagram

πn�1pXq //

��

πn�1pY q // πn�1pY,Xq //

��

πnpXq //

��

πnpY q

πn�1pZpn�1qq // πn�1pY q // πn�1pY,Zpn�1qq // πnpZpn�1qq // πnpY q,

where the rows are the exact homotopy sequence of a pair. The first vertical
arrow (on the left) is an epimorphism and the fourth vertical arrow is an
isomorphism. Therefore, by the five lemma (Proposition C.1), the middle
arrow is an isomorphism. Hence

πn�1pZpnq, Zpn�1qq � πn�1pY,Zpn�1qq � πn�1pY,Xq.

This completes the proof of the first assertion of the theorem. The remain-
der of the theorem is easily proved as follows. Since π1pXq operates triv-
ially on πnpY,Xq by hypothesis, and since πn�1pZpnq, Zpn�1qq � πn�1pY,Xq
and π1pZpn�1qq � π1pXq, we have that π1pZpn�1qq operates trivially on
πn�1pZpnq, Zpn�1qq (see Exercise 4.17). By Proposition 7.4.2, pn�1 is a prin-
cipal fibration induced by some map kn�1 : Zpnq Ñ KpπnpIf q, n� 1q. [\
It is possible to prove Theorem 7.4.4 without replacing maps by inclusion
maps as was done in the previous proof [40]. However, this would require a
lengthy digression on the homotopy groups and cohomology groups of a map,
and so we have not done it.

Remark 7.4.5 Many of the topics considered in Section 7.2 for the homo-
topy decomposition of a space could be investigated for the homotopy de-
composition of a map (see [83, 440-444] and [91, 443-449]). Instead we briefly
comment on some special cases of Theorem 7.4.4. If f : X Ñ Y is a fiber map
with fiber F, then πnpIf q � πnpF q, and so the fibrations pn�1 : Zpn�1q Ñ Zpnq

have fiber KpπnpF q, nq. Also, if we take for f the constant map X Ñ t�u,
then πipZpnqq � 0 for i ¥ n and KpπipIf q, iq � KpπipXq, iq. Therefore, if
we set Xpn�1q � Zpnq, for all n, we obtain a Postnikov decomposition for X
under the assumption that π1pXq operates trivially on πnpXq, for all n. Fi-
nally, consider the map t�u Ñ Y. Then the Postnikov decomposition of this
map essentially gives the tower of n-connective fibrations (Definition 7.2.7
and Exercise 7.4).

Next we turn to the homology decomposition of a map. We begin with the
following basic lemma.
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Lemma 7.4.6 Let f : X Ñ Y be a map, where X and Y are 1-connected
spaces. We regard f as an inclusion map and suppose that HipY,Xq � 0 for
i ¤ n, where n ¥ 1. If G � Hn�1pY,Xq, then there exists a space X 1 and a
factorization of f as

X
j // X 1

f 1 // Y

where j and f 1 are inclusions such that

1. j is a principal cofiber map induced by some k : MpG,nq Ñ X, that is,
X 1 � X Yk CMpG,nq.

2. HipY,X 1q � 0 for i ¤ n� 1.

3. HipY,X 1q � HipY,Xq for i ¡ n� 1.

Proof. To avoid considering Moore spaces of type pG, 1q, we assume in the
proof that n ¥ 2. In Remark 7.4.7 we discuss the necessary modifications
for n � 1. Recall that πn�1pY,X;Gq consists of homotopy classes of maps
of pairs pCMpG,nq,MpG,nqq Ñ pY,Xq. By the relative Hurewicz theorem
(see Exercise 6.26), G � πn�1pY,Xq. Furthermore, the universal coefficient
theorem for homotopy applied to the space of paths EpY ;X, t�uq yields an
epimorphism

η : πn�1pY,X;Gq Ñ HompG, πn�1pY,Xqq � HompG,Gq.

Therefore there exists θ : pCMpG,nq,MpG,nqq Ñ pY,Xq such that θ� :
Hn�1pCMpG,nq,MpG,nqq Ñ Hn�1pY,Xq is an isomorphism. Now let k �
θ|MpG,nq : MpG,nq Ñ X and consider the commutative diagram

MpG,nq k //

i

��

X

j

�� f

��;;;;;;;;;;;;;;;;;;

CMpG,nq u //

θ

++WWWWWWWWWWWWWWWWWWWWWWWWWW X 1

f 1

&&MMMMMMMMMMMMM

Y,

where X 1 is the pushout of i and k and f 1 is the map determined by θ and f.
Now j is an inclusion and we regard f 1 as an inclusion (by replacing Y by the
mapping cylinder Mf 1). Then u : pCMpG,nq,MpG,nqq Ñ pX 1, Xq induces a
homology isomorphism since the pairs have homeomorphic cofibers. Further-
more, θ� : Hn�1pCMpG,nq,MpG,nqq Ñ Hn�1pY,Xq is an isomorphism by
the choice of θ. Therefore the inclusion pX 1, Xq Ñ pY,Xq induces an isomor-
phism of pn � 1q-dimensional relative homology groups. Next consider the
exact homology sequence of the triple X � X 1 � Y (Appendix C),

HipX 1, Xq // HipY,Xq // HipY,X 1q // Hi�1pX 1, Xq.
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Since HipX 1, Xq � 0 for i � n� 1, we have

1. HipY,X 1q � HipY,Xq for i � n� 1, n� 2.

2. Hn�2pY,Xq Ñ Hn�2pY,X 1q is a monomorphism.

3. Hn�1pY,Xq Ñ Hn�1pY,X 1q is an epimorphism.

Then by (2) and (3) and the fact that Hn�1pX 1, Xq Ñ Hn�1pY,Xq is an
isomorphism, we conclude from the exact homology sequence of the triple
X � X 1 � Y that

Hn�1pY,X 1q � 0 and Hn�2pY,X 1q � Hn�2pY,Xq.

(This is Exercise 7.19.) This completes the proof. [\
Remark 7.4.7 We indicate the proof of Lemma 7.4.6 in the case n � 1. We
assume H1pY,Xq � 0 and set G � H2pY,Xq. We write G � F {R where F is
free-abelian with basis txα |α P Au and R is free-abelian with basis tyβ |β P
Bu. Let M1 ��αPA S

1
α and so R � F � H1pM1q. For each β P B we choose

rgβs P π1pM1q such that hrgβs � yβ , where h is the Hurewicz homomorphism.
We then form M by attaching 2-cells to M1 by the maps gβ. We set Γ �
π1pMq, so Γ {rΓ, Γ s � G by Proposition B.5. If E � EpY ;X, t�uq, we identify
π2pY,X;Gq � rM,Es with rpCM,Mq, pY,Xqs, the homotopy classes of maps
of the pair pCM,Mq into the pair pY,Xq. For every φ : Γ Ñ G � π1pEq,
there exists f : M Ñ E such that f� � φ : π1pMq Ñ π1pEq by Lemma
2.5.1. From this it follows that the function ηπ : rM,Es Ñ HompΓ,Gq is
onto, where ηπrf s � f� : π1pMq Ñ π1pEq. Next consider the commutative
diagram

rM,Es ηH //

ηπ
))RRRRRRRRRRRRRR HompG,Gq

ν�

��
HompΓ,Gq,

where ηHrks � k� : H1pMq Ñ H1pEq and ν : Γ Ñ G is the projection onto
the quotient. Because ηπ is onto and ν� is one–one, ηH is onto. Therefore ηH :
rpCM,Mq, pY,Xqs Ñ HompG,Gq defined by ηHrgs � g� : H2pCM,M q Ñ
H2pY,Xq is onto. It now follows as in the proof of Lemma 7.4.6 that there
exists θ : pCM,Mq Ñ pY,Xq such that θ� : H2pCM,Mq Ñ H2pY,Xq is an
isomorphism. If we write M � MpG, 1q, the rest of the proof proceeds as in
Lemma 7.4.6.

The following theorem gives the homology decomposition of a map.

Theorem 7.4.8 Let X and Y be 1-connected spaces and let f : X Ñ Y be
a map. Then for every k ¥ 1, there exist spaces and maps

X
jk // Wk

fk // Y

with jk an inclusion map such that
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1. f � fkjk.

2. jk� : HipXq Ñ HipWkq is an isomorphism for i ¡ k and a monomorphism
for i � k.

3. fk� : HipWkq Ñ HipY q is an isomorphism for i   k and an epimorphism
for i � k.

4. If we regard f and fk as inclusions, then HipY,Wkq � HipY,Xq for i ¡ k.

5. There exists a map lk�1 : MpHk�1pY,Xq, kq Ñ Wk such that Wk�1 �
Clk�1

�Wk Ylk�1
CMpHk�1pY,Xq, kq

6. If ik : Wk ÑWk�1 is the inclusion, then the following diagram commutes

Wk

ik

��

fk

''OOOOOOOOOOOOOO

X

jk

77oooooooooooooo
jk�1

// Wk�1
fk�1

// Y

Proof. We define the spaces Wk and the maps jk and fk inductively on k.
For k � 1, we set W1 � X, j1 � id, and f1 � f. Now assume the theorem for
k, so HipY,Wkq � 0 for i ¤ k. We then apply Lemma 7.4.6 to fk : Wk Ñ Y
and obtain a factorization of fk as

Wk
ik // Wk�1

fk�1 // Y.

Therefore from Lemma 7.4.6 we conclude that fk�1� : HipWk�1q Ñ HipY q
is an isomorphism for i   k � 1 and an epimorphism for i � k � 1 and
HipY,Wk�1q � HipY,Xq for i ¡ k � 1. We then define jk�1 � ikjk and note
that it only remains to prove (2) for k � 1, that is, HipWk�1, Xq � 0 for
i ¥ k � 2. From the exact homology sequence of the triple X � Wk � Wk�1

and the fact that HipWk�1,Wkq � 0 for i � k�1, we see that HipWk�1, Xq �
HipWk, Xq for i � k, k�1. Hence for i ¥ k�2, it follows that HipWk�1, Xq �
HipWk, Xq � 0. This establishes (2) for k � 1 and completes the proof. [\

The spaces Wk together with the maps jk, fk, pk, and lk that satisfy (1)–
(6) of Theorem 7.4.8 constitute a homology decomposition of the map f . The
spaces Wk are homology sections of the map f and the maps lk or homotopy
classes rlks are the k1-invariants of the map f .

It is interesting to compare the factorization of f in Theorem 7.4.8 as
f � fkjk with that of f in Theorem 2.4.9 which we write as f � fkik

X
ik // Tk

fk // Y.

In the first case, as k gets larger, fk� : πrpWkq Ñ πrpY q is an isomorphism
for more values of r and Wk “looks more like” Y. In the second case, as k
gets larger, ik� : πrpXq Ñ πrpTkq is an isomorphism for more values of r and
Tk “looks more like” X.
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We observe that if we take the map t�u Ñ Y for f, then the homology
decomposition of the map f reduces to the homology decomposition of the
space Y.

Corollary 7.4.9 If X and Y are 1-connected spaces such that HipXq � 0
for i ¥ N and HipY q � 0 for i ¥ N � 1 and f : X Ñ Y is a map, then
fN : WN Ñ Y is a homotopy equivalence.

Proof. The hypothesis implies that HN�1pY,Xq � 0 and so WN � WN�1

and fN � fN�1. But jN : X Ñ WN induces homology isomorphisms in
dimensions ¡ N. Therefore HipWN q � 0 for i ¡ N. Also fN � fN�1 :
WN�1 Ñ Y induces homology isomorphisms in dimensions   N�1. Because
WN and Y are 1-connected, fN � fN�1 is a homotopy equivalence. [\
This corollary can be interpreted as asserting that if X and Y are 1-connected
finite-dimensional CW complexes, then any map f : X Ñ Y can be factored
as an inclusion X Ñ X Y CMpH2, 1q Y � � � Y CMpHN , N � 1q followed by a
homotopy equivalence, for some N, where Hi � HipY,Xq.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

7.1. p�q Let F
i // E

p // B be a fibration such that (1) B is pn � 1q-
connected, n ¥ 2, (2) if i ¤ m� 1 or i ¥ m� n� 1, then πipF q � 0, and (3)
F � ΩX, for some space X, then prove that there is a map k : B Ñ X such
that the principal fibration ΩX // Ik // B is equivalent to the given
fibration.

7.2. p�q 1. Let X be a space and let n : X � X Ñ X be a map such that
nj1, nj2 : X Ñ X have right homotopy inverses. Prove that there is a map
m : X �X Ñ X such that pX,mq is an H-space.

2. Consider the fibration ΩX //XI
p //X �X , where X is a CW com-

plex and pplq � plp0q, lp1qq. Prove that if this fibration is equivalent to a
principal fibration, then X is an H-space.

7.3. Show the existence of a Postnikov decomposition for a space with abelian
fundamental group by dualizing the proof of Theorem 7.3.2.

7.4. p:q Let vn : Xrns Ñ X be the n-connected fibration of a CW complex X.
Prove that there is a map θn�1 : Xrn�1s Ñ X rns such that vnθn�1 � vn�1.
What is the homotopy fiber of θn�1?

7.5. Let v1 : Xr1s Ñ X be the 1-connected fibration of X. Prove that Xr1s

has the homotopy type of the universal cover of X.
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7.6. p:q Let

Gl Gl�1
fl�1oo Gl�2

fl�2oo � � �oo

be a sequence of groups and homomorphisms and let ri : limÐÝs¥lGs Ñ Gi be

the projection of the inverse limit. Prove: If there is a k ¥ l such that fi is
an isomorphism for i � k� 1, k� 2, . . . , then ri is an isomorphism for i ¥ k.

7.7. Give a definition of the product of weak homotopy systems tXpnq, gn, pn u
and tY pnq, hn, qn u. If the first system is a weak homotopy decomposition of
X and the second is a weak homotopy decomposition of Y, then prove that
this product is a weak homotopy decomposition of X � Y. Given a Post-
nikov system for X and one for Y, what is the relation between the Postnikov
invariants of X, Y and X � Y ?

7.8. p:q If tXpnq, gn, pn u is a weak homotopy decomposition of X and pX,µq
is an H-space, show that there is an H-space multiplication µn on Xpnq such
that gn : pX,µq Ñ pXpnq, µnq and pn�1 : pXpn�1q, µn�1q Ñ pXpnq, µnq are
H-maps.

7.9. If X is a space and m ¤ n, prove that pX rmsqpnq � pXrnsqpmq.
7.10. p�q If tXpnq, gn, pn u is a weak homotopy decomposition of a 1-connected
space X and dimX ¤ n, then prove that Hn�1pXpnqq � 0 and Hn�2pXpnqq �
πn�1pXq. Use this result to determine π3pS2q.
7.11. p:q Prove that Hn�1pKpZ, nqq � 0.

7.12. p�q Let pX,mq be an H-complex and let pY, nq be a grouplike space. Let
f : X Ñ Y be a map and let rDf s P rX^X,Y s be the H-map deviation of f.
Prove that there is a multiplication rn on Y such that f : pX,mq Ñ pX 1, rnq
is an H-map if and only if rDf s is in the image of pf ^ fq� : rY ^ Y, Y s Ñ
rX ^X,Y s.
7.13. If X is a 1-connected space, show that there exist spaces Xrns and maps
qn : X Ñ Xrns such that HipXrnsq � 0 for i ¤ n and qn� : HipXq Ñ HipXrnsq
is an isomorphism for i ¡ n. Show that there exist maps Xrns Ñ Xrn�1s

whose mapping cone is an MpHn�1pXq, n� 2q.
7.14. p�q p:q Let M � MpZm, nq � Sn Y en�1, m ¥ 2, and let q : M Ñ
M{Sn � Sn�1 be the projection. Prove that q � �.
7.15. Prove the following dual of Proposition 7.3.5. Let tXpnq, gn, pn, k

nu
be a Postnikov decomposition for a 1-connected space X. Then kn�1

� � 0 :
Hn�2pXpnqq Ñ Hn�2pKpπn�1pXq, n� 2qq if and only if the Hurewicz homo-
morphism hn�1 : πn�1pXq Ñ Hn�1pXq is a monomorphism.
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7.16. p:q Consider a commutative diagram

F
i //

α

��

E
p //

β

��

B

γ

��
F 1 i1 // E1

p1 // B1,

where the top line and bottom line are fiber sequences and α, β, and γ
are weak homotopy equivalences. Let P be the pullback of p1 and γ and let
F 1 Ñ P Ñ B be the resulting fiber sequence. Show that this fiber sequence
is equivalent to F Ñ E Ñ B.

7.17. Prove that Proposition 7.4.2 implies Proposition 7.2.2 by showing that
π1pEq operates trivially on πn�1pB,Eq, under the hypothesis of Proposition
7.2.2.

7.18. Let f : X Ñ Y be a map with homotopy fiber F � If . Assume that
a weak homotopy decomposition for f exists as in Definition 7.4.3 and let
Fn be the homotopy fiber of bn. Show that there exists a map φn : F Ñ Fn
which is an n-equivalence and that πipFnq � 0 for i ¥ n. (Thus Fn could be
taken to be the pn� 1q-homotopy section of F.)

7.19. Prove the assertion made at the end of the proof of Lemma 7.4.6.

7.20. Let X be 1-connected and consider a homology decomposition of the
map X Ñ t�u. What is the relation of the space X to the spaces Wk of
Theorem 7.4.8?



Chapter 8

Homotopy Sets

8.1 Introduction

In this chapter we consider rX,Y s, the collection of morphisms from X to
Y in the homotopy category HoTop�. For arbitrary spaces X and Y, rX,Y s
is just a set and there is not too much to say. We could ask if it is finite or
infinite. If finite, how many elements does it have? If infinite, is it countable or
not? We answer some of these in the next section. However, by giving rX,Y s
natural group structure we can then study properties of the group rX,Y s.
But before doing this we discuss the category of a space in Section 8.3. This
is a nonnegative integer invariant (or 8) associated to a space X and denoted
catX. We showed in Chapter 2 that rX,Y s has a natural binary operation
with two-sided identity if Y is an H-space or if X is a co-H-space. In Section
8.4 we prove that this set with binary operation is an algebraic loop if Y is
an H-complex or if X is a 1-connected co-H-complex. From this we deduce
that H-complexes and 1-connected co-H-complexes always have left and right
homotopy inverses. We then study the nilpotency of the group rX,Y s when
Y is a grouplike space. We prove that the group is nilpotent whenever X has
finite category and that the nilpotency class of rX,Y s is bounded above by
catX.

8.2 The Set rX,Y s

In the preceding chapters we have proved several results that give conditions
for an induced map of homotopy sets to be a bijection. In order to summarize,
we state the most general of these results next.

Proposition 8.2.1 (Proposition 2.4.6) Let X be a CW complex, let B and
Y be spaces (not necessarily of the homotopy type of CW complexes), and
let e : B Ñ Y be an n-equivalence, n   8. Then e� : rX,Bs Ñ rX,Y s is

DOI 10.1007/978-1-4419-7329-0_8, © Springer Science+Business Media, LLC 2011
, Universitext,M. Arkowitz, Introduction to Homotopy Theory 267
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an injection if dimX   n and a surjection if dimX ¤ n. If n � 8, then
e� : rX,Bs Ñ rX,Y s is a bijection.

Special cases of this proposition are Proposition 1.5.24 (where e is the in-
clusion pZ,Cqn Ñ Z of the n-skeleton of a relative CW complex pZ,Cq)
and Proposition 7.2.17 (where e is the map gn�1 : Y Ñ Y pn�1q of a weak
homotopy decomposition of Y ).

Proposition 8.2.2 Let f : X Ñ Y be an n-equivalence, let Z be a space,
and let f� : rY,Zs Ñ rX,Zs be the induced map. If πipZq � 0 for i ¥ n, then
f� is a surjection. If πipZq � 0 for i ¥ n� 1, then f� is an injection.

This proposition has not been proved explicitly, but it follows immediately
from Corollary 2.4.10 and Proposition 2.4.13.

We next give conditions for rX,Y s to be finite. We first introduce some
terminology and notation. If G is a finitely generated abelian group, then
rpGq denotes the rank of G. If we write G � Z ` � � � ` Z ` T, where there
are r copies of Z and T is a finite group, then rpGq � r. For a space X with
HnpXq finitely generated, we define the nth Betti number βnpXq of X to be
rpHnpXqq. If πnpXq is a finitely generated abelian group, we define γnpXq
to be rpπnpXqq.
Lemma 8.2.3 Let X be a space and let G be an abelian group such that
HnpXq, Hn�1pXq, and G are finitely generated. If βnpXq rpGq � 0, then
HnpX;Gq is a finite group.

Proof. Consider the exact sequence of the universal coefficient theorem for
cohomology (Theorem 5.2.4)

0 // HnpXq bG // HnpX;Gq // Hn�1pXq �G // 0.

Because βnpXqrpGq � 0, HnpXq bG is finite. Because Hn�1pXq and G are
finitely generated, Hn�1pXq �G is finite. Therefore HnpX;Gq is finite. [\

We next give an easily verifiable criterion for the set rX,Y s to be finite.

Proposition 8.2.4 Let X be a finite CW complex of dimension N and let
Y be a simply connected space with finitely generated homotopy groups πipY q
for i ¤ N. If βnpXqγnpY q � 0 for all n ¤ N, then rX,Y s is finite.

Proof. Let tY pnq, gn, pn, k
n u be a Postnikov system for Y. By Proposition

8.2.1, gN� : rX,Y s Ñ rX,Y pNqs is a bijection, and so it suffices to prove that
rX,Y pNqs is finite. We do this by showing by induction on n that rX,Y pnqs
is finite for all n ¤ N. Let πi � πipY q and consider the case when n � 2.
Then Y p2q � Kpπ2, 2q and rX,Y p2qs � H2pX;π2q. But β2pXqγ2pY q � 0, and
so rX,Y p2qs is finite by Lemma 8.2.3. Now assume that rX,Y pn�1qs is finite
for n ¤ N. We have the principal fiber sequence
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Kpπn, nq // Y pnq
pn // Y pn�1q

and the resulting exact sequence

rX,Kpπn, nqs // rX,Y pnqs pn� // rX,Y pn�1qs.

Because rX,Y pn�1qs is finite by induction, the image set pn�rX,Y pnqs is finite.
Next consider the operation of HnpX ;πnq � rX,Kpπn, nqs on rX,Y pnqs. If
x, y P rX,Y pnqs, then pn�pxq � pn�pyq if and only if y � xα, for some
α P rX,Kpπn, nqs by Theorem 4.4.4. But βnpXqγnpY q � 0, and so the group
rX,Kpπn, nqs is finite. Therefore for w P pn�rX,Y pnqs, each preimage set
p�1
n�pwq is finite. Thus rX,Y pnqs is finite. This completes the induction and

shows that rX,Y s is finite. [\
Proposition 8.2.4 holds if the condition βnpXqγnpY q � 0 for all n ¤ N is
replaced by the condition that HnpXq is a finite group for all n ¤ N or by
the condition that πnpXq is a finite group for all n ¤ N. Furthermore, the
converse of Proposition 8.2.4 does not hold as we show by example. There are
many such examples, but the one we give uses an interesting fact about the
Hopf map. For any sphere Sn, we denote a map of degree k by k: Sn Ñ Sn.

Lemma 8.2.5 The following diagram is homotopy-commutative

S3

φ

��

k2
// S3

φ

��
S2

k // S2,

for any integer k, where φ is the Hopf map.

Proof. The map kφ represents an element in π3pS2q and so kφ � nφ for some
integer n. Therefore there is a map n: S3 Ñ S3 of degree n such that kφ � φn.
Then n and k induce a map θ : CP2 Ñ CP2 because CP2 is the mapping
cone Cφ. If u P H2pCP2q � Z is a generator, then θ�puq � ku. Furthermore,
u2 P H4pCP2q � Z is a generator and

nu2 � θ�pu2q � θpuqθpuq � k2u2.

Hence n � k2. [\
The following example provides a counterexample to the converse of Propo-
sition 8.2.4.

Example 8.2.6 (Cf. Exercise 8.4) The set rCP2, S2s is a finite set.

Proof. Consider the mapping cone sequence
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S3
φ // S2

j // CP2
q // S4 ,

where j is the inclusion and q is the projection, and the exact sequence of
sets

rS4, S2s q� // rCP2, S2s j� // rS2, S2s φ� // rS3, S2s.
Then φ�pkq � kφ � k2φ by Lemma 8.2.5, and so φ�pkq � 0 ðñ k �
0. Therefore Imj� � 0 and thus q� is onto. Because rS4, S2s � π4pS2q �
π4pS3q � Z2 by Theorem 5.6.10, rCP2, S2s is finite. [\
Next we consider when rX,Y s is a countable set. For this we use some ba-
sic facts about simplicial complexes that can be found in [73]. In addition,
a countable CW complex is one in which the number of cells is finite or
countably infinite.

Proposition 8.2.7 If X is a finite CW complex and Y is a countable CW
complex, then rX,Y s is a countable set.

Proof. By [39, p. 182], a finite CW complex has the homotopy type of a finite
simplicial complex and a countable CW complex has the homotopy type of
a countable simplicial complex. Therefore it suffices to show that rK,Ls is
countable where K is a finite simplicial complex and L is a countable simpli-
cial complex. We begin by assuming that both K and L are finite simplicial
complexes. Any simplicial map φ : K Ñ L carries the vertices of a simplex of
K into the vertices of some simplex in L and is completely determined by its
values on the vertices. Thus there are finitely many simplicial maps K Ñ L.
Next recall that the simplicial approximation theorem states that any map
f : K Ñ L is homotopic to a simplicial map φ : Kpnq Ñ L, where Kpnq is
the nth barycentric subdivision of K. Since Kpnq is a finite complex, there
are finitely many simplicial maps Kpnq Ñ L, and we denote the set of these
maps by Sn. Then

S �
¤
n¥0

Sn

is a countable set. Since every map f : K Ñ L is homotopic to some element
of S, the set rK,Ls is countable. If L is countably infinite, the Simplicial
Approximation still holds and there are countably many simplicial mapsK Ñ
L. The rest of the preceding argument then goes through. [\

8.3 Category

In preparation for studying the group structure on the homotopy set rX,Y s
when Y is a grouplike space, we discuss the notion of category in this section
and establish a few of its basic properties. Category is a numerical invariant
of the homotopy type of a space that is interesting in its own right.
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Recall that a co-H-space consists of a space X and a map c : X Ñ X _X ,
called the comultiplication, such that q1 c � id � q2 c, where q1, q2 : X_X Ñ
X are the two projections. This can be restated as follows (Exercise 2.6). If
X is a space, then there is a comultiplication on X if and only if the diagonal
map ∆ : X Ñ X � X is homotopic to a map that factors through X _ X.
This latter characterization can be easily generalized.

Definition 8.3.1 For a space X, the nth fat wedge is defined by

TnpXq � tpx1, x2, . . . , xnq |xi P X, some xi � �u � Xn.

If jn�1 : Tn�1pXq Ñ Xn�1 is the inclusion, then X has category ¤ n, written
catX ¤ n, if there is a map φ : X Ñ Tn�1pXq such that jn�1φ � ∆ : X Ñ
Xn�1, where ∆ � ∆n�1

X is the diagonal map of X. We say catX � n if
catX ¤ n and catX ¦ n� 1.

Remark 8.3.2 For a space X, clearly catX � 0 if and only if X is con-
tractible, and catX ¤ 1 if and only if there is a map c : X Ñ X _X such
that pX, cq is a co-H-space. The category of a space has also been called the
Lusternik–Schnirelmann category or the LS category. The original definition
given in [58] which is equivalent to Definition 8.3.1 is as follows. A space X
has LS category ¤ n if there is an open cover tU0, U1, . . . , Unu of X such that
each Ui is freely contractible in X to a point. The motivation for studying cat-
egory came from a theorem of Lusternik–Schnirelmann on smooth compact
manifolds M [58]. This asserts that a lower bound for the number of critical
points of any smooth function on M is catX � 1. With some restrictions,
this result holds for infinite-dimensional manifolds, and so has applications
to the calculus of variations. For these and many other results on category,
see [21].

In general, it is difficult to calculate the category of a space. We next prove
two basic results that will enable us to make this calculation for some spaces.

Proposition 8.3.3 If f : X Ñ Y is a map and Cf � Y Yf CX is the
mapping cone of f, then

catCf ¤ catY � 1.

Proof. Using the mapping cylinder, we can regard f : X Ñ Y as a cofiber
map. The inclusion map i : CX Ñ Cf is then a cofiber map (Proposition
3.2.10). We denote Cf by Z and consider the diagram

CX

i

��

i��

''OOOOOOOOOOOOO

Z
id // Z,
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where i � � since CX is contractible. Because i is a cofiber map, there is
homotopy rt : Z Ñ Z such that r0 � id and r1|CX � �. Now suppose
catY � n � 1 with map φ : Y Ñ TnpY q such that ∆Y � jφ : Y Ñ Y n,
where j � jn : TnpXq Ñ Xn. Thus there is a homotopy ht : Y Ñ Y n with
h0 � ∆Y and h1 � jφ. Consider the diagram

Y

k

��

knht

''NNNNNNNNNNNNN

Z
∆nZ

// Zn,

where k : Y Ñ Z is the inclusion. Since k is a cofiber map, there exists
a homotopy lt : Z Ñ Zn such that l0 � ∆n

Z and l1k � knjφ. Now define
mt : Z Ñ Zn�1 by mtpzq � prtpzq, ltpzqq for z P Z. Then m0 � ∆n�1

Z .
Furthermore m1xx, ty P t�u � Zn and m1xyy P Z � TnpZq, for x P X, t P I,
and y P Y. Therefore m1pZq � Tn�1pZq, and so catZ ¤ n. [\
Corollary 8.3.4 If X is a finite-dimensional CW complex, then catX ¤
dimX. If X is 1-connected and N is the number of nontrivial positive-
dimensional homology groups of X, then catX ¤ N.

Proof. For the first assertion, apply Proposition 8.3.3 to the skeletal decom-
position of X. For the second assertion, apply Proposition 8.3.3 to a homology
decomposition of X. [\

In order to prove the next result, we digress to discuss cup products in
cohomology, where cohomology is regarded as homotopy classes of maps into
an Eilenberg–Mac Lane space. Let Gi be abelian groups, let ni ¥ 1 be integers
and let Ki denote the Eilenberg–Mac Lane space KpGi, niq, i � 1, . . . , k. We
define T pK1, . . . ,Kkq � K1 � � � � �Kk to consist of all k-tuples px1, . . . , xkq
such that some xi � �. Thus T pX, . . . ,Xq with k copies of X is just T kpXq.
We set K1 ^ � � � ^Kk � K1 � � � � �Kk{T pK1, . . . ,Kkq.
Lemma 8.3.5 With the above notation,

πN pK1 ^ � � � ^Kkq � G1 b � � � bGk,

where N � n1 � � � � � nk.

Proof. Because the pni � 1q-skeleton Kni�1
i � t�u, the pN � 1q-skeleton

T pK1, . . . ,KkqN�1 � pK1�� � ��KkqN�1. Therefore pK1^� � �^KkqN�1 � t�u,
and so K1^� � �^Kk is pN�1q-connected. Thus πN pK1^� � �^Kkq � HN pK1^
� � �^Kkq by the Hurewicz theorem. But HN pK1^� � �^Kkq � G1b� � �bGk
by the Künneth theorem [83, p. 235]. [\
Lemma 8.3.6 If G is an abelian group and m : G1 b � � � bGk Ñ G is any
homomorphism, then there exists a unique element rθms P HN p�n

i�1Ki;Gq
such that ηπrθms � m, where
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ηπ : HN p�n
i�1Ki;Gq Ñ HompπN p

�n
i�1Kiq, Gq � HompG1 b � � � bGk, Gq

is the homomorphism that assigns to a homotopy class the induced homotopy
homomorphism in dimension N and

�n
i�1 Ki � K1 ^ � � � ^Kk.

Proof. By Proposition 2.5.13, ηπ is an isomorphism. [\
Now we define the cup product of k cohomology elements. Given αi � rfis P
HnipX;Giq and a homomorphism m : G1 b � � � b Gk Ñ G, we consider the
maps

X
∆ // Xk

f1�����fk // ±n
i�1Ki

q // �n
i�1Ki

θm // KpG,Nq,

where q is the projection, θm is defined in Lemma 8.3.6, and N � n1�� � ��nk.
The k-fold cup product α1 Y � � � Y αk P HN pX;Gq is the homotopy class
rθmqpf1 � � � � � fkq∆s. If R is a commutative ring and Gi � R for all i, we
choose m to be the multiplication homomorphism m : Rb� � �bRÑ R defined
by mpx1, . . . , xkq � x1 � � �xk for x1, . . . , xk P R. In this case we obtain the
k-fold cup product as a function Hn1pX ;Rq�� � ��HnkpX;Rq Ñ HN pX;Rq.
Definition 8.3.7 Let X be a space and let R be a commutative ring. The
R-cup length of X , denoted cupRX, is the least integer k such that all pk�1q-
fold cup products of positive-dimensional elements of H�pX;Rq are zero.

Proposition 8.3.8 For any commutative ring R and space X,

cupRX ¤ catX.

Proof. We suppose that catX � k� 1 and so there is a map φ : X Ñ T kpXq
such that jkφ � ∆ : X Ñ Xk, where jk : T kpXq Ñ Xk is the inclusion. If
αi � rfis P HnipX;Rq, with i � 1, . . . , k and ni ¡ 0, then we must show
α1 Y � � � Y αk � 0. There is a homotopy-commutative diagram

T kpXq f //

jk

��

T pKi, . . . ,Kkq
j

��
X

∆ //

φ
<<zzzzzzzzz
Xk

f1�����fk // ±n
i�1Ki

q // �n
i�1Ki

θm // KpG,Nq,

where j is the inclusion and f is induced by f1 � � � � � fk. Then

θmqpf1 � � � � � fkq∆ � θmqpf1 � � � � � fkqjkφ
� θmqjfφ

� �

because qj � �. Therefore α1 Y � � � Y αk � 0. [\
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Corollary 8.3.4 and Proposition 8.3.8 enable us to make some computa-
tions.

Corollary 8.3.9 For the projective spaces,

catRPn � catCPn � catHPn � n.

Proof. We have cupZ2
RPn � n, cupZCPn � n, and cupZHPn � n. The result

for RPn now follows from the first assertion of Corollary 8.3.4 and the results
for CPn and HPn follow from the second assertion of Corollary 8.3.4. [\

There is another definition of category that we now describe and which is
equivalent to Definition 8.3.1. Let

F
i // E

p // B

be a fibration that we denote by F . The excision map α : Ci Ñ B is defined by
α|CF � � and α|E � p (Definition 4.5.20). Furthermore, by Corollary 6.3.6
and the proof of the Serre theorem 6.4.2, the homotopy fiber Iα � F � ΩB.
By replacing α by a fiber map, we obtain a fibration

F 1 // E1 // B

with fiber F 1 � F � ΩB. We denote this fiber sequence by F 1 and call this
construction, which assigns the fibration F 1 to the fibration F , the cofiber–
fiber construction.

Definition 8.3.10 For a space X, the nth Ganea fibration

FnpXq in // GnpXq pn // X ,

n ¥ 0, denoted Fn, is inductively defined as follows: F0 is the path space
fibration ΩX Ñ EX Ñ X. Assuming that Fn�1 has been defined, we define
Fn to be F 1n�1, that is, we apply the cofiber–fiber construction to Fn�1.

As we have seen, the fiber FnpXq has the homotopy type of ΩX � � � � �ΩX,
the join of n� 1 copies of ΩX. In addition, the nth Ganea fibratiion is easily
seen to be natural, that is, a map f : X Ñ X 1 yields a map Gnpfq : GnpXq Ñ
GnpX 1q which is compatible with f and the Ganea fiber maps.

Next we consider the space rGnpXq defined by the homotopy pullback

rGnpXq //

rpn
��

Tn�1pXq
jn�1

��
X

∆ // Xn�1.
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Theorem 8.3.11 There is a homotopy equivalence θ : GnpXq Ñ rGnpXq
such that the following diagram is homotopy-commutative

GnpXq θ //

pn
##FFFFFFFFF

rGnpXq
rpn{{xxxxxxxx

X.

The proof of this theorem is long and we omit it. It can be found in [5] and
[21, pp. 29-31].

It now follows that pn : GnpXq Ñ X has a homotopy section if and only ifrpn : rGnpXq Ñ X has a homotopy section. But from the definition of rGnpXq
as a homotopy pullback, we see that rpn has a homotopy section if and only if
the diagonal map ∆ : X Ñ Xn�1 factors up to homotopy through Tn�1pXq.
Thus we have the following result.

Proposition 8.3.12 For a space X, catX ¤ n if and only if the nth Ganea
fiber map pn : GnpXq Ñ X has a homotopy section.

The condition that pn has a homotopy section is sometimes taken as the
definition of catX ¤ n.

8.4 Loop and Group Structure in rX,Y s

We begin with the definition of an algebraic loop.

Definition 8.4.1 Let S be a set with a binary operation that is written
additively. Then S is called an algebraic loop if for every a, b P S, the equations
a� x � b and y � a � b have unique solutions x, y P S.
Lemma 8.4.2 Let S be a set with a binary operation and define σ, µ : S �
S Ñ S � S by σpa, bq � pa, a � bq and µpa, bq � pb, a � bq for a, b P S. Then
S is an algebraic loop if and only if σ and µ are bijections.

Proof. The assertion that σ is a bijection is equivalent to the assertion that
a� x � b has a unique solution. Similarly for µ and y � a � b. [\

Next let X, Y, A, and B be spaces and consider the projections p1 : A �
B Ñ A and p2 : A � B Ñ B and the inclusions i1 : A Ñ A _ B and
i2 : B Ñ A_B. We proved the following results in Corollary 1.3.7. There is
a bijection λ : rX,A�Bs Ñ rX,As � rX,Bs defined by

λpαq � pp1�pαq, p2�pαqq

and a bijection τ : rA_B, Y s Ñ rA, Y s � rB, Y s defined by
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τpαq � pi�1 pαq, i�2 pαqq.

The first part of the following proposition is due to James [52].

Proposition 8.4.3

1. If pY,mq is an H-complex and X is a space, then rX,Y s, with the binary
operation induced by m, is an algebraic loop.

2. If pX, cq is a 1-connected co-H-complex and Y is a space, then rX,Y s, with
the binary operation induced by c, is an algebraic loop.

Proof. (1) By Lemma 8.4.2, it suffices to show that σ, µ : rX,Y s � rX,Y s Ñ
rX,Y s � rX,Y s are bijections. We do this only for σ because the argument
for µ is similar. Consider the square diagram (actually rectangular)

rX,Y � Y s σ1� //

λ

��

rX,Y � Y s
λ

��
rX,Y s � rX,Y s σ // rX,Y s � rX,Y s,

where λ is the bijection above and σ1 is defined by σ1 � pp1,mq : Y � Y Ñ
Y � Y. If rfs P rX,Y � Y s, then

λσ1�rfs � prp1f s, rmf sq

and
σλrf s � prp1fs, rp1fs � rp2f sq.

Becausemf � pp1�p2qf � p1f�p2f, the square diagram is commutative. We
now show that σ1� is a bijection by showing that σ1 is a homotopy equivalence.
For this, it suffices to prove that σ1 induces an isomorphism of all homotopy
groups by Whitehead’s first theorem. Consider the square diagram with X �
Sn. Because πnpY q is a group, σ : πnpY q � πnpY q Ñ πnpY q � πnpY q is a
bijection by Lemma 8.4.2. Therefore σ1� : πnpY � Y q Ñ πnpY � Y q is an
isomorphism. This completes the proof of (1).

For (2) we show that the map χ : X_X Ñ X_X defined by χ � tc, i2u is
a homotopy equivalence. For this we prove that χ induces an isomorphism of
all homology groups (Exercise 8.7). Since X is 1-connected, so is X _X, and
thus χ is a homotopy equivalence by Whitehead’s second theorem 6.4.15. [\
Hence if pY,mq is an H-complex, then rY, Y s is an algebraic loop. Thus there
are maps l, r : Y Ñ Y such that rls � rids � 0 and rids � rrs � 0. This
yields mpl, idq � � and mpid, rq � �, and we call l a left homotopy inverse
and r a right homotopy inverse of m (see Definition 2.2.1). If m is homotopy
associative, then rY, Y s is associative. Therefore

l � l � pid� rq � pl � idq � r � r.
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Similar considerations hold for co-H-spaces. Thus we have the following.

Proposition 8.4.4 If pY,mq is a homotopy-associative H-complex, then
pY,mq is a grouplike space. If pX, cq is a 1-connected homotopy-associative
co-H-complex, then pX, cq is a cogroup.

We next consider the group rX,Y s when X is a cogroup. We first introduce
some simple facts about (not necessarily abelian) groups. A group G is said to
satisfy the maximal condition if G and all its subgroups are finitely generated.
The following facts are not difficult to prove (see Exercise 8.13).

• If G satisfies the maximal condition, then so does every subgroup of G and
every quotient group of G.

• If

A // B // C

is an exact sequence of groups and A and C satisfy the maximal condition,
then B satisfies the maximal condition.

Proposition 8.4.5 Let X and Y be spaces such that X is a finite complex
and a cogroup and πipY q is a finitely generated abelian group for all i ¥ 1.
Then rX,Y s satisfies the maximal condition.

Proof. Let tY pnq, gn, pnu be a weak homotopy decomposition of Y and sup-
pose that dimX ¤ N. Because gN� : rX,Y s Ñ rX,Y pNqs is an isomorphism
by Proposition 8.2.1, it suffices to prove that rX,Y pnqs satisfies the maxi-
mal condition for all n, and we do this by induction on n. If πipY q � 0 for
i   k, where k ¥ 1, then the weak homotopy decomposition of Y starts with
Y pkq � KpπkpY q, kq. Because rX,Y pkqs � HkpX;πkpY qq, it follows from the
universal coefficient theorem for cohomology (Theorem 5.2.4) that rX,Y pkqs
satisfies the maximal condition. Now assume that rX,Y pnqs satisfies the max-
imal condition for some n ¥ 1 and consider the principal fibration

Kpπn�1pY q, n� 1q // Y pn�1q // Y pnq.

We obtain the exact sequence of groups

Hn�1pX;πn�1pY qq // rX,Y pn�1qs // rX,Y pnqs.

Because Hn�1pX;πn�1pY qq and rX,Y pnqs satisfy the maximal condition, so
does rX,Y pn�1qs. This completes the induction. [\

A similar result holds when Y is a grouplike space.

Proposition 8.4.6 If X is a 1-connected finite complex and Y is a grouplike
space with πipY q a finitely generated group for all i ¥ 1, then rX,Y s satisfies
the maximal condition.
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The proof is left as an exercise (Exercise 8.14).

We now consider the group rX,Y s in more detail when Y is a group-
like space (or by Proposition 8.4.4, a homotopy-associative H-complex). We
first recall some group theory. If G is a group, we denote the commuta-
tor xyx�1y�1 of x, y P G by rx, ys. A k-fold commutator rx1, x2, . . . , xks of
elements x1, x2, . . . , xk P G is inductively defined as follows. A 1-fold com-
mutator is a group element and a 2-fold commutator is just a commuta-
tor. If pk � 1q-fold commutators have been defined, set rx1, x2, . . . , xks �
rrx1, x2, . . . , xk�1s, xks. For subgroups H and K of G, we let rH,Ks equal
the subgroup of G generated by all commutators rh, ks for h P H and k P K.
We then inductively define subgroups ΓnpGq as follows. Let Γ1pGq � G. We
assume Γn�1pGq defined and set ΓnpGq � rΓn�1pGq, Gs. Then there is a chain
of subgroups

� � � � ΓnpGq � Γn�1pGq � � � � � Γ2pGq � Γ1pGq � G

called the lower central series of G. If there is an n such that ΓnpGq � 1,
the trivial group, then G is called nilpotent. The smallest k ¥ 0 such that
Γk�1pGq � 1 is called the nilpotency of G and is denoted nilG. Clearly
nilG ¤ k if and only if all pk�1q-fold commutators rx1, x2, . . . , xk�1s � 1. In
particular, nilG ¤ 1 if and only if G is abelian. An exact sequence of groups

H
j // G

q // K

is called a central sequence if jpHq is contained in the center of G.

We next state and prove two simple lemmas that lead to a short proof of
a result of G. W. Whitehead that relates the category of X to the nilpotency
of rX,Y s. This proof has appeared in [6].

Lemma 8.4.7 If

H
j // G

q // K

is a central sequence of groups and nilK ¤ k � 1, then nilG ¤ k.

Proof. If rrx1, x2, . . . , xks, xk�1s is a pk � 1q-fold commutator in G, then
qrx1, x2, . . . , xks � rqpx1q, qpx2q, . . . , qpxkqs � 1. Hence rx1, x2, . . . , xks �
jpxq, for some x P H. Therefore rrx1, x2, . . . , xks, xk�1s � rjpxq, xk�1s � 1
because jpxq is in the center of G. Therefore nilG ¤ k. [\

The next lemma deals with category. We take Definition 8.3.10 using the
Ganea fibrations

FnpXq in // GnpXq pn // X

as the definition of category.

Lemma 8.4.8 If X is a space and Y is a grouplike space, then the nilpotency
nil rGkpXq, Y s ¤ k.
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Proof. This is proved by induction on k. Clearly nil rG0pXq, Y s � 0 because
G0pXq is contractible. Suppose the result true for k�1. Recall that GkpXq �
Cik�1

, the mapping cone of the inclusion ik�1 : Fk�1pXq Ñ Gk�1pXq. There-
fore it suffices to show nil rCik�1

, Y s ¤ k. Consider the mapping cone sequence

Fk�1pXq
ik�1 // Gk�1pXq

jk�1 // Cik�1

qk // ΣFk�1pXq,

where jk�1 is the inclusion and qk is the projection. This gives an exact
sequence of groups

rΣFk�1pXq, Y s
q�k // rCik�1

, Y s j�k�1 // rGk�1pXq, Y s.

By Proposition 5.4.6, this is a central sequence. But nil rGk�1pXq, Y s ¤ k�1
by induction. Therefore, nil rGkpXq, Y s ¤ k, by Lemma 8.4.7. [\
Theorem 8.4.9 [91, Chapter X, §3] If X is a space of finite category and Y
is a grouplike space, then the group rX,Y s is nilpotent and

nil rX,Y s ¤ catX.

Proof. Let catX � n. Then the Ganea fiber map pn : GnpXq Ñ X has a
homotopy section s : X Ñ GnpXq. Therefore s� : rGnpXq, Y s Ñ rX,Y s is
onto. Since nil rGnpXq, Y s ¤ n by Lemma 8.4.8, nil rX,Y s ¤ n. [\
Remark 8.4.10

1. For a product of k spheres Sn1 �� � ��Snk it can be shown that cat pSn1 �
� � � � Snkq ¤ k [21, p. 18]. Thus nil rSn1 � � � � � Snk , Y s ¤ k if Y is a
grouplike space. In [91, p. 467] an explicit lower central series is given for
rSn1 �� � ��Snk , Y s whose successive quotients are homotopy groups of Y.

2. Several papers have been written that dualize the notion of category. One
such is [74, pp. 323–347] which contains references to many others. The
definition of category in terms of open covers or of the fat wedge seems
less amenable to dualization than the definition in terms of the Ganea
fibration. Although many of the results on category have been dualized,
the notion of cocategory is of lesser interest than that of category. This
may be partially due to the fact that, aside from contractible spaces, H-
spaces, and spaces with a finite number of nontrivial homotopy groups, it
appears that the cocategory of no other space has been calculated.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.
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8.1. Let X and Y be CW complexes with weak homotopy decompositions
tXpnq, gn, pn u and tY pnq, hn, qn u, respectively. Let f : X Ñ Y be a map
and let f pnq : Xpnq Ñ Y pnq be the induced map (Proposition 7.2.11). Prove
that if dimX ¤ n, then the function ρ : rX,Y s Ñ rXpnq, Y pnqs defined by
ρrf s � rf pnqs is a bijection.

8.2. Let X be an pn� 1q-connected H-space, n ¥ 2, and let Y be a grouplike
space such that πipY q � 0, for i ¥ 2n. Prove that every map f : X Ñ Y is
an H-map (Cf. Exercise 2.7).

8.3. Determine for which integers k, l ¥ 1 the set rRPk, Sls is finite and for
which integers it is infinite. (For this problem it is necessary to know the
Betti numbers of RPk.)

8.4. Prove that rCP2, S2s � 0.

8.5. How many elements are there in the sets rRP2k,CPks, rRP2k�1,CPk�1s,
and rRP8,CP8s?
8.6. Let X, Y, A, and B be spaces and consider the projections q1 : A_B Ñ
A and q2 : A_B Ñ B and the inclusions j1 : AÑ A�B and j2 : B Ñ A�B.
By Corollary 1.3.7 the function θ : rX,As � rX,Bs Ñ rX,A�Bs defined by
θprf s, rgsq � rpf, gqs is a bijection. Prove that if X is a co-H-space, then
θ : rX,As � rX,Bs Ñ rX,A � Bs is given by θpβ, γq � j1�pβq � j2�pγq.
Dually, show that the function ρ : rA, Y s � rB, Y s Ñ rA _ B, Y s defined by
ρprf s, rgsq � rtf, gus satisfies ρpβ, γq � q�1 pβq � q�2 pγq if Y is an H-space.

8.7. p:q In the proof of Proposition 8.4.3, show that χ : X _ X Ñ X _ X
induces the following homomorphism of homology groups: χ�pα, βq � pα, α�
βq, where we identify H�pX _Xq with H�pXq `H�pXq.
8.8. Let Y be an H-complex and l, r : Y Ñ Y left and right homotopy
inverses respectively.

1. Prove that lr � id and rl � id.

2. Prove that l and r are homotopy equivalences without using part (1).

3. Dualize (1) and (2).

8.9. If X is a CW complex of dimension   2n�1, then show that rX,Sns has
abelian group structure with the following property. If X 1 is a CW complex of
dimension   2n� 1 and f : X Ñ X 1 is a map, then f� : rX 1, Sns Ñ rX,Sns
is a homomorphism. The group rX,Sns is called the cohomotopy group of X.

8.10. Let X be a pk�1q-connected CW complex of dimension ¤ nk�1, where
k ¥ 2. Prove that catX ¤ n� 1. If dimX   nk � 1 and φ, ψ : X Ñ TnpXq
are maps such that jφ � ∆ � jψ : X Ñ Xn, then prove that φ � ψ.

8.11. By using the covering definition of category in Remark 8.3.2, prove
Proposition 8.3.3.
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8.12. Let p1 : G1pXq Ñ X be the first Ganea fiber map and let π : ΣΩX Ñ
X be the map defined by πpω, tq � ωptq, for ω P ΩX and t P I. Use Exercise
6.13 to show that there is a homotopy equivalence θ : G1pXq Ñ ΣΩX such
that the diagram

G1pXq θ //

p1
""FFFFFFFF ΣΩX

π
||yyyyyyyyy

X

is homotopy-commutative. Conclude that X is a co-H-space if and only if π
has a homotopy section.

8.13. p:q Prove the following assertions which appear in Section 8.4.

1. If G satisfies the maximal condition, then so does every subgroup of G and
every quotient group of G.

2. If A // B // C is an exact sequence of groups and A and C satisfy
the maximal condition, then B satisfies the maximal condition.

8.14. p:q Prove Proposition 8.4.6.

8.15. By dualizing the Ganea fibrations, give a definition of cocatX ¤ n,
where cocat is the dual of cat.





Chapter 9

Obstruction Theory

9.1 Introduction

There are two basic topological problems regarding mappings that are called
the extension problem and the lifting problem. In algebraic topology, these
problems are often treated by means of obstruction theory. In this chapter
we give an introduction to the main ideas of this theory.

In the extension problem we are given a relative CW complex pX,Aq with
inclusion i : AÑ X, a space Y , and a map g : AÑ Y and we ask if there is
a map h : X Ñ Y , called an extension of g, such that the diagram

A

i

��

g // Y

X

h

88ppppppp

commutes. In the obstruction theory for the extension problem discussed in
Section 9.3, we consider the homotopy sections Y pnq of Y and assume that
there is a map X Ñ Y pnq compatible with g. This determines an element
in Hn�1pX,A; πnpY qq called the obstruction element. The vanishing of the
obstruction element is a necessary and sufficient condition for the existence
of a compatible map X Ñ Y pn�1q. If dim pX,Aq is finite, the existence of
compatible maps X Ñ Y pnq for large n implies the existence of an extension
h. Thus there is a systematic procedure to determine if g has an extension.

In the lifting problem there is a fiber map p : E Ñ B and a map f : X Ñ B
and we ask if there is an h : X Ñ E, called a lift, such that the following
diagram commutes

E

p

��
X

f //

h

77ppppppp
B.
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Obstruction elements in cohomology are also defined for this problem (in 9.3)
so that the nth stage lift yields an pn� 1qst stage lift if and only if the nth
obstruction vanishes.

We combine both of these problems into a single problem by considering
the following diagram

A
g //

i

��

E

p

��
X

f //

h

88ppppppp
B

with commutative square called the extension-lifting square. We assume that
pX,Aq is a relative CW complex and that p is a fiber map. The problem is to
determine if there exists a map h : X Ñ E such that hi � g and ph � f. This
is called the extension-lifting problem and the solution h is called a relative
lift. By taking B � t�u, we obtain the extension problem, and by taking
A � t�u, we obtain the lifting problem.

The approach in this chapter uses a homotopy decomposition of the map
p ([14], [39]) or a homology decomposition of the map i. In the former case,
we develop an obstruction theory for the extension-lifting problem with ob-
struction elements in Hn�1pCi; πnpF qq, where Ci is the mapping cone of i
and F is the fiber of p. We specialize these results in Section 9.3 to obtain
obstructions for the extension and lifting problems. In the last section we
briefly discuss some additional topics in obstruction theory and indicate how
to obtain obstructions to the extension-lifting problem by using a homology
decomposition of the map i. In this case the obstructions lie in homotopy
groups with coefficients.

9.2 Obstructions Using Homotopy Decompositions

We begin with a key lemma that is needed to define the obstruction.
Suppose that pX,Aq is a relative CW complex and that there is a commu-

tative diagram

A

i

��

a // Ik
u //

p

��

EK

p0

��
X

b // Z
k // K,

where the square on the right is the pullback diagram that defines Ik, p and
p0 are fiber maps and i is the inclusion map. Let �ua : CAÑ K be the adjoint
of ua : AÑ EK. We then have the diagram
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A
i //

j

��

X

w

��
kb

��==================

CA
v //

�ua
++WWWWWWWWWWWWWWWWWWWWWWWWWW Ci

ω

&&NNNNNNN

K

in which the square is the pushout diagram defining the mapping cone Ci �
X Yi CA. Because kbi � �uaj, there is a map ω : Ci Ñ K such that ωv � �ua
and ωw � kb.

The following lemma gives necessary and sufficient conditions for the ex-
istence of a relative lift in the case when p is a principal fiber map.

Lemma 9.2.1 [14, p. 500] With the above notation, there exists a map b1 :
X Ñ Ik such that pb1 � b and b1i � a,

A
a //

i

��

Ik

p

��
X

b //

b1

88qqqqqqq
Z,

if and only if � � ω : Ci Ñ K.

Proof. Suppose that � � ω with homotopy ωt : Ci Ñ K, and so � �ωtw kb :
X Ñ K and � �ωtv �ua : CA Ñ K. Thus the adjoint �ωtv : A Ñ EK is a
homotopy between � and ua, and we have the diagram

A
��ua //

i

��

EK

p0

��
X

��kb //

�

77ooooooooooooo
K.

Because p0�ωtv � ωtwi, by the CHEP (Corollary 3.3.6), there is a homotopy
ht : X Ñ EK such that h0 � �, p0ht � ωtw, and hti ��ωtv. Then h1 : X Ñ
EK and b : X Ñ Z determine a map b1 : X Ñ Ik such that ub1 � h1 and
pb1 � b,

X
h1

++WWWWWWWWWWWWWWWWWWWWWWWWWW

b

��<<<<<<<<<<<<<<<<<

b1
N

N
N

&&N
N

N

Ik
u //

p

��

EK

p0

��
Z

k // K.

It follows that b1i � a.
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Conversely, suppose there exists b1 : X Ñ Ik such that pb1 � b and b1i � a.
We define l : CAÑ EK by

lxx, typsq �
"
uapxqps� tq if 0 ¤ s ¤ 1� t
� if 1� t ¤ s ¤ 1,

for x P A and t, s P I. Note that lxx, ty is the path along uapxq from uapxqptq
to uapxqp1q � � followed by the constant path and thus lj � ua. We consider
the diagram

A
i //

j

��

X

w

��
ub1

��??????????????????

CA
v //

l
++WWWWWWWWWWWWWWWWWWWWWWWWWW Ci

λ

''OOOOOOO

EK.

Because lj � ub1i, there exists a map λ : Ci Ñ EK such that λw � ub1 and
λv � l. It then easily follows that p0λ � ω : Ci Ñ K. Therefore � � ω since
EK is contractible. [\

Now suppose that pX,Aq is a relative CW complex with inclusion map
i : A Ñ X and that p : E Ñ B is a fiber map with fiber F. We assume that
there are maps g : A Ñ E and f : X Ñ B such that the following diagram
commutes

A
g //

i

��

E

p

��
X

f // B,

so that this is an extension-lifting square. We also assume that there is a
Moore–Postnikov decomposition for the map p. By Theorem 7.4.4 this occurs
if π1pEq acts trivially on πnpB,Eq (see Exercise5.17), for all n. Thus by
Definition 7.4.3, there are spaces Zpnq and maps an : E Ñ Zpnq and bn :
Zpnq Ñ B such that p � bnan, for all n ¥ 1. Furthermore, there are principal
fibrations

Kn
// Zpn�1q

pn�1 // Zpnq,

where Kn � KpπnpF q, nq and pn�1an�1 � an and bnpn�1 � bn�1,

Zpn�1q

pn�1

��

bn�1

''OOOOOOOOOOOOO

E

an�1

77ooooooooooooo
an

// Zpnq bn

// B.
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Now suppose that there is a map hn : X Ñ Zpnq such that the following
diagram commutes

A
an�1 g //

i

��

Zpn�1q

pn�1

��
X

hn //

f

33Zpnq
bn // B.

We can then define an obstruction to a relative lift X Ñ Zpn�1q.

Definition 9.2.2 The obstruction to the existence of a map hn�1 : X Ñ
Zpn�1q such that hn�1i � an�1g and pn�1hn�1 � hn is the element ω �
ωhn P Hn�1pCi;πnpF qq defined just before Lemma 9.2.1, where Ci is the
mapping cone of i.

By Lemma 9.2.1, hn�1 exists if and only if ωhn � 0. In this case, hn�1i �
pn�2an�2g and bn�1hn�1 � f, and so the obstruction ωhn�1

can be defined.
Now suppose that dimpX,Aq ¤ N and hN exists. Then there is the com-

mutative diagram

A
g //

i

��

E

aN

��

p

''OOOOOOOOOOOOOO

X
hN //

f

44ZpNq
bN // B.

Since aN is an N -equivalence, the HELP lemma (4.5.7) implies that there
exists a map h1 : X Ñ E such that h1i � g and aNh

1 �F hN , where F :
X � I Ñ ZpNq is a homotopy which is stationary on A � I. Thus ph1 �
bNaNh

1 � bNhN � f, and this homotopy is stationary on A � I. By the
CHEP applied to the fiber map p, there is a map h : X Ñ E with h � h1,
hi � g, and ph � f. Therefore h is a relative lift.

The map hN can be obtained by requiring that a sequence of obstruc-
tions is zero. We do this next and in the process we add a few restrictive
assumptions. We begin by defining a map h1 : X Ñ Zp1q. If we assume
π1pBq � 0, then we can take Zp1q � B because b1 is a homotopy equivalence.
Then b1 � id, a1 � p, and h1 � f. An alternative assumption would be to
take Zp1q to be the covering space of B which corresponds to the subgroup
p�π1pEq � π1pBq. Hence b1 : Zp1q Ñ B is the covering map and we require
that f�π1pXq � p�π1pEq (see [39, p. 418]). Then f lifts to h1 : X Ñ Zp1q, and
by the uniqueness of lifts, h1|A � a1g. Thus we obtain ωh1 P H2pCi;π1pF qq,
where π1pF q is assumed to be abelian. We suppose that this element is zero
and get h2 : X Ñ Zp2q. We continue in this way until we reach ωhN�1

which
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is assumed to be zero. Thus the map hN exists, and so we have the desired
relative lift h : X Ñ E.

In general, there are problems in carrying out this procedure. This is be-
cause if ωhn�1

� 0, then the resulting map hn is neither unique nor described
explicitly. Hence it may be difficult then to determine ωhn . However, with
the above assumptions, there is one obvious situation in which all the ob-
structions vanish.

Proposition 9.2.3 Let pX,Aq be a relative CW complex with dimpX,Aq ¤
N, let p : E Ñ B be a fiber map with fiber F, and suppose that the cohomology
group Hj�1pCi;πjpF qq � 0 for all j   N. Then for any maps g : AÑ E and
f : X Ñ B such that pg � fi, there is a relative lift h : X Ñ E.

This proposition also holds when N � 8. We give the proof of this in the
next section for the case when B � t�u (the extension problem).

If H�
sing denotes singular cohomology, then

Hj�1pCi; πjpF qq � Hj�1
sing pCi;πjpF qq � Hj�1

sing pX,A; πjpF qq,

and so the obstructions can be regarded as elements of Hj�1
sing pX,A;πjpF qq.

9.3 Lifts and Extensions

In this section we consider special cases of the results of Section 9.2 in order
to develop an obstruction theory for lifts and extensions.

We begin with obstructions of lifts which we discuss very briefly because
it easily follows from Section 9.2. The extension-lifting square with A � t�u
yields a diagram

E

p

��
X

f //

h

88ppppppp
B,

where X is a CW complex, f is a map, and p is a fiber map with fiber F.
We seek a map h : X Ñ E such that ph � f. It is assumed that there is
a Moore–Postnikov decomposition of p as in Section 9.2 and that there is a
map hn : X Ñ Zpnq such that the following diagram commutes

Zpnq

bn

��
X

f //

hn

77ooooooooooooo
B.

Assuming the hypotheses of Section 9.2, we have ωhn P Hn�1pX ;πnpF qq by
Definition 9.2.2. Then a map hn�1 exists such that bn�1hn�1 � f if and only
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if ωhn � 0. In this case, the obstruction ωhn�1
can be defined. The following

proposition is a special case of Proposition 9.2.3.

Proposition 9.3.1 Let X be a CW complex with dimX ¤ N, let p : E Ñ
B be a fiber map with fiber F, and suppose that the cohomology group
Hj�1pX; πjpF qq � 0 for all j ¤ N. Then for any map f : X Ñ B, there
is a lift h : X Ñ E, that is, ph � f.

Next we turn to the obstruction theory of extensions. We consider the
extension-lifting square of Section 9.1 in the case B � t�u and E � Y. Thus
there is the diagram

A
g //

i

��

Y

X,

h

88ppppppp

where pX,Aq is a relative CW complex with inclusion i, and we seek a map
h that makes the triangle commutative. The results of Section 9.2 are then
applied to the fibration Y Ñ Y Ñ t�u. The Moore–Postnikov decomposition
of Y Ñ t�u is just the Postnikov decomposition of Y which we write as
tY pnq, gn, pn, k

nu. We suppose that there is a map hn : X Ñ Y pnq such that
the following square is commutative

A
gn�1g //

i

��

Y pn�1q

pn�1

��
X

hn // Y pnq.

There is then an obstruction element.

Definition 9.3.2 The obstruction to the existence of a relative lift hn�1 :
X Ñ Y pn�1q in the above square is the element ωhn P Hn�1pCi;πnpY qq given
by Definition 9.2.2, where Ci is the mapping cone of i.

As in the previous section, if there is a map hn : X Ñ Y pnq such that
hni � gng, and ωhn � 0, then a relative lift hn�1 : X Ñ Y pn�1q exists.
Therefore the obstruction ωhn�1

exists, and this process can be repeated. We
then obtain the following result.

Proposition 9.3.3 Let pX,Aq be a relative CW complex, let Y be a simple
space, and suppose that the cohomology group Hj�1pCi;πjpY qq � 0 for all
j ¥ 0. Then any map f : AÑ Y has an extension h : X Ñ Y.

Proof. Most of the proof is a straightforward consequence of Proposition
9.2.3. The assumptions of Proposition 9.2.3 hold because the simplicity of Y
implies that a Postnikov decomposition of Y exists (Remark 7.4.5) and that
π1pY q is abelian. It only remains to prove the proposition when dimpX,Aq �
8. Suppose for every n ¥ 1, there exist hn : X Ñ Y pnq such that hni � gng
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and pnhn � hn�1. The hn determine a map ρ : X Ñ limÐÝY pnq and the

gn : Y Ñ Y pnq determine a weak homotopy equivalence γ : Y Ñ limÐÝY
pnq

(Proposition 7.2.9). Then there is a commutative diagram

A

i

��

g // Y
γ // limÐÝY

pnq

X.

ρ

66mmmmmmmmmmmmmm

If M �Mγ is the mapping cylinder of γ, then γ factors as

Y
γ1 // M

γ2 // limÐÝY
pnq,

where γ1 is a weak homotopy equivalence and γ2 is a homotopy equivalence
with homotopy inverse l : limÐÝY

pnq ÑM. Since lρi � γ1g,

A

i

��

γ1g

&&NNNNNNNNNNNNN

X
lρ // M,

and i is a cofiber map, there is a map s : X Ñ M such that the following
square is commutative

A
g //

i

��

Y

γ1

��
X

s // M.

By the HELP lemma, there exists h : X Ñ Y such that hi � g. [\
The following corollary is a generalization of the surjective part of Proposition
2.4.13 and follows immediately from Proposition 9.3.3. (The injective part is
generalized in Proposition 9.4.2.)

Corollary 9.3.4 Under the hypotheses of Proposition 9.3.3, the function i� :
rX,Y s Ñ rA, Y s is surjective, where i : AÑ X is the inclusion map.

We complete the discussion of obstructions to an extension by characteriz-
ing the first nontrivial obstruction. We assume that πjpY q � 0 for j   n,
where n ¥ 2, and let πi � πipY q. Then hn�1 : X Ñ Y pn�1q � t�u and the
obstruction ωhn�1 P HnpCi;πn�1q is zero. Thus there exists hn : X Ñ Y pnq

and an obstruction ωhn P Hn�1pCi;πnq. This element is denoted by ω and
is called the primary obstruction. Let ηπ : HnpY ; πnq Ñ Hompπn, πnq be the
isomorphism that assigns to a homotopy class its induced homomorphism
of n-dimensional homotopy groups (Lemma 2.5.13). Let bn P HnpY ;πnq be
defined by ηπpbnq � id.
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Lemma 9.3.5 With the notation and assumptions above,

ω � q�κ̄�g
�pbnq,

where q : Ci Ñ ΣA is the projection and κ̄� is the adjoint isomorphism,

HnpY ; πnq g� // HnpA;πnq
κ̄� // Hn�1pΣA;πnq

q� // Hn�1pCi;πnq.

The proof is left as an exercise (Exercise 9.3). Note that by Corollary 4.2.10,
q�κ̄� � δn : HnpA;πnq Ñ Hn�1pCi; πnq, the connecting homomorphism in
the exact cohomology sequence of the map i : AÑ X (Cf. [14, p. 508]).

9.4 Obstruction Miscellany

We begin this section by showing how the obstruction theory of the previous
sections can be applied to some common problems in homotopy theory.

Sections and Retracts

Suppose that

F // E
p // B

is a fiber sequence. A section of p is a map s : B Ñ E such that ps � id.
Thus a section is just a lift of the identity map id : B Ñ B. There is an
obstruction theory for this which is a special case of the obstruction theory
for lifts, and so the obstructions lie in the groups Hn�1pB;πnpF qq. Dually,
suppose pX,Aq is a relative CW complex with inclusion map i : A Ñ X. A
retraction r : X Ñ A is a map such that ri � id. The retraction r is just an
extension of the identity map id : A Ñ A to X. Therefore the obstruction
theory for extensions yields obstructions to a retraction that lie in the groups
Hn�1pX,A;πnpAqq.

Obstructions to Homotopy

We next show how to define obstructions for homotopy of maps. A homotopy
between two given maps f0, f1 : X Ñ Y is an extension of the map X�BI Y
t�u � I Ñ Y determined by f0 and f1 to the space X � I, therefore we
can use the previously defined obstruction theory to obtain obstructions for
homotopy. However, we proceed more generally by considering homotopy
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between two relative lifts. Let

A
g //

i

��

E

p

��
X

f // B

be an extension-lifting square, where pX,Aq is a pair of CW complexes and
p : E Ñ B is a fiber map with fiber F, and suppose that h0, h1 : X Ñ E are
two relative lifts for this diagram. Then h0, h1, g, and f determine continuous
functions Ψ : X � BI Y A� I Ñ E defined by

Ψpx, tq �
"
htpxq if t � 0, 1 and x P X
gpxq if x P A

and Φ : X � I Ñ B defined by

Φpx, tq � fpxq

for x P X and t P I. Then there is a commutative square

X � BI YA� I
Ψ //

j

��

E

p

��
X � I

Φ // B,

where j is inclusion. A relative lift Λ : X � I Ñ E for this square is a
homotopy between h0 and h1 such that Λpa, tq � gpaq and pΛpx, tq � fpxq,
for a P A, x P X, and t P I. But the obstructions to this relative lift lie in

Hn�1pCj ;πnpF qq � Hn�1pX � I{pX � BI Y A� Iq;πnpF qq
� Hn�1pΣX{ΣA;πnpF qq
� Hn�1pΣpX{Aq;πnpF qq
� HnpCi;πnpF qq.

Thus we have an obstruction theory for homotopy between relative lifts.
This can be generalized as follows. Let

A
g //

i

��

E

p

��

and A
g1 //

i

��

E

p

��
X

f //

h

88ppppppppppppp
B X

f 1 //

h1
88ppppppppppppp
B

be two extension-lifting squares with relative lifts h and h1. Suppose that
f �F f 1 and g �G g1 such that pG � F |A � I. Using h, h1, F, and G, we
obtain as before an extension-lifting square
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X � BI YA� I
Ψ //

j

��

E

p

��
X � I

Φ�F // B.

Thus the obstructions to a homotopy H between h and h1 such that H|A�I �
G and pH � F lie in the groups HnpCi;πnpF qq.
Remark 9.4.1 There are other situations that come up frequently to which
obstruction theory can be applied. We list two of them.

• Suppose A � t�u and h, h1 : X Ñ E are both lifts of f. Then we ask if
h �H h1 such that pHpx, tq � fpxq, for x P X and t P I. If f is a fiber
map, then h and h1 are fiber-preserving maps and we are asking if they
are fiber homotopic (Definition 3.3.18).

• Suppose that h, h1 : X Ñ Y are maps such that h|A � h1|A. Are h and
h1 homotopic rel A? This question deals with a special case of homotopy
of relative lifts with E � Y and B � t�u. More generally, suppose that
h, h1 : X Ñ Y are maps such that h|A �F h1|A. Then is there a homotopy
H between h and h1 such that H|A� I � F?

A consequence of the last remark is the following generalization of Proposition
2.4.13 whose proof is omitted.

Proposition 9.4.2 Let pX,Aq be a relative CW complex with dimpX,Aq ¤
N, let Y be a simple space, and let the cohomology group HjpCi;πjpY qq � 0
for all j ¤ N. Then the function i� : rX,Y s Ñ rA, Y s is an injection, where
i : AÑ X is the inclusion map.

We end this section by sketching an obstruction theory for the extension-
lifting problem by using a homology decomposition of the map i : AÑ X.

Obstructions Using Homology Decompositions

We begin with the dual of Lemma 9.2.1. Consider the commutative diagram

M

i0

��

k // Z
a //

i

��

E

p

��
CM

u // Ck
c // B,

where the left square is the pushout diagram defining the mapping cone Ck,
i and i0 are inclusion maps, and p is a fiber map. Let �cu : M Ñ EB be the
adjoint of cu : CM Ñ B. Then there is the diagram
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M

ν
M

M
M

&&M
M

M

ak

��<<<<<<<<<<<<<<<<<<
�cu

++VVVVVVVVVVVVVVVVVVVVVVVVVV

Ip
v //

w

��

EB

p0

��
E

p // B

in which the square is the pullback diagram that defines the homotopy fiber
Ip. Because pak � p0�cu, there is a map ν : M Ñ Ip such that vν � �cu and
wν � ak.

We then have the following lemma.

Lemma 9.4.3 With the above notation, there exists a map c1 : Ck Ñ E such
that pc1 � c and c1i � a,

Z
a //

i

��

E

p

��
Ck

c //

c1

77ppppppp
B,

if and only if � � ν : M Ñ Ip.

The proof is a straightforward dualization of the proof of Lemma 9.2.1, and
is left as an exercise (Exercise 9.5). Next assume that there is an extension-
lifting square

A
g //

i

��

E

p

��
X

f // B,

where pX,Aq is a relative CW complex and p : E Ñ B is a fiber map with
fiber F. We further assume that A and X are 1-connected and so the inclusion
map i : AÑ X has a homology decomposition. By Theorem 7.4.8, there exist
spaces and maps

A
jn // Wn

kn // X

such that i � knjn, for all n ¥ 1. Furthermore, there are principal cofibrations

Wn
in // Wn�1

// ΣMn,

where Mn � MpHn�1pX,Aq, nq and Wn�1 � Cln�1
for some map ln�1 :

Mn ÑWn. Finally, the following diagram commutes
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Wn

in

��

kn

''OOOOOOOOOOOOOO

A

jn

77oooooooooooooo
jn�1

// Wn�1
kn�1

// X.

Now suppose that there is a map hn : Wn Ñ E such that the diagram

A
jn //

g

**Wn

in

��

hn // E

p

��
Wn�1

fkn�1 // B

commutes. We then define an obstruction to a relative lift Wn�1 Ñ E.

Definition 9.4.4 The obstruction to the existence of a map hn�1 : Wn�1 Ñ
E such that hn�1in � hn and phn�1 � fkn�1 is the element ν � νhn of
the homotopy group with coefficients πnpIp;Hn�1pX,Aqq defined just before
Lemma 9.4.3.

Because Ip � F, the obstruction can be regarded as an element of
πnpF ;Hn�1pX,Aqq. By Lemma 9.4.3, hn�1 exists if and only if νhn � 0.
In this case, phn�1 � fkn�2in�1 and hn�1jn�1 � g, and so the obstruction
νhn�1 can be defined.

Now suppose that a relative lift hN : WN Ñ E exists by requiring that
a sequence of obstructions is successively zero. If pX,Aq is a relative CW
complex and HipAq � 0 for i ¥ N and HipXq � 0 for i ¥ N � 1, then by
Corollary 7.4.9, fN : WN Ñ X is a homotopy equivalence. Thus we obtain a
relative lift h1 : X Ñ E up to homotopy, that is, h1i � g and ph1 � f. It can
be shown that there is a relative lift h : X Ñ E by May’s coHELP lemma
[65] and the CHEP. However there are two important special cases where the
existence of a relative lift can be shown directly.

Remark 9.4.5

1. We consider the extension-lifting square with B � t�u, and so the rela-
tive lift is just an extension of g : A Ñ E to X. The obstructions lie in
πnpE;Hn�1pX,Aqq and are assumed to be trivial for n   N. If HipAq � 0
for i ¥ n and HipXq � 0 for i ¥ N � 1, we obtain h1 : X Ñ E such that
h1i � g as above. Then by the homotopy extension property for the pair
pX,Aq, we conclude that there is an extension h : X Ñ E.

2. We consider the extension-lifting square with A � t�u, and so the relative
lift is a lift of f : X Ñ B to E. The obstructions lie in πnpF ;Hn�1pXqq
and are assumed to be trivial for n   N. If HipXq � 0 for i ¥ N � 1, we
obtain h1 : X Ñ E such that ph1 � f as above. Then, either directly or by
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the covering homotopy property for the fiber map p : E Ñ B, we conclude
that there is a lift h : X Ñ E.

In general, the obstructions that are obtained from a homology decom-
position of i are less well known and often less useful than those that are
obtained from a homotopy decomposition of p.

Exercises

Exercises marked with p�q may be more difficult than the others. Exercises
marked with p:q are used in the text.

9.1. Use obtruction theory to prove Corollary 4.5.9.

9.2. Given an extension-lifting square

A
g //

i

��

E

p

��
X

f // B,

with the fiber F of p an pn�1q-connected space, n ¥ 2. Assume that there is
a Moore–Postnikov decomposition of p for which we take Zpnq � B, an � p,
bn � id, and hn � f. Let ω � ωhn P Hn�1pCi;πnpF qq be the obstruction to
the existence of a relative lift hn�1 : X Ñ Zpn�1q and let w : X Ñ Ci be the
inclusion. Prove

w�pωq � f�pkn�1q.
9.3. Prove Lemma 9.3.5.

9.4. p�q If A1, A2, . . . , Ar are spaces, define the r-fold join inductively by
A1 � � � � �Ar�1 �Ar � pA1 � � � � �Ar�1q �Ar.
1. Prove that if the space Ai is ppi � 1q-connected, i � 1, . . . , r, then A1 �
� � � �Ar�1 �Ar is pp1 � � � � � pr � r � 2q-connected.

2. Let X be a pp� 1q-connected space, p ¥ 1, of dimension   pk� 1qp. Give
two independent proofs that catX ¤ k using the two characterizations of
category (Definition 8.3.1 and Proposition 8.3.12).

9.5. p:q Prove Lemma 9.4.3.

9.6. Let pX,Aq be a relative CW complex with i : A Ñ X the inclusion
map and let h0, h1 : X Ñ Y be maps such that Y is simple and h0|A �
h1|A. The obstructions to h0 and h1 being homotopic rel A lie in the groups
HkpCi;πkpY qq (see Remark 9.4.1). Suppose that Y is pn� 1q-connected and
that ω P HnpCi; πnpY qq is the first nontrivial obstruction. Prove that
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l�pωq � h�0 pbnq � h�1 pbnq,

where l : X Ñ Ci is the inclusion and bn P HnpY ; πnpY qq is the basic class.

9.7. Let Y be a simple space. Prove that πrpY q � 0 for r ¤ n � 1, where
n ¥ 1, if and only if for every CW complex K of dim ¤ n � 1, any map
f : K Ñ Y is nullhomotopic.

9.8. [39, p. 418] p�q Let X and Y be simple CW complexes and let f : X Ñ Y
be a map that induces isomorphisms on all homology groups. Show that f is
a homotopy equivalence.

9.9. Let pX,Aq be a relative CW complex with dim pX,Aq ¤ n and let Y be
an pn�1q-connected space. Then it follows from Proposition 9.2.3 that every
map g : A Ñ Y has an extension. Prove this result using the obstructions
obtained from a homology decomposition (Section 9.4).





Appendix A

Point-Set Topology

In this appendix we present some definitions and results on point-set topology
that are used throughout the book. The topological spaces that we consider
here are unbased and Hausdorff. The terms “map” and “continuous function”
are used synonymously in this appendix.

Weak Topology

Definition A.1 Let X be a set and let Wα � X be subsets for α P A such
that each Wα is a topological space. The weak topology on X with respect
to tWαuαPA is the largest topology on X such that the inclusion functions
Wα Ñ X are continuous. This is defined explicitly as follows. A set U � X
is open if and only if U X Wα is open in Wα for every α P A. It is easily
verified that this is a topology on X and that any topology on X such that
the inclusion functions Wα Ñ X are continuous is contained in the weak
topology.

The following simple example of a weak topology is referred to several times
in the text.

Example A.2 Given topological spaces Wα for α P A.We form their disjoint
union X written

�
αPAWα. (If the Wα are not disjoint, we replace them with

homeomorphic spaces that are.) Then X is given the weak topology with
respect to tWαuαPA.

Quotient Spaces

Definition A.3 Let X be a topological space, let Q be a set, and let q :
X Ñ Q be a surjection. The quotient topology, also called the identification
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topology, on Q is defined as follows. U � Q is open ðñ q�1pUq is open in X.
This is equivalent to the condition that F � Q is closed ðñ q�1pF q is closed
in X. This topology is denoted T pqq. If X and Y are topological spaces and
p : X Ñ Y is a surjection, then p is called a quotient map or identification
map if the topology on Y is T ppq.

The following example of a quotient space occurs throughout the book.

Example A.4 Let X be a topological space, let � be an equivalence relation
on X, and let X{� be the set of equivalence classes. Let q : X Ñ X{� be
the projection defined by qpxq � xxy, where x P X and xxy is the equivalence
class containing x. Then X{� is given the quotient topology T pqq.

There is a special case that arises frequently. If X is a topological space
and A � X is a subspace, then we define an equivalence relation on X as
follows. If x, x1 P A, then x � x1, and if x R A, then x is equivalent only to
itself. The resulting quotient space X{� is denoted X{A and called the space
obtained from X by identifying (or shrinking) A to a point.

The following are some basic properties of the quotient topology.

• Every continuous open surjection or continuous closed surjection is a quo-
tient map.

• Let q : X Ñ Q be a quotient map, let Y be a topological space and let
f : X Ñ Y be a function that is constant on each set of the form q�1pzq,
for z P Q. Then there is a function rf : Q Ñ Y such that rfq � f. If f is
continuous, then rf is continuous.

• If f : X Ñ Y and g : Y Ñ Z are quotient maps, then gf : X Ñ Z is a
quotient map, that is, T pgq � T pgfq.

• If f : X Ñ X 1 is a quotient map, id : Y Ñ Y is the identity map, and Y
is locally compact, then f � id : X �Y Ñ X 1�Y is a quotient map. More
generally, if f : X Ñ X 1 and g : Y Ñ Y 1 are quotient maps and X 1 and
Y 1 are locally compact, then f � g : X � Y Ñ X 1 � Y 1 is a quotient map.

The first three of these properties are easily proved. The fourth is more
difficult and we refer to [72, p. 186].

Compact–Open Topology

Definition A.5 Let X and Y be topological spaces and let MpX,Y q denote
the set of continuous functions X Ñ Y. We give MpX,Y q a topology by
specifying a subbasis. Let C be a compact subset of X and let U be an
open subset of Y. Then W pC,Uq denotes the subset of MpX,Y q consisting
of all continuous functions f such that fpCq � U. The sets W pC,Uq as C
runs over all compact subsets of X and U runs over all open subsets of Y
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is a subbasis for the compact–open topology on MpX,Y q. Unless otherwise
stated, MpX,Y q has the compact–open topology and is often denoted Y X .
For details on the compact–open topology, see [72, pp. 285-289].

Now let X, , Y, and Z be topological spaces and define a function T :
MpX,Y q �MpY, Zq ÑMpX,Zq by T pf, gq � gf.

Proposition A.6 If Y is locally compact, then the function T is continuous.

A special case occurs when X is a one-point space. Then the function T
becomes the evaluation map e : Y �MpY, Zq Ñ Z given by epy, gq � gpyq,
for y P Y.
Corollary A.7 If Y is locally compact, then the evaluation map e is contin-
uous.

Next let f : X � Y Ñ Z and g : X ÑMpY,Zq be functions such that

fpx, yq � gpxqpyq,

for x P X and y P Y.
Proposition A.8 [72, p. 287]

1. If f is continuous, then g is continuous.
2. If g is continuous and Y is locally compact, then f is continuous.

Thus there is a function MpX�Y, Zq ÑMpX,MpY,Zqq when Y is locally
compact.

Proposition A.9 [14, p. 438] If X and Y are locally compact, then

MpX � Y,Zq �MpX,MpY,Zqq.

Two Useful Results

The following simple result, called the pasting lemma, is surprisingly useful.

Proposition A.10 [72, p. 108] Consider the space X � F1Y� � �YFn, where
Fi is a closed subset of X, i � 1, . . . , n. Suppose that there are continuous
functions fi : Fi Ñ Y such that fi|FiXFj � fj |FiXFj , for all i, j � 1, . . . , n.
Then the function f : X Ñ Y defined by fpxq � fipxq, for x P Fi is continous.

The next result is also referred to in the text. Let X be a metric space with
metric d. For a subset A � X, the diameter of A is suptdpx, yq |x, y P Au ¤ 8.
Proposition A.11 (Lebesgue covering lemma)[72, p. 175] If pX, dq is a
compact metric space and U is an open cover of X, then there is a num-
ber ε, 0   ε   8, such that any subset of X which has diameter   ε is
completely contained in some member of U .
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The number ε (or any positive number less than it) is sometimes called
the Lebesgue number of the covering.

Compactly Generated Spaces

We can delete the hypothesis of local compactness in the previous results
by working with compactly generated spaces. We give a brief discussion of
this without details. A space X is called compactly generated if X has the
weak topology with respect to all compact subsets. It can be shown that
locally compact spaces, metric spaces, and CW complexes are all compactly
generated. Furthermore, for any space X, we can introduce a compactly gen-
erated topology on X by giving it the weak topology with respect to compact
subspaces. This space is denoted by kpXq and is closely related to X (for ex-
ample, their homotopy and homology groups are isomorphic). However, if X
and Y are compactly generated, their cartesian product X � Y need not be
compactly generated. To get around this, we consider compactly generated
spaces kpX � Y q, denoted X �k Y . This is called the k-product and it is
the categorical product in the category of compactly generated spaces. In the
preceding results on quotient spaces and the compact–open topology, we can
assume that all the spaces are compactly generated. If we replace “�” with
“�k”, then these results hold without the hypothesis of local compactness.
We do not do this in the text because all of our spaces have the homotopy
type of CW complexes and the CW product agrees with the k-product. For
more information about compactly generated spaces, see [23] and [37].
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The Fundamental Group

We begin with some basic group theory.

Free Products of Groups

Let tGαuαPA be an indexed collection of groups with identity element
eα P Gα. The groups are not necessarily abelian and the index set A is
not necessarily finite.

A word is an m-tuple of elements from the disjoint union
�
αPAGα, for

some m ¥ 0. The m-tuple pg1, . . . , gmq is called a word of length m, and for
m � 0, we take the empty word. The set of all words is denoted W and a
multiplication in W is defined by juxtaposition

pg1, . . . , gmqph1, . . . , hnq � pg1, . . . , gm, h1, . . . , hnq.

There are elementary operations in W that send one word to another. These
are one of the following.

pg1, . . . , gi, gi�1, . . . , gmq ÞÑ pg1, . . . , gigi�1, . . . , gmq if gi, gi�1 P Gα
pg1, . . . , gi�1, gi, gi�1, . . . , gmq ÞÑ pg1, . . . , gi�1, gi�1, . . . , gmq if gi � eα P Gα

or its inverse operation. This gives an equivalence relation on W as follows.
If words w,w1 P W, then w � w1 if w can be transformed into w1 by a
sequence of elementary operations. The set W{� is called the free product
of the groups Gα and is denoted �αPAGα or just �αGα. If A is a finite set,
say A � t1, 2, . . . , nu, then the free product is written G1 � � � � � Gn. The
multiplication in W induces a multiplication in �αGα.

Proposition B.1 [39, p. 41] With the multiplication defined above, �αGα is
a group whose identity is the class of the empty word.

303
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A word pg1, . . . , gmq is called reduced if its length cannot be shortened
by any sequence of elementary operations. Then it can be shown that the
equivalence class of any word inW contains a unique reduced word [56, p. 196].
We write the equivalence class of pg1, . . . , gmq as g1 � � � gm and also call it a
word, reduced if pg1, . . . , gmq is reduced. Note that there is a monomorphism
iα : Gα Ñ �αGα defined by setting iαpgq equal to the equivalence class of
the word g, for g P Gα. The following property of the free product is easily
obtained. If ϕα : Gα Ñ H are homomorphisms, then there exists a unique
homomorphism Φ : �αGα Ñ H such that Φiα � ϕα. Thus p�αGα, iαq is the
categorical sum of the groups Gα in the category of groups (Appendix F).
The homomorphism Φ is denoted tϕαu.

The Seifert-van Kampen Theorem

The free product of fundamental groups appears in the Seifert–van Kampen
theorem which we discuss next.

Suppose that X is a space containing open subsets U and V such that (1)
X � U Y V, (2) U, V , and U X V are path-connected, and (3) the spaces X,
U, V , and U X V have a common basepoint which is the base point for their
fundamental groups. We consider the inclusion maps

i : U X V Ñ U, j : U X V Ñ V, k : U Ñ X, and l : V Ñ X.

These induce homomorphisms of fundamental groups

i� : π1pU X V q Ñ π1pUq, j� : π1pU X V q Ñ π1pV q

k� : π1pUq Ñ π1pXq and l� : π1pV q Ñ π1pXq.
We define a function F : π1pUXV q Ñ π1pUq�π1pV q by F pwq � i�pwq�1j�pwq,
for w P π1pU XV q, and let F pπ1pU X V qq be the normal closure of F pπ1pU X
V qq in π1pUq � π1pV q (that is, the intersection of all normal subgroups of
π1pUq � π1pV q that contain F pπ1pU X V qq.) Furthermore, let Φ : π1pUq �
π1pV q Ñ π1pXq be the unique homomorphism determined by k� and l�.

Proposition B.2 (Seifert–van Kampen) The homomorphism Φ : π1pUq �
π1pV q Ñ π1pXq is surjective and its kernel is F pπ1pU X V qq. Thus

π1pXq � pπ1pUq � π1pV qq{F pπ1pU X V qq.

For a proof, see [56, pp. 221-226].

We give two applications of Theorem B.2 that are used in the text. First
consider the wedge of circles

�
α Sα for α P A, where A is any index set and

Sα � S1
α, and let iα : Sα Ñ

�
α Sα be the inclusion.
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Proposition B.3 tiα�u : �αPA π1pSαq Ñ π1p
�
αPA Sαq is an isomorphism.

Proof. We assume that each circle is a CW complex with a 0-cell and a 1-cell
and that the 0-cell is the basepoint. We first prove the proposition for the
wedge of two circles, X � S1 _ S2. Let �i denote the basepoint of Si, let
�1i � ��i be the antipode of �i, and consider Wi � Si � t�1iu. Then Wi is an
open subset of Si and �i is a strong deformation retract of Wi. If U � S1YW2

and V � S2 YW1, then X � U Y V and U X V �W1 XW2. Furthermore S1

is a strong deformation retract of U, S2 is a strong deformation retract of V
and U X V is contractible. We then apply Theorem B.2 and obtain

π1pS1 _ S2q � π1pS1q � π1pS2q.

The case of n ¡ 2 circles follows by induction from Theorem B.2 because
we can easily find open subsets U and V of S1 _ � � � _ Sn that contain S1 _
� � �_Sn�1 and Sn, respectively, as strong deformation retracts and such that
UXV is contractible. Finally, if A is an infinite set, we show that θA � tiα�u :
�αPA π1pSαq Ñ π1p

�
αPA Sαq is a bijection. If f : S1 Ñ �

αPA Sα, then
fpS1q is compact and so is contained in

�
αPE Sα, for some finite set E � A,

by Lemma 1.5.6. Therefore rf s P π1p
�
αPE Sαq and so is in the image of

θE : �αPE π1pSαq Ñ π1p
�
αPE Sαq. Because �αPE π1pSαq � �αPA π1pSαq, it

follows that θA is onto. Now we show that the kernel of θA is trivial. Suppose
w P �αPA π1pSαq with θApwq � rfs and f �H � : S1 Ñ �

αPA Sα. Then
there exists a finite set E � A such that w P �αPE π1pSαq. Furthermore,
HpS1 � Iq is compact, thus there exists a finite set F � A such that f �
� : S1 Ñ �

αPF Sα. If θEYF : �αPEYF π1pSαq Ñ π1p
�
αPEYF Sαq, then

θEYF pwq � rf s � 0. Because E Y F is finite, θEYF is an isomorphism, and
so w � 0. [\
Proposition B.4 Let X and Y be spaces, let f : X Ñ Y be a map, and let
Cf be the mapping cone of f. Then

π1pCf q � π1pY q{f�π1pXq.

Proof. Let �X be the basepoint of X and �Y the basepoint of Y. Instead
of Cf , we consider the unreduced mapping cone Kf � pX � I \ Y q{�
with equivalence relation defined by px, 1q � px1, 1q and px, 0q � fpxq, for
x, x1 P X, basepoint �̄ � x�X , 1{2y and quotient map q : X � I \ Y Ñ Kf .
Let U � qpX �r0, 2{3q\Y q and V � qpX �p1{3, 1sq. Then V is contractible
and it follows that π1pV, �̄q � 0 (see Exercise 5.11). We obtain from Theorem
B.2,

π1pKf , �̄q � π1pU, �̄q{i�π1pU X V, �̄q,
where i is the inclusion of U XV into U. Because U � Y and U XV � X, we
have

π1pKf , �q � π1pY, �q{f�π1pX, �q,
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where � � x�X , 0y � x�Y y. The result for π1pCf q follows from Proposition
1.5.18. [\

The Hurewicz Homomorphism

We conclude this appendix with a result on the first Hurewicz homomor-
phism. Let X be a space with basepoint � and let ∆n be the standard ordered
n-simplex in Rn�1. We consider the chain complex C 1

npXq which is the free-
abelian group generated by all singular n-simplexes T : ∆n Ñ X such that
T pvq � �, for every vertex v of ∆n. The nth homology group of this chain
complex is denoted by H 1

npXq. If i : C 1
npXq Ñ CnpXq is the inclusion of this

chain complex into the standard singular chain complex, then it can be shown
that i� : H 1

npXq Ñ HnpXq is an isomorphism([31, p. 440], [80, p. 68]). (We
need this result only for n � 1.) From this we see that the definition of the
first Hurewicz homomorphism h1 : π1pXq Ñ H1pXq in Section 2.4 is equiva-
lent to the following definition of h11 : π1pXq Ñ H 1

1pXq. Let α � rf s P π1pXq,
where f : pI, BIq Ñ pX, �q, then h11pαq � xfy P H 1

1pXq, the homology class of
the 1-cycle f : I � ∆1 Ñ X.

Proposition B.5 The Hurewicz homomorphism h1 : π1pXq Ñ H1pXq is an
epimorphism whose kernel is the commutator subgroup of π1pXq.
Proof. We prove the proposition for h11. If f : pI, BIq Ñ pX, �q, we can regard
f as a representative of a homotopy class rfs P π1pXq or as a 1-chain in
C 1

1pXq � Z 11pXq whose homology class is denoted xfy P H 1
1pXq. Note that

h11rf s � xfy, so that h11 is onto. Furthermore, since H 1
1pXq is abelian, the

commutator subgroup rπ1pXq, π1pXqs is contained in Kerh11. Thus it suffices
to prove the reverse inclusion.

Let π�1 pXq � π1pXq{rπ1pXq, π1pXqs be the fundamental group abelianized
and let ν : π1pXq Ñ π�1 pXq be the projection. We define χ : C 1

1pXq Ñ π�1 pXq
by χpfq � νrf s. We show χpB1

1pXqq � 0. Let T : ∆2 Ñ X, be a singular
2-simplex in C 1

1pXq and let B1 : C 1
2pXq Ñ C 1

1pXq be the boundary operator.
Then B1pT q � T p0q � T p1q � T p2q, where the vertices of ∆ are written 0, 1,
and 2 and T piq denotes T restricted to the edge opposite the vertex i. Then

χB1pT q � χpT p0q � T p1q � T p2qq
� χpT p2qq � χpT p0qq � χpT p1qq
� νrT p2qsνrT p0qsνrT p1qs�1

� 0,

because rT p1qs � rT p2qsrT p0qs. Since pB1
1pXqq is generated by the B1pT q, we

have χpB1
1pXqq � 0, and so χ induces a homomorphism χ� : H 1

1pXq Ñ
π�1 pXq. Clearly χ�h11 � ν, and so Kerh11 � rπ1pXq, π1pXqs. [\
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Homology and Cohomology

We assume that the reader is familiar with the rudiments of homology and
cohomology theory. There are many excellent books that present this material
such as [83], [39], [61], [43], [90], and [14]. In this section we briefly discuss
a number of topics in homology and cohomology theory that are used in
the text. We consider singular homology and cohomology and CW homology
and cohomology. All of our spaces have the homotopy type of CW complexes
(unless otherwise stated), thus the singular theory and the CW theory are
isomorphic. Therefore we write HnpX,A;Gq (respectively, HnpX,A;Gq) for
the nth singular or CW homology group (respectively, cohomology group).

Definition of CW homology

We now recall how CW homology is derived from singular homology theory.
Let K be a CW complex and consider the relative singular homology group
HnpKn,Kn�1q. This group is known to be the free-abelian group with a basis
in one–one correspondance with the n-cells of K and we write

CnpKq � HnpKn,Kn�1q

for the nth CW chain group of K. The boundary homomorphism Bn :
CnpKq Ñ Cn�1pKq is defined to be the composition

HnpKn,Kn�1q ∆ // Hn�1pKn�1q j� // Hn�1pKn�1,Kn�2q,

where ∆ is the connecting homomorphism in the exact homology sequence of
the pair pKn,Kn�1q and j is the inclusion of Kn�1 into pKn�1,Kn�2q. This
defines the CW chain complex tCnpKq, Bnu whose homology is the CW ho-
mology of K. These homology groups are isomorphic to the singular homology
groups of the space K.
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Exact Homology Sequence of a Triple

If X is a space with subspace A and B is a subspace of A, that is, B � A � X,
then there is a long exact sequence

� � � // HnpA,B;Gq i� // HnpX,B;Gq j� // HnpX,A;Gq // � � � ,

where i : pA,Bq Ñ pX,Bq and j : pX,Bq Ñ pX,Aq are inclusion functions.
This sequence is called the exact homology sequence of the triple pX,A,Bq.
There is a similar result for cohomology. Note that in Exercise 4.22 there is an
exact sequence for homotopy groups that is analogous to the exact homology
sequence of a triple.

The Five Lemma

This is a very useful algebraic result dealing with a homomorphism from
one exact sequence to another. Consider the diagram of abelian groups and
homomorphisms

A //

a

��

B //

b

��

C //

c

��

D //

d

��

E

e

��
A1 // B1 // C 1 // D1 // E1,

where both rows are exact and each square is commutative.

Proposition C.1 1. If b and d are surjective and e is injective, then c is
surjective.

2. If b and d are injective and a is surjective, then c is injective.
Consequently, if a, b, d and e are isomorphisms, then c is an isomorphism.

This proposition can be easily proved.

Ext and Tor

We first define a function of a pair of abelian groupsA andB called ExtpA,Bq.
We omit details and do not state the definition in full generality. However, this
is sufficient for our purposes. We write A � F {R, where F is a free-abelian
group and R � F is a subgroup. Then there is a short exact sequence

0 // R
i // F

p // A // 0
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which is called a free resolution of A. We denote the group of homomorphisms
AÑ B by HompA,Bq and note that Homp�, Bq is left exact [42, p. 17]. Thus

0 // HompA,Bq p# // HompF,Bq i# // HompR,Bq

is an exact sequence, where p# and i# are induced by p and i. Then

ExtpA,Bq � HompR,Bq{i#HompF,Bq.

For this definition to be well-defined, it would be necessary to show that
ExtpA,Bq is independent of the choice of resolution of A. We next list some
well-known properties of Ext (see [42, pp. 89-98] or [59, Chap. III]).

Proposition C.2 1. For a fixed abelian group B, a homomorphism f : AÑ
A1 induces a homomorphism f� : ExtpA1, Bq Ñ ExtpA,Bq. Furthermore,
Extp�, Bq is a contravariant functor (Appendix F).

2. For a fixed abelian group A, a homomorphism g : B Ñ B1 induces a homo-
morphism g� : ExtpA,Bq Ñ ExtpA,B1q. In fact, ExtpA,�q is a covariant
functor (Appendix F).

3. If A is free-abelian, then ExtpA,Bq � 0 for all B.

4. ExtpZm, Bq � B{mB and so ExtpZm,Znq � Zpm,nq, where pm,nq is the
greatest common divisor of m and n.

5. If Ai is a collection of abelian groups for i P I, then

Ext
�¸
i

Ai, B
	
�
¹
i

ExtpAi, Bq,

where
°

denote direct sum of abelian groups and
±

denotes direct product.

6. If Bj is a collection of abelian groups for j P J, then

Ext
�
A,
¹
j

Bj

	
�
¹
j

ExtpA,Bjq.

It follows that if A and B are finitely generated abelian groups which are
written as direct sums of cyclic groups, then ExtpA,Bq can be determined as
a direct sum of cyclic groups.

We next consider the functor Tor. For abelian groups A and B, we define
an abelian group written A �B or TorpA,Bq called the torsion product of A
and B. There are some analogies with Ext, and we begin with a free resolution
of A,

0 // R
i // F

p // A // 0.

We apply the tensor product �bB, which is right exact [59, p. 148], to this
exact sequence and obtain the exact sequence
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RbB
i# // F bB

p# // AbB // 0,

where p# and i# are induced by p and i. Then

A �B � Kernel i#.

As before, it is necessary to show that A �B is independent of the choice of
resolution of A. We list some well-known properties of Tor [42, pp. 112–115]
and [59, pp. 150–153].

Proposition C.3 1. For a fixed abelian group B, a homomorphism f : AÑ
A1 induces a homomorphism f� : A � B Ñ A1 � B. Furthermore, � �B is
a covariant functor.

2. For a fixed abelian group A, a homomorphism g : B Ñ B1 induces a
homomorphism g� : A � B Ñ A � B1. Moreover, A � � is a covariant
functor.

3. A �B � B �A.
4. If A or B is torsion-free, then A �B � 0.

5. Zm �B � tx P B |mx � 0u and so Zm � Zn � Zpm,nq.
6. If Ai is a collection of abelian groups for i P I, then�¸

i

Ai

	
�B �

¸
i

Ai �B,

where
°

denotes direct sum.

7. If Bj is a collection of abelian groups for j P J, then

A �
�¸
j

Bj

	
�
¸
j

A �Bj .

It follows that if A and B are finitely generated abelian groups which are
written as direct sums of cyclic groups, then A � B can be determined as a
direct sum of cyclic groups.

Universal Coefficient Theorems

We begin with the universal coefficient theorem for cohomology. This theorem
expresses cohomology with coefficients in an abelian group in terms of integral
homology.

Theorem C.4 Let X is be a space and let G be an abelian group. Then there
is a short exact sequence
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0 // ExtpHn�1pXq, Gq α // HnpX ;Gq β // HompHnpXq, Gq // 0.

The sequence splits and α and β are compatible with homomorphisms induced
by continuous functions from one pair to another. Furthermore, the result
holds if the space X is replaced by a pair of spaces pX,Aq.
This theorem could be compared to the universal coefficient theorem 5.2.4.
The latter result gives a short exact sequence that expresses cohomology with
coefficients in an abelian group in terms of integral cohomology.

Next we state the universal coefficient theorem for homology.

Theorem C.5 Let X be a space and let G be an abelian group. Then there
is a short exact sequence

0 // HnpXq bG
α // HnpX;Gq β // Hn�1pXq �G // 0.

The sequence splits and α and β are compatible with homomorphisms induced
by continuous functions from one space to another. Furthermore, the result
holds if the space X is replaced by a pair of spaces pX,Aq.



Appendix D

Homotopy Groups of the n-Sphere

In this appendix we determine πnpSnq and πn�1pSnq.

πnpSnq

Proof of Proposition 2.4.16 We show that the degree function deg :
πnpSnq Ñ Z is an isomorphism, for all n ¥ 1. We have seen that deg is an epi-
morphism, thus it remains to prove that deg is one–one. For this it suffices to
show that πnpSnq � Z. We do this by induction on n. For n � 1, the Hurewicz
homomorphism h1 : π1pS1q Ñ H1pS1q is an epimorphism whose kernel is the
commutator subgroup by Theorem B.5. Because S1 is an H-space, π1pS1q
is abelian, and so π1pS1q � H1pS1q � Z. For n � 2, we consider the exact
homotopy group sequence of the Hopf fibration S1 Ñ S3 Ñ S2. We obtain
the exact sequence

0 // π2pS2q // π1pS1q // 0 ,

and hence π2pS2q � Z. Next, by the Freudenthal theorem (5.6.7), there is a
sequence of isomorphisms

π2pS2q � // π3pS3q � // π4pS4q � // � � � ,

and so πnpSnq � Z, for all n ¥ 1. [\
Remark D.1 There are other proofs that deg : πnpSnq Ñ Z is a monomor-
phism, for all n ¥ 1. A direct and elementary proof that is much longer than
the proof above appears in [91, pp. 13–17] and [14, pp. 301–304]. In addition,
there is a short, elegant proof that deg : π1pS1q Ñ Z is an isomorphism using
covering spaces (see [14, p. 142]).

312
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πn�1pS
nq

We next prove πn�1pSnq � Z2 for n ¥ 3 (Theorem 5.6.10(1)) and identify
the generator. For this we use the Wang sequence which is a long exact
cohomology sequence of a fibration in which the base is a sphere. We state
this result without proof. It follows easily from the spectral sequence of a
fibration, and proofs can be found in [45, p. 282] and [91, p. 319].

Theorem D.2 (Wang) Let F Ñ X Ñ Sn be a fibration with n ¥ 2. Then
there is an exact sequence of unreduced integral cohomology groups

� � � // Hq�1pXq // Hq�1pF q θq�1 // Hq�npF q // HqpXq // � � � .

Furthermore, θr : HrpF q Ñ Hr�1�npF q is a homomorphism and a deriva-
tion, that is,

θp�qpxyq � θppxq y � p�1qppn�1qx θqpyq,
for x P HppF q and y P HqpF q.
Proof of Theorem 5.6.10(1) It suffices to show π4pS3q � Z2. For then, since
Σ : π3pS2q Ñ π4pS3q is onto and Σ : πnpSn�1q Ñ πn�1pSnq is an isomor-
phism for n ¥ 4, by the Freudenthal theorem, it follows that πn�1pSnq � Z2

with generator rΣn�2φs. We consider the 3-connective fibration of S3 (see
Definition 7.2.7). Thus we have a fiber sequence F Ñ X Ñ S3, where
πipXq � 0 for i ¤ 3 and πipXq � πipS3q for i ¥ 4. Also πipF q � 0 for
i ¥ 3 and πipF q � πi�1pS3q for i ¤ 2. Hence F is an Eilenberg–Mac Lane
space KpZ, 2q � CP8. Because X is 3-connected, H4pXq � π4pXq � π4pS3q
by the Hurewicz theorem, and so it suffices to prove that H4pXq � Z2. For
this we apply the Wang sequence to the fibration above and obtain the exact
sequence

� � � // Hq�1pXq // Hq�1pF q θq�1 // Hq�3pF q // HqpXq // � � �

with F � CP8. If q � 3 in the sequence above, then H2pXq � 0 � H3pXq,
and so θ2 : H2pF q Ñ H0pF q is an isomorphism. We choose a generator
x P H2pF q such that θ2pxq � 1. Then xn is a generator of H2npF q � Z.
Because θ is a derivation, θ4px2q � 2x. Now consider the previous sequence
with q � 5. We obtain the exact sequence

H1pF q // H4pXq // H4pF q θ4 // H2pF q // H5pXq // H5pF q

with H1pF q � 0 � H5pF q and H4pF q � H2pF q � Z. Hence the homomor-
phism θ4 : ZÑ Z is multiplication by 2. Thus H4pXq � 0 and H5pXq � Z2,
and so H4pXq � Z2 by Theorem C.3. [\



Appendix E

Homotopy Pushouts and Pullbacks

In this appendix we prove two theorems on homotopy pushouts and homotopy
pullbacks. We give detailed proofs of these important results. Because the
proofs are long and technical they have been relegated to an appendix. In
addition, we show how the cube theorem 6.5.1 can be used to give another
proof of Lemma 6.3.4. We begin by introducing some useful notation.

NOTATION Let W and Z be spaces and let Fi : W � I Ñ Z be unbased
continuous functions, i � 1, . . . , n. Suppose Fi|pW � t1uq � Fi�1|pW � t0uq,
for i � 1, . . . , n � 1. Then we define an unbased continuous function F1 �
F2 � � � � � Fn : W � I Ñ Z as follows

pF1 � F2 � � � � � Fnqpw, tq � Fipw, nt� i� 1q for i�1
n ¤ t ¤ i

n ,

where w P W and t P I. Furthermore, for F : W � I Ñ Z, we define
�F : W � I Ñ Z by

p�F qpw, tq � F pw, 1� tq,
where w P W and t P I.

By reparametrizing the interval I, it is easily seen that there is general
associativity up to relative homotopy, that is, F1�F2�� � ��Fn is homotopic
rel pW � BIq to any bracketing of F1, F2, . . . , Fn. For example,

pF1 � F2q � F3 � F1 � F2 � F3 rel pW � BIq and

F1 � pF2 � F3q � F1 � F2 � F3 rel pW � BIq.

The Induced Map

The first result gives conditions for the induced map of homotopy pushouts
to be a homotopy equivalence. We recall Definition 6.2.7.

314
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For spaces and maps

Y A
f //goo X,

we denote the standard homotopy pushout square by

A
f //

g

��

X

u

��
Y

v // O.

If we are given

Y 1 A1
f 1 //g1oo X 1,

then we obtain a standard homotopy pushout square as above with all spaces
and maps primed. Assume that there are maps α : AÑ A1, β : X Ñ X 1, and
γ : Y Ñ Y 1 such that the following diagram is homotopy-commutative

Y

γ

��

A
f //goo

α

��

X

β

��
Y 1 A1

f 1 //g1oo X 1

with f 1α �F βf and g1α �G γg. Then Λ � ΛF,G : O Ñ O1 is defined by

Λu � u1β,
Λv � v1γ, and
Λw � �pu1F q � w1pα� idq � v1G,

where w : A � I Ñ O is the inclusion defined by wpa, tq � x�, pa, tq, �y, for
a P A and t P I, and w1 : A1 � I Ñ O1 is similarly defined.
Theorem 6.2.8 If α, β, and γ are homotopy equivalences, then the induced
map Λ is a homotopy equivalence.

This theorem is proved by three lemmas that are of independent interest.
Suppose that we are given the previous homotopy-commutative diagram and
the following similar one

Y 1

γ1

��

A1
f 1 //g1oo

α1

��

X 1

β1

��
Y 2 A2

f2 //g2oo X2,

with f2α1 �F 1 β1f 1 and g2α1 �G1 γ1g1. Define F � F 1 : A� I Ñ X2 by
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F � F 1 � F 1pα� idq � β1F

and define G � G1 : A � I Ñ Y 2 similarly. Then f2α1α �F�F 1 β1βf and
g2α1α �G�G1 γ1γg. Therefore the function ΛF�F 1,G�G1 : O Ñ O2 exists, where
O2 is the standard homotopy pushout of f2 and g2. For notational simplicity
we write Λ � ΛF,G, Λ

1 � ΛF 1,G1 , and Λ2 � ΛF�F 1,G�G1 .

Lemma E.1 ΛF 1,G1 ΛF,G � ΛF�F 1,G�G1 : O Ñ O2.

Proof. Since O is a quotient of X_pA� Iq_Y, we first define the homotopy
on each of the three summands of the wedge. Now

pΛ1 Λqu � Λ2u2 and pΛ1 Λqv � Λ2v2.

Therefore we take the stationary homotopy between Λ1 Λ and Λ2 on X and
on Y. Furthermore,

Λ1 Λw � �u2β1F �
�
�u2F 1pα� idq �w2pα1α� idq � v2G1pα� idq

	
� v2γ1G

and

Λ2w �
�
�u2β1F �u2F 1pα� idq

	
�w2pα1α� idq�

�
v2G1pα� idqq� v2γ1G

	
.

Thus these two maps of A � I into O2 are homotopic rel A � BI. We put
these homotopies together on X _ pA � Iq _ Y . This induces a homotopy
O � I Ñ O2 which is the desired homotopy. [\
For the next lemma we assume that there is a homotopy-commutative dia-
gram as before with f 1α �F βf and g1α �G γg. We further assume that there
are maps ᾱ : A Ñ A1, β̄ : X Ñ X 1, and γ̄ : Y Ñ Y 1 and homotopies E,B,
and C such that α �E ᾱ, β �B β̄, and γ �C γ̄. We define F̄ : A� I Ñ X 1 by

F̄ � �f 1E � F �Bpf � idq

and we define Ḡ : A � I Ñ Y 1 similarly. Then f 1ᾱ �F̄ β̄f and g1ᾱ �Ḡ γ̄g.
Thus there is a map ΛF̄ ,Ḡ : O Ñ O1.

Lemma E.2 ΛF,G � ΛF̄ ,Ḡ : O Ñ O1.

Proof. In the proof we will sometimes write the homotopies E,B, and C as
αt, βt, and γt, respectively. For fixed s P I, define Φs : A� I Ñ X 1 by

Φspa, tq �

$'&'%
f 1Epa, s� 3tq for 0 ¤ t ¤ s

3

F
�
a,

3t� s

3� 2s

	
for s

3 ¤ t ¤ 1� s
3

Bpfpaq, 3t� s� 3q for 1� s
3 ¤ t ¤ 1,

for a P A and t P I. Then Φspa, 0q � f 1αspaq and Φspa, 1q � βsfpaq. Similarly
we define Ψs : A � I Ñ Y 1 and have that Ψspa, 0q � g1αspaq and Ψspa, 1q �
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γsgpaq. Thus in the diagram

Y

γs

��

A
f //goo

αs

��

X

βs
��

Y 1 A1
f 1 //g1oo X 1,

the squares are homotopy-commutative with homotopies Φs and Ψs. For each
s P I, we form ΛΦs,Ψs : O Ñ O1. Then ΛΦ0,Ψ0 � ΛF,G and ΛΦ1,Ψ1 � ΛF̄ ,Ḡ.
Therefore ΛΦs,Ψs is the desired homotopy. [\

Next consider the diagram

Y

id

��

A
f //goo

id

��

X

id

��
Y A

f //goo X,

with homotopies H : A� I Ñ X and K : A� I Ñ Y such that f �H f and
g �K g.

Lemma E.3 ΛH,K is a homotopy equivalence.

Proof. We have f �p�Hq f and g �p�Kq g, and so by Lemma E.1,

ΛH,K Λp�Hq,p�Kq � ΛH�p�Hq,K�p�Kq � Λp�Hq�H,p�Kq�K .

We fix s P I and define Φs : A� I Ñ X by

Φspa, tq �
"
Hpa, 1� 2stq for 0 ¤ t ¤ 1

2
Hpa, 1� 2sp1� tqqq for 1

2 ¤ t ¤ 1,

where a P A and t P I. For fixed s, this function starts at Hpa, 1q and goes
backward along H to Hpa, 1�sq for 0 ¤ t ¤ 1

2 and then goes from Hpa, 1�sq
forward along H to Hpa, 1q for 1

2
¤ t ¤ 1. If p1 : A� I Ñ A is the projection,

then Φ0 � fp1 and Φ1 � p�Hq�H. Furthermore, Φspa, 0q � fpaq � Φspa, 1q,
and so for every s P I, we have f �Φs f. Similarly, there is a Ψs : A� I Ñ Y
with Ψ0 � gp1, Ψ

1 � p�Kq�K and g �Ψs g. Therefore ΛΦs,Ψs is a homotopy
between Λfp1,gp1 and ΛH�p�Hq,K�p�Kq. But it is clear that Λfp1,gp1 � id. Thus
ΛH,KΛp�Hq,p�Kq � id and similarly Λp�Hq,p�KqΛH,K � id. Therefore ΛH,K
is a homotopy equivalence. [\
Proof of Theorem 6.2.8 We apply Lemma E.1 to the case where α, β, and
γ are homotopy equivalences and their homotopy inverses are α1, β1, and γ1.
Then by Lemma E.2,

ΛF 1,G1 ΛF,G � ΛF�F 1,G�G1 � ΛH,K ,
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where H and K are homotopies such that f �H f and g �K g. By Lemma
E.3, ΛH,K is a homotopy equivalence, and so ΛF,G has a left homotopy in-
verse. Similarly, ΛF,G has a right homotopy inverse. By Exercise 1.11, ΛF,G
is a homotopy equivalence. This completes the proof. [\
Remark E.4 1. This theorem appears in the literature in many places.

Some of these are [13, Chap. 12, Sect. 4.2], [60, Thm. 4.9], and [63, Cor. 9].
Our proof follows Nomura [76, Thm. 2.6].

2. In Definition 6.2.15, we have defined induced maps for homotopy pullbacks
and stated the dual of Theorem 6.2.8 as Theorem 6.2.16. We remark that
the proof of the latter theorem is obtained by dualizing the proof of The-
orem 6.2.8 that we have just given.

3. We briefly discuss a shorter, but less explicit and general proof of Theo-
rem 6.2.8. By Remark 6.2.2, the standard homotopy pushout squares of
Theorem 6.2.8 can be replaced by pushout squares

A //

��

Mf

��

and A1 //

��

Mf 1

��
Mg

// O Mg1
// O1.

Thus O is a space with subspaces Mf ,Mg, and A such that O �Mf YMg

and A � Mf X Mg, and similarly for O1. Then, with mild restrictions
on the spaces, we apply standard Mayer–Vietoris methods [61, p. 207]
to the triads pO;Mf ,Mgq and pO1;Mf 1 ,Mg1q. The map of the first triad
into the second gives a map of the Mayer–Vietoris sequence of the first
triad into the second. This together with the five lemma shows that
Λ� : HqpOq Ñ HqpO1q is an isomorphism for all q. If X, X 1, Y, and Y 1 are
all 1-connected CW complexes, then O and O1 are 1-connected. We then
apply Whitehead’s theorem 2.4.7 to Λ to conclude that it is a homotopy
equivalence.

The Prism Theorem

We state and prove the theorem. 6.3.3

Theorem E.5 Given a homotopy-commutative diagram

A //

α

��

B

��

// C

γ

��
D // E // F.
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1. If the right square is a homotopy pullback square, then the left square is a
homotopy pullback square if and only if A-C-F-D is a homotopy pullback
square.

2. If the left square is a homotopy pushout square, then the right square is a
homotopy pushout square if and only if A-C-F-D is a homotopy pushout
square.

Proof. We only prove (1) since the proofs of (1) and (2) are dual. We first
assume that the left and right squares are homotopy pullback squares and
prove that the rectangle is. By Proposition 3.5.8, we factor γ as

C
γ1 //C 1 γ2 //F ,

where γ1 is a homotopy equivalence and γ2 is a fibration. We then form the
pullback

P1
//

��

C 1

γ2

��
E // F.

Because γ2 : C 1 Ñ F is a fiber map, this pullback square is a homotopy
pullback square by Proposition 6.2.14. Then by Definition 6.2.15, the maps
γ1 : C Ñ C 1, id : F Ñ F , and id : E Ñ E induce a map B Ñ P1 which
is a homotopy equivalence by Theorem 6.2.16. We then have the following
diagram with homotopy-commutative faces

B //

��~~~~~~~~

��

C

γ

��

γ1��~~~~~~~~

P1
//

��

C 1

��

p�q

D //

~~~~~~~~~
E //

~~}}}}}}}}
F

~~}}}}}}}}

D // E // F.

We now form the pullback

P2
//

��

P1

��
D // E.

Since γ2 is a fiber map, by Proposition 3.3.12, P1 Ñ E is a fiber map, and
so the previous pullback square is a homotopy pullback square. Then by
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Definition 6.2.15, the maps B Ñ P1, id : E Ñ E and id : D Ñ D induce a
map A Ñ P2 which is a homotopy equivalence by Theorem 6.2.16. We then
have the following diagram with homotopy-commutative faces

A //

��

~~~~~~~~~~
B //

��~~~~~~~~

��

C

γ

��

γ1��~~~~~~~~

P2
//

��

P1
//

��

C 1

��

p��q

D //

~~}}}}}}}}
E //

~~}}}}}}}}
F

~~}}}}}}}}

D // E // F.

By Exercise 3.14, the rectangle P2 � C 1 � F � D is a pullback square and
hence a homotopy pullback square because γ2 : C 1 Ñ F is a fibration. But
the rectangle A�C�F �D is equivalent to P2�C 1�F �D because AÑ P2,
γ1 : C Ñ C 1, id : F Ñ F , and id : D Ñ D are homotopy equivalences. By
Proposition 6.3.2, A� C � F �D is a homotopy pullback square.

The proof of the other direction is similar. We first prove it under the
assumption that the left square is commutative. The right square B � C �
F�E is a homotopy pullback square, thus we have diagram p�q with B Ñ P1

a homotopy equivalence. We take the pullback P2 of D //E P1
oo and

note as before that it is a homotopy pullback. By the first part of this proof,
it follows that P2 � C 1 � F � D is a homotopy pullback square. However,
A�C�F�D is also a homotopy pullback square by hypothesis. By Definition
6.2.15 and Theorem 6.2.16, there is a homotopy equivalence A Ñ P2 such
that in the diagram p��q, the square A � P2 � D � D and the rectangle
A�C � C 1 � P2 are commutative. Because P2 � P1 �E �D is a homotopy
pullback square, it suffices to show that A � B � E �D is equivalent to it.
For this it suffices to show that the top face of the left cube in diagram p��q
is commutative, that is, that the square in the following diagram

A //

��

B

��
P2

// P1
//

��

C 1

E

is commutative. But it is easily verified that the two maps from A to P1 agree
when composed with P1 Ñ C 1. Furthermore, because the square A�B�E�D
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is commutative, the two maps agree when composed with P1 Ñ E. Because
P1 is a pullback, the result follows.

In the general case we replace the left square A�B�E �D by an equiv-
alent one which is commutative. To do this, we first consider the homotopy-
commutative square

A //

α1

��

B

��
Mα

α2 // D // E,

whereMα is the mapping cylinder of α and α is factored as α2α1. Because α1 is
a cofiber map, we are able to replace the lower horizontal map Mα Ñ D Ñ E
by one that is homotopic to it with the property that the following square is
commutative

A //

α1

��

B

��
Mα

// E

and equivalent to the left square A � B � E �D. This completes the proof
of the prism theorem. [\
Finally, we give a proof of Lemma 6.3.4 based on Theorem 6.5.1, the cube
theorem. We first present a lemma that is will be needed. This lemma may
be of interest in its own right.

Lemma E.6 Let

E
f //

p

��

E1

p1

��
B

g // E

be a commutative square and let p and p1 be fiber maps with fibers F and F 1,
respectively. Let rf : F Ñ F 1 be the map induced by f. If rf is a homotopy
equivalence, then the given square is a homotopy pullback square.

The proof is left as an exercise (Exercise 6.14).
Now we prove Lemma 6.3.4, and we freely use the notation at the end of

Section 6.3. Consider the following cube diagram, where each of the four side
squares is commutative and each vertical map in the cube is a fiber map,
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X �ΩZ
τ //

zzttttttttt

��

P

ν

��

σ
~~}}}}}}}}

ΩZ
i //

��

H

��

X
f //

zzuuuuuuuuuu Y

χ
��~~~~~~~~

t�u // Q.

Since Q � Cf , the bottom square is a homotopy pushout square. The top
square is homotopy-commutative as was shown in the beginning of the proof
of Lemma 6.3.4. Furthermore, it is easily seen that each of horizontal maps
in the top square induces a homotopy equivalence on the fibers. Therefore
by Lemma E.6, each side square is a homotopy pullback square. By the cube
theorem, the top square is a homotopy pushout square, and thus this proves
Lemma 6.3.4.



Appendix F

Categories and Functors

In this appendix we give some basic definitions and examples regarding cat-
egories and functors. Although the reader has most likely seen much of this
material, we present it as a reference for parts of the text, especially for our
discussion of the Eckmann–Hilton duality.

Definitions

Definition F.1 A category C consists of

1. A class objpCq of objects and for each ordered pair A,B P objpCq, a set
MorphpA,Bq � MorphCpA,Bq of morphisms from A to B.

2. A function MorphpA,Bq�MorphpB,Cq Ñ MorphpA,Cq which assigns to
f P MorphpA,Bq and g P MorphpB,Cq, a morphism gf P MorphpA,Cq.

We require that

(i) The morphism sets MorphpA,Bq be pairwise disjoint.

(ii) For every A P objpCq, there exists a morphism idA P MorphpA,Aq such
that f idA � f and idA g � g, for every f P MorphpA,Bq and every
g P MorphpC,Aq.

(iii) If f P MorphpA,Bq, g P MorphpB,Cq, and h P MorphpC,Dq, then
hpgfq � phgqf.

If f P MorphpA,Bq, we sometimes write f : AÑ B. This notation is used
because in many examples the morphisms are functions. The operation in
(iii) is called composition.

Definition F.2 Let C and D be categories. A (covariant) functor F from
C to D, written F : C Ñ D, is a function that assigns to each object A
in C, an object F pAq in D and assigns to each morphism f : A Ñ B in
C, a morphism F pfq : F pAq Ñ F pBq in D such that F pidAq � idF pAq and
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F pgfq � F pgqF pfq. A contravariant functor F : C Ñ D is defined in the
same way except we require that for f : A Ñ B in C, there is a morphism
F pfq : F pBq Ñ F pAq in D such that F pgfq � F pfqF pgq.
Definition F.3 If C and D are categories and every object of C is an object
of D and every morphism of C is a morphism of D, then we say that C is a
subcategory of D and write C � D. If, in addition, for all objects A and B in
C, MorphCpA,Bq = MorphDpA,Bq, then C is a full subcategory of D.

Examples

We next consider many familiar examples of categories and functors with
particular emphasis on those appearing in this book.

• The category Sets of sets and functions. Thus objpSetsq consists of all
sets and MorphpA,Bq consists of all functions from the set A to the set
B. There is also Sets�, the category of based sets and functions.

• The category Gr of groups and homomorphisms
• The category Ab of abelian groups and homomorphisms
• The category Top of topological spaces and continuous functions and the

category Top� of based topological spaces and maps (continuous, based
functions)

• The category P of pairs of spaces pX,Aq, where A � X and continuous
functions (of pairs)
In all of the preceding examples, the morphisms are functions. This need
not be the case as the following important example shows.

• The category HoTop� of based topological spaces and based homotopy
classes of maps called the (based) homotopy category

• The category H of H-spaces and homotopy classes of H-maps and the
category HG of grouplike spaces and homotopy classes of H-maps

• The category CH of co-H-spaces and homotopy classes of co-H-maps and
the category CG of cogroups and homotopy classes of co-H-maps

• The category of CW complexes and continuous functions and the category
of CW complexes and cellular functions

• The forgetful functor F : Gr Ñ Sets that assigns to a group the un-
derlying set of the group and to a homomorphism the function which is
the homomorphism. There are many examples of such forgetful functors:
TopÑ Sets, AbÑ Gr, and so on.

• The nth cohomology group functor Hn : TopÑ Ab which is a contravari-
ant functor.

• The fundamental group functor π1 : HoTop� Ñ Gr.
• The loop space functor Ω : HoTop� Ñ HG and the suspension functor
Σ : HoTop� Ñ CG.
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Adjoint Functors

We define adjoint functors after introducing some notation. Let C be a cate-
gory, let B be an object of C, and let f : AÑ A1 be a morphism in C. Define
f� : MorphpA1, Bq Ñ MorphpA,Bq by f�phq � hf, for h P MorphpA1, Bq.
Now let A be an object in C and g : B Ñ B1 a morphism in C. Define
g� : MorphpA,Bq Ñ MorphpA,B1q by g�pkq � gk, for k P MorphpA,Bq.
Definition F.4 Let F : C Ñ D and G : D Ñ C be functors. Suppose
that for every A P objpCq and every B P objpDq, there is a bijection ηA,B, :
MorphCpA,GpBqq Ñ MorphDpF pAq, Bq such that

1. If f : A Ñ A1 is a morphism in C, then for every object B in D, the
following diagram commutes

MorphCpA1, GpBqq
ηA1,B //

f�

��

MorphDpF pA1q, Bq
F pfq�

��
MorphCpA,GpBqq

ηA,B // MorphDpF pAq, Bq;

2. If g : B Ñ B1 is a morphism in D, then for every object A in C, the
following diagram commutes

MorphCpA,GpBqq
ηA,B //

Gpgq�

��

MorphDpF pAq, Bq
g�

��
MorphCpA,GpB1qq ηA,B1 // MorphDpF pAq, B1q.

Then F and G are called adjoint functors.

We sometimes say that F is the adjoint of G and G is the adjoint of
F. We occasionally stretch the terminology by calling f : A Ñ GpBq and
ηA,Bpfq : F pAq Ñ B adjoint morphisms.

We next give some examples of adjoint functors from the text. The main
example, which is the source of the others, is the following.

• In the category Top of topological (unbased) spaces, the set of morphisms
from X to Y consists of all continuous functions X Ñ Y which we
write as CpX,Y q. Consider the functors F,G : Top Ñ Top defined by
F pXq � X � I and GpXq � Y I , where the latter space is the space
of continuous functions Y Ñ I with the compact–open topology (Ap-
pendix A). Then these are adjoint functors, that is, there is a bijection
CpX � I, Y q Ñ CpX,Y Iq such that the two commutative diagrams above
hold (Proposition 1.3.4). This has enabled us to have two equivalent defi-
nitions of a homotopy: one as a function defined on a cylinder X � I and
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the other as a function into a path space Y I . In addtion, many examples of
adjoint functors earlier in the book are derived from the previous example.
We next mention two of the most common ones.

• In the category Top� of based spaces and maps the cone functor CX and
the path-space functor EY are adjoint (Section 1.4).

• The most useful pair of adjoint functors that we consider are the suspension
and loop space functors. The adjointness of these two functors is a key
result in many places. In more detail, let HoTop� be the based homotopy
category and let Σ,Ω : HoTop� Ñ HoTop� be the suspension and the
loop space functors, respectively. We show in Proposition 2.3.5 that there
is a bijection κ� : rΣX,Y s Ñ rX,ΩY s, for spaces X and Y , and it follows
that Σ and Ω are adjoint functors. Moreover, these two homotopy sets
have group structure and we prove that κ� is an isomorphism.

Products and Coproducts

We have discussed products and coproducts in HoTop� previously. Now we
give the general definitions in a category.

Definition F.5 Let C be a category and let A1 and A2 be two objects in C.

1. A product of these objects consists of an object P in C together with
two morphisms p1 : P Ñ A1 and p2 : P Ñ A2 satisfying the following
condition. If f : D Ñ A1 and g : D Ñ A2 are any morphisms, then there
exists a unique morphism h : D Ñ P such that p1h � f and p2h � g. If
for every two objects A1 and A2, the product P exists, we say that C is a
category with (finite) products.

2. A coproduct of the objects A1 and A2 consists of an object C in C together
with two morphisms i1 : A1 Ñ C and i1 : A2 Ñ C satisfying the following
condition. If f : A1 Ñ D and g : A2 Ñ D are any morphisms, then there
exists a unique morphism k : C Ñ D such that ki1 � f and ki2 � g. If for
every two objects A1 and A2, the coproduct C exists, we say that C is a
category with (finite) coproducts.

We make a few remarks about these definitions. It can be shown that the
objects P and D are essentially unique. We write P � A1 � A2. and C �
A1 \A2. Clearly, the definitions can be extended to a product or coproduct
of any number of objects Ai in C. The two definitions in F.5 are more than
just similar. They are dual in a formal categorical sense (see Section 2.6).

We conclude this section with a few relevant examples.

• In the group categories Gr and Ab, the product of two groups A1 and A2

is just the cartesian product A1 � A2 of the two groups (also called the
external direct sum A1 ` A2). However, the coproduct is different in these
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two categories. In Ab the coproduct is the cartesian product. But in Gr
the coproduct is the free product A1 �A2 (see Appendix B).

• In the topological category Top, the product of two spacesA1 and A2 is just
the cartesian product A1�A2 (with the product topology) and projection
functions p1 and p2. The coproduct is the disjoint union A1\A2 with the
weak topology (Example A.2) and inclusion functions i1 and i2.

• In the based topological category Top�, the product of two based spaces
A1 and A2 is just the cartesian product A1 �A2 with projection maps p1

and p2. The coproduct is the wedge A1_A2 with inclusion maps i1 and i2.
Of particular interest for homotopy theory are the product and coproduct
in the homotopy category HoTop�. The product of two based spaces A1

and A2 is just the cartesian product A1 � A2 with the homotopy classes
of the projection maps rp1s and rp2s. The coproduct is the wedge A1_A2

with the homotopy classes of the inclusion maps ri1s and ri2s. These two
statements follow from Lemma 1.3.6.





Hints to Some of the Exercises

Chapter One

1.10 Let x be a limit point of A with rpxq � x and separate x and rpxq by
disjoint neighborhoods U and V. Consider r�1pV q.
1.17 First embed G in a symmetric group.

1.19 See Proposition 3.2.15.

1.23 Let X � Rn�1 � t0u and RPn � X{� . Define f : X �X Ñ R by

fpx, yq �
¸
i�j

pxiyj � xjyiq2,

where x � px1, . . . , xn�1q and y � py1, . . . , yn�1q. Then f�1p0q � tpx, yq |x �
yu is closed in X �X.

1.24 It suffices to show that a finite union of open cells L is contained in a
finite subcomplex. Argue by induction on dimL, the dimension of the largest
dimensional cell in L.

1.26 Consider the union of S2 and an arc from t�u to the South Pole which
is “outside” S2 and does not meet S2 elsewhere.

1.27 X � L{pK X Lq � L.

Chapter Two

2.10 Let ρ1, τ 1 : I2 Ñ I2 be defined by ρ1px, yq � p1 � x, yq and τ 1px, yq �
py, xq. These are reflections across lines that become reflections across diam-

329



330 Hints to Some of the Exercises

eters when I2 � E2. They are then homotopic by a family of rotations of E2

that carry S1 to itself.

2.15

Hpl, sqptq �

$''&''%
� if 0 ¤ t ¤ s

2
lp2t� sq if s

2
¤ t ¤ 1

2
lp2� 2t� sq if 1

2
¤ t ¤ 1� s

2� if 1� s
2 ¤ t ¤ 1.

2.30 Consider the Hurewicz homomorphism h1.

2.18 Map I� I Ñ I� I such that (i) I�t0u goes to r0, 1
2 s� t0u, (ii) t1u� I

goes to the point p 1
2 , 0q, (iii) I �t1u goes to r1

2 , 1s� t0u (in reverse direction)
and (iv) t0u � I goes to t0u � I Y I � t1u Y t1u � I. This is best done by
taking E2 instead of I � I.

2.32 If K is a CW complex, the inclusion Ki Ñ K induces an epimorphism
HipKiq Ñ HipKq. Let K � KpG,nq with KpG,nqn�1 �MpG,nq.
2.35 Let ∆ : X Ñ X �X be the diagonal map and let ji and j2 be the two
inclusions of X into X�X. Show that for x P HipXq, ∆�pxq � j1�pxq�j2�pxq.

Chapter Three

3.14 (2): Denote the maps a : A Ñ X, b : Y Ñ P, u : X Ñ Z, h : A Ñ Y
and g : X Ñ P. Let α : W Ñ X and β : W Ñ Y be such that gα � bβ.
There exists θ : W Ñ A with uaθ � uα and hθ � β. Then gα � gaθ, and so
α � aθ.

3.20 (1) If U is open in G, then p�1ppUq is the union of open sets Uh,
for every h P H. (2) Suppose aH � bH and define F : G � G Ñ G by
F px, yq � x�1y. Then F pa, bq P H 1, the complement of H. There exist open
neighborhoods U and V of a and b such that F pU � V q � H 1. (3) Suppose
G � U Y V, where U and V are open nonempty subsets of G. Then G{H �
ppUq Y ppV q, and so there is some aH P ppUq X ppV q. Therefore aH X U
is nonempty and aH X V is nonempty. Now aH � paH X Uq Y paH X V q.
Therefore paH XUq X paH X V q is nonempty, and hence U X V is nonempty.

3.24 (2) Prove this inductively using Exercise 3.23 with k � 1.

3.25 For w P Fn and X P GkpFnq, let ρwpXq be the square of the dis-
tance from w to X. Then ρw : GkpFnq Ñ R is continuous. If X and Y are
distinct k-planes, choose w P X and w R Y, and so ρwpXq � ρwpY q. By
separating ρwpXq and ρwpY q with disjoint neighborhoods, we obtain disjoint
neighborhoods of X and Y.
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Chapter Four

4.1 Consider F : ΩB � I Ñ Ip defined by F pω, tq � pλp�, ωqptq, ωt,1q.
4.2 It suffices to show that the inclusion i : ΩB Ñ Ip is homotopic to βp�idq :
ΩB Ñ Ip, where ipωq � p�, ωq and βpωq � pω, �q. Then F : ΩB � I Ñ Ip is
given by F pω, tqpsq � pωpp1� sqtq, ωpp1� sqt� sqq.
4.3 (1) If j : K Ñ K Y CL is the inclusion, then Cj is the pushout of

CL L //oo CK . Hence ΣL � Cj{CK � Cj � Cj{CL � CK{L. (2)
Consider the commutative diagram

K Y CL
k //

p

��

Cj

q

��
K{L � K Y CL{CL B // Cj{CK � ΣL,

where p and q are homotopy equivalences and k is inclusion. Thus B � � ðñ
k � �. Next consider

K Y CL
k //

p

��

Cj

s

��
K{L � K Y CL{CL i // Cj{CL � CK{L.

(3) If l : LÑ K is the inclusion, consider the exact sequence

rΣK,ΣLs pΣlq� // rΣL,ΣLs B� // rK{L,ΣLs .

4.4 It suffices to show βm � φ0pβ� idq. Consider the homotopy F pω, ν, tq �
pω � ν0,t, νt,1q.
4.5 The function j� : rW,F s Ñ rW,Es is a bijection by Corollary 4.2.19(1)
and Theorem 4.4.5 because B is contractible.

4.7 The operation �i induces group structure on πnpXq, for every space X,
such that h� is a homomorphism for every h : X Ñ X 1. By Proposition 2.2.11
there is a comultiplication ci on Sn obtained from �i. But c � ci, where c is
the standard comultiplication on Sn by Exercise 2.7.

4.14 Let φ be the standard comultiplication on Sn and let E � EpX;A, t�uq.
If f, g : Sn Ñ E, then f � g � ∇pf _ gqφ, where ∇ is the folding map of E.

Take adjoints of f and g and regard them as maps f̂ , ĝ : pCSn, Snq Ñ pX,Aq.
The adjoint of f � g is ∇1pf̂ _ ĝqCφ, where ∇1 : pX _X,A_Aq Ñ pX,Aq is

the folding map of pairs. Then show pf̂ � ĝq� � f̂� � ĝ�.
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4.19 Let ht : AÑ X be such that h0 � i and h1 � �. If f : pIn�1, BIn�1q Ñ
pA, �q, define f 1 : pIn, In�1, Jn�1q Ñ pX,A, t�uq by setting f 1pt1, . . . , tnq �
htnpfpt1, . . . , tn�1qq. This gives a homomorphism µ : πn�1pAq Ñ πnpX,Aq
such that Bnµ � id.

4.24 By Proposition 4.5.15 and Lemma 4.5.17, the left square is commutative
and the right square is anti-commutative

πnpE,F q � //

p1�
��

πn�1pIjq w� //

γ�

��

πn�1pF q
β�

��
πnpBq κ

� // πn�1pΩBq
k�

// πn�1pIpq.

Chapter Five

5.6 (1) Consider S1
j1 // S1 � S1 // pS1 � S1q{pS1 � t�uq . If m is the

multiplication on S1, then mi1 � id. But S1 _ pS1 � S1q{pS1 � t�uq does
not have the same homotopy type as S1 � S1. (2) If X is a co-H-space and
i1 : AÑ A_Q and i2 : QÑ A_Q are inclusions, then i1r�i2q : X Ñ A_Q
induces homology isomorphisms. (3) Use Corollary 5.4.7.

5.11 Modify the proofs in Section 5.5.

5.12 Let g be the homotopy inverse of f, let y0 � fpx0q and let x1 � gpy0q.
Then id �F gf : X Ñ X, and if rhs P πnpX,x0q, then h �F ph�idq gfh.
For x P BIn, F ph � idqpx, tq � F px0, tq is a path aptq from x0 to x1. Then
a#rhs � g�f�rhs.
5.14 Let X be the comb space and let Y be a point.

5.18 Consider pZ : ΣΩZ Ñ Z.

5.19 πipRP8q � πipRPi�1q for i ¥ 2.

Chapter Six

6.4 See Exercise 3.8.

6.13 (1) Define F : Cj�I Ñ X by F pxω, sy, tq � ωptp1�sqq and F pxλy, tq �
λptq. (2) The map q is a homotopy equivalence and Iα � ΩX�ΩX by Remark
6.4.3. (3) Use Exercise 6.12.



Hints to Some of the Exercises 333

6.17 (1) Let m ¡ n ¡ 1. Then X and Y have the same fundamental group
and the same universal covering space. By Theorem C.6, they have different
homology groups. (2) S4 is a retract of X so π4pXq � 0. But π4pY q � 0.

6.23 Let X
j // Y

q // Z be a cofiber sequence with j an inclusion,
let X be pn � 1q-connected and let Z be m-connected and conclude that
πipY,Xq Ñ πipCj , CXq is an isomorphism for i   m� n. Then consider the
exact homotopy sequence of the pair pY,Xq.

Chapter Seven

7.1 See Proposition 7.2.2.

7.2 (2) Consider the commutative diagram

ΩX

��

ΩX

��

f 1 // ΩX

��

ΩX

��
EX //

��

XI
f //

��

Ik //

��

EX

��
X

j1 // X �X X �X
k // X.

Because f 1 is a weak equivalence, kj1 is also, and hence it is a homotopy
equivalence. Similarly, kj2 is a homotopy equivalence. Now apply Part (1).

7.10 Because gn is an pn � 1q-equivalence, gn� : Hn�1pXq Ñ Hn�1pXpnqq
is onto. For Hn�2pXpnqq, consider Kpπn�1, n� 1q // Xpn�1q // Xpnq

and its exact homology sequence.

7.12 For the implication ðù, write rDf s � pf ^ fq�rws and define rn �
�wq � n, where q : Y � Y Ñ Y ^ Y is the projection.

7.14 The defining cofibration of M yields the exact sequence

rSn�1, Sn�1s f� // rSn�1, Sn�1s q� // rM,Sn�1s,

where f� is multiplication by m.

7.16 We obtain a commutative diagram
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F
i //

a

��

E
p //

��

B

id

��
F 1 // P // B.

Show that a � α.

Chapter Eight

8.2 Consider j : X _X Ñ X �X.

8.9 The generalized Freudenthal theorem.

Chapter Nine

9.4 (2) For Definition 8.3.1, use the cellular approximation theorem. For
Proposition 8.3.12, use obstruction theory to show that a section of the fiber
map GkpXq Ñ X exists.

9.8 Assume that f is an inclusion and show that πipY,Xq � 0 for all i using
the relative Hurewicz theorem. For this it suffices to show that π1pXq acts
trivially on πipY,Xq. Use obstruction theory to obtain a retraction Y Ñ X
and conclude that πipY q Ñ πipY,Xq is onto.
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21. Cornea, O., Lupton, G., Oprea, J., Tanré, D.: Lusternik-Schnirelmann Category, Math-
ematical Surveys and Monographs, vol. 103. American Mathematical Society, Provi-

dence, RI (2003)
22. Coxeter, H.S.M.: Projective Geometry. Springer-Verlag, New York (1994). Revised

reprint of the second (1974) edition
23. Davis, J.F., Kirk, P.: Lecture Notes in Algebraic Topology, Graduate Studies in Math-

ematics, vol. 35. American Mathematical Society, Providence, RI (2001)
24. Doeraene, J.P.: Homotopy pull backs, homotopy push outs and joins. Bull. Belg. Math.

Soc. Simon Stevin 5(1), 15–37 (1998)
25. Dowker, C.H.: Topology of metric complexes. Amer. J. Math. 74, 555–577 (1952)
26. Dugundji, J.: Topology. Allyn and Bacon, Boston, MA (1966)
27. Eckmann, B., Hilton, P.J.: Groupes d’homotopie et dualité. C. R. Acad. Sci. Paris

246, 2444–2447, 2555–2558, 2991–2993 (1958)
28. Eckmann, B., Hilton, P.J.: Transgression homotopique et cohomologique. C. R. Acad.

Sci. Paris 247, 620–623 (1958)
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